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Abstract

A vision of the future is an expression of strategic approach to life in relation 
to the organization as well as people. The ability to predict and manage one-
self in the professional area is defined as career path planning. The objecti-
ve of the article is to present and analyse the author’s own research on the 
identification of the state and determinants of career paths planned by young 
people by gender who live in Lower Silesia. The measurement was conducted 
by a company Ogólnopolski Panel Badawczy Sp. z o.o. [a limited liability com-
pany] using the nationwide survey panel Ariadna in June 2015. The research 
method was representative for a specific population, that is inhabitants of 
the voivodship of Lower Silesia, aged 18-28.
643 people participated in the survey. The study did not find any statistically 
significant differences in the attitudes towards professional future as presen-
ted by women and men in the age bracket between 18 and 28 years old. The 
female vision of the future relates more to the job security need. Women 
more frequently hold pro-social attitudes and take up social activities. In the 
assessment of their own competences, women judged themselves more fa-
vourably on coping with stress, while men were more likely to report here ef-
fective communication skills. It should be mentioned that surveys have their 
limitations, as they may reflect attitudes which are merely declarative and 
not real. It would be advisable to carry out a more in-depth research by deve-
loping a method based on qualitative research methods.
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Introduction

The vision of one’s future illustrates 
a strategic approach to life in relation 
to the organization as well as people. 
Within the field of self-management it 
is the key success factor. People who 
have the ability to define their goals 
in the long run can stimulate their 
activities and encourage themselves 
to achieve them, which is then reflec-
ted in their feeling of satisfaction and 
the sense of fulfillment. The ability 
to predict and manage oneself in the 
professional area is defined as career 
path planning. The approach towards 
professional career has changed over 
time, with the biggest changes ta-
king place after the 1990’ in the wake 
of the inflows of foreign capital and 
a new business approach. The studies 
concerned with the human resources 
management highlight the fact that 
the new generations Y and Z are much 
more oriented on their professional 
development than the previous gene-
rations. With respect to these conside-
rations, the following questions seem 
of interest: do young people plan their 
future and where do they place them-
selves in the area of employment? Are 
there any differences between young 
women and men as regards their vi-
sions of the future? Drawing on other 
surveys – Centrum Badania Opinii 
Społecznej (Centre for Public Opinion 
Research) (CBOS) from 2013, we can 
see that young people’s aspirations 
and life goals clearly defer  depending 
on the respondent’s gender. In this re-
spect, girls, decidedly more often than 
boys, emphasise the importance of 
love and friendship (difference of 15 
p. p.), successful family life (difference 
of 13 p.), an interesting job – corre-
sponding to one’s interests (difference 
of 11 p.p), and observance of religious 
principles (4 p. p difference). Moreo-
ver, the aspirations reported  by the 
males are twice as likely to be orien-
ted towards material issues, including 

making a fortune and achieving a high 
financial status than  their female pe-
ers (19 p.p. difference). Also, boys are 
three times more likely than girls to be 
concerned with living a sexually sati-
sfying life (13 p.p. difference) and tend 
to put emphasis on the importance of 
enjoying an entertaining social life as 
well as seeking political power (4 p.p. 
difference) (CBOS, 2013, pp. 9-10). 
Different employment needs depen-
ding on gender are also reported in 
the survey conducted by the Deloitte 
firm. According to its finding, both for 
women and men, what was predo-
minantly important in work was that 
it should be interesting, provide one 
with the possibility of achieving “so-
mething” and further learning. For 
men, high wages ranked in the fourth 
place, whereas for women it was more 
important that fellow workers were 
nice. The most pronounced differen-
ces between the genders were recor-
ded with respect to the importance 
women attached to equal treatment 
of people at the work place. Here the 
difference was nearly 20 percentage 
points compared to men. Moreover, 
job security proved to be a more signi-
ficant aspect of work for women who  
assessed it at the level of almost 17 
p.p higher than men (Deloitte et al., 
2013). The subject of career planning 
amongst young population has been 
addressed in literature (Szymański 
2015, Cybal-Michalska 2013, Boni et 
al. 2011), thus reflecting its significan-
ce. This issue was the subject of the 
research presented in this paper.

Research Objective and Methodology 

This article presents, from a fragment-
ed perspective, the findings of the au-
thor’s own research on career paths of 
young people living in Lower Silesia, 
accounting for gender1. The research 

1  The  Project  financed  from  Fun-
dacja  Santander  Universidades  im-
plemented  by  the  research  team 
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objective was to identify the state and 
determinants of career paths planned 
by the population of young people liv-
ing in Lower Silesia.
The research tool provided 
a web-based survey comprising 29 
closed-ended questions and addi-
tional questions used for the social 
and demographic description of re-
spondents. The measurement was 
conducted by Ogólnopolski Panel 
Badawczy Sp. z o.o. using nationwide 
research panel Ariadna in June 2015. 
The research method was represen-
tative in relation to the population 
defined, that is inhabitants of Lower 
Silesian voivodship, aged 18-28. The 

“Przedsiębiorczość  i  zarządzanie”  [Entr-
preneurship  and Management]  in Wroc-
ław, headed by dr hab. K. Safin.

sample selection was done randomly 
by a means of a special algorithm2. 
643 persons participated in the sur-
vey. The group included 323 women 
(50,2%) and 320 men (49,8%). Respon-
dents aged 18-23 made up over half of 
the surveyed -53,8%, the other part, 
that is 46,%, encompassed persons 
aged 24-28. Amongst respondents, 
there were both people from rural ar-
eas and from the cities. The structure 
of the surveyed persons broken down 
into the place of residence is illustrat-
ed by Figure 1.
Amongst the surveyed, there were 
people with different levels of educa-
tion demonstrated by Figure 2 as per-
centage, taking gender into account.

2 More on the subject see in: J. Pluta, K. 
Safin:  Aspiracje  zawodowe  a  przedsię-
biorczość młodzieży.

Wieś – rural area
Miasto - city

Figure 1. Breakdown of the surveyed group by place of residence.

Source: Author’s own study.
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Kobieta – woman
Mężczyzna – Man
Słupek 1 od lewej: incomplete primary education
2: middle school
3: basic vocational
4: incomplete secondary education (secondary school 
completed without school-leaving exams)
5: general secondary
6: vocational secondary
7:post-secondary
8: incomplete higher education (without obtaining a degree)
9: Bachelor’s studies or equivalent
10: Master’s studies or equivalent

Figure 2. Breakdown of the group by education level.

Source: Author’s own study.
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The analysis of the data obtained was 
carried out with the application of 
SPSS and gretl. software. In the analy-
sis statistical methods were employed 
which use, for example, chi-square 
test of independence, Kendall’s tau-b 
and test for proportions. The signif-
icance of the results produced was 
tested at  α=0,05 significance level.

Survey’s Results and Their Analysis

Examining the current situation of re-
spondents, one can notice that over 
60% of them work, with as many as 
41% having a full-time job, and 19,3 % 
casual work. This is a rather significant 
percentage, considering that respon-
dents comprise people aged 18-28. 
The additional questions confirmed 
a high percentage of those who are 
both working and studying (83,18%). 
The outcome of the survey confirms 
the visible trend of combining edu-
cation with gathering professional 
experience and entering the labour 
market. In comparing the responses 
of students by gender, no statistical-
ly significant differences were found3  
(Fig.3).

The Values of Life and the 
Vision of Professional Future

Since life paths, including the profes-
sional paths, reflect the values of life, 
respondents were asked what was 
important for them in life. The univer-
sal values such as family happiness, 
health, respect and peace are import-
ant or very important for the young 
people surveyed (respectively: fami-
ly happiness 87,09%, health 87,87%, 
respect 85,23%). Equally important 
is their professional work, which was 
reported as important and very im-
portant by 81,18% of respondents. 
Faith and religion proved to be the 
value which was reported as import-
ant or very important least frequently 
3 Test for proportions, α=0,05

(42,92%), as was active participation 
in political and social life (26,75%). The 
values which respondents indicated in 
the author’s own research are similar 
to those from the survey conducted by 
the Centre for Public Opinion Survey 
(CBOS) of  2013 (CBOS, 2013). It may 
come as a surprise considering the 
existing stereotype which sees young 
people as seeking fame and success 
that the importance of these values 
was indicated by no more than 41% of 
respondents.
Examining the values professed by 
young people and taking into account 
gender, significant differences can only 
be indicated in such aspects as: hon-
est life, professional work and respect 
for other people, which women were 
more likely to indicate as important 
and very important than men, with 
prosperity of the motherland being 
more frequently reported as import-
ant and very important by men than 
women. For other values no statistical-
ly significant differences were found4, 
which may indicate that the clear divi-
sion between men and women as re-
gards the social roles ascribed to them 
is becoming blurred. A detailed distri-
bution of the answers provided by re-
spondents is presented in Figure 4.
The essence of the survey was to iden-
tify potential career paths of young 
people. When asked Have you had 
thoughts on your professional career, 
a clear majority (over 92%) answered 
“Yes”, with no significant differences 
between women and men.
In responding to the question, which 
made the visions and career path 
more specific, people referred posi-
tively to employment in Polish com-
panies (two positive answers most 
frequently indicated). The third an-
swer as to the question of one’s vi-
sion is running one’s own business 
(nearly 40%). In this context it is worth 
mentioning female entrepreneurship 
which is a key issue in the EU policy, 
4 Test for proportions, α=0,05
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and although there is a visible differ-
ence between male and female an-
swers, no significant difference was 
found. The issue of women’s entre-
preneurship was discussed extensively 
in the study of the Polish Agency for 

Enterprise Development (PARP) (PARP, 
2012). Female entrepreneurship in-
dex in Poland (including the self-em-
ployed index) has for years been one 
of the highest in Europe, and also in 
non-European countries. The OECD 

1 od dołu: yes, seasonal work in the country
2: yes, seasonal work abroad
3: yes, casual work
4: yes, at the family firm
5: yes, I run my own business
6: yes, traineeship/internship
7: I’m not working/I didn’t work

Figure 3. Distribution of answers as to: Did you work/are you 
working for reward, with the breakdown by gender

Source: Author’s own study.
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1 (od dołu): family happiness
2: staying in good health
3: honest life
4: professional work
5: peace
6: other people’s respect
7: faith-religion
8: circle of friends
9: education
10: welfare, affluence
11: the prosperity of the country
12: life full of adventures and excitement
13: freedom to voice one’s views
14: contact with culture (art, music, literature, film)
15: success, fame
16: active participation in social and political life

Figure 4.  Distribution of answers to the questions on the values of life 
which are important or very important to the surveyed, by gender.

Source: Study based on author’s own research 
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data on the proportion of women in 
a self-employed capacity among the 
overall working population show that 
Poland has been at the top (PARP, 
2012). Positive attitudes among Polish 
women were confirmed by Global En-
trepreneurship Monitor – Polska 2012, 
where we can read that, “Among the 
European countries participating in 
the study and in the USA, Poland is the 
country in which  a greatest difference 
in favour of women emerges in terms 
of identifying entrepreneurial oppor-
tunities. The indication for men is at 
18%, and for women – 23% (Tarnawa 
et al., 2012).
Comparing the responses on the vi-
sion of the future as given by women 
and men in the survey on young inhab-
itants of Lower Silesia, statistically sig-
nificant differences5 regarding  “yes” 
and “no” responses were observed 
for employment in public administra-
tion and higher education institute/re-
search institute (Fig. 5). Women more 
frequently than men selected this type 
of work, which may reflect their wish 
to satisfy the need of security and the 
envisaged role of a mother.
While defining their place in 2-3 years, 
it is clear that young people do not 
see themselves as freelancers, work-
ing at research institutions or in the 
third sector. Over 55% of respondents 
do not want to have a casual work 
abroad, nor to work in their own pro-
fession abroad (43%), although one 
might think that this is a good time 
to gain experience at a foreign job mar-
ket. At the time of the public discus-
sion on the young population migra-
tion and the anxiety connected with 
it those attitudes can be perceived 
as optimistic. A positive answer was 
given by nearly 60% of respondents 
to the question regarding possible ca-
reer development abroad. The great-
est motivator to go abroad is material 
values – the possibility to earn better 
wages and to have a higher standard 
5 Test for proportions, α=0,05

of living. For both of these questions 
women’s and men’s answers did not 
differ significantly statistically6. 
In the context o entrepreneurship, 
young people were asked about their 
motivation to start their own econom-
ic activity (Fig. 6).
The things that mostly motivate young 
people to launch their own business 
include: the wish to be independent, 
fulfillment  of their own interests and 
greater financial benefits (over 80% 
positive responses). The symptom 
reflecting a new approach to work is 
respondents indicating flexible work-
ing forms as the factor motivating 
them to set up their own business. 
The most frequent negative responses 
pertained to family traditions. While 
analyzing the motivators compelling 
one to launch their own business, 
statistically significant differences7 by 
gender were found in the following 
answers: greater financial benefits, 
flexible working hours, the wish to use 
their own experience and knowledge, 
an idea for a business, escape from 
unemployment, fear of having an un-
attractive job.

Selected Determinants of 
Career Paths Choices

In examining the choices of young peo-
ple with respect to their career paths, 
one should bear in mind the determi-
nants which influence those choices. 
In relation to an individual, they can 
be endogenous and exogenous in na-
ture (Hopper, 1971, p. 32). A subjective 
feeling of the influence exerted by the 
individual factors on the choice of the 
career path amongst the respondents 
while accounting for gender is pre-
sented in Figure 7. Young people tend 
to believe that the choice of a career 
path is their own independent decision 
(nearly 65% responses). A consider-
able impact on the decisions regarding 

6 Test for proportions, α=0,05
7 Test for proportions, α=0,05
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1 od dołu: in a big international company
2: in a small or medium-sized foreign company
3: in a large Polish company
4: in a small or medium-sized Polish company
5: in your own company
6: in public administration
7: in a research institute/higher education institute
8: third sector institution (e.g. a foundation)
9:  a freelancer (e.g. writer, doctor, lawyer)
10: working abroad in your own profession
11: casual work abroad

Figure 5. Distribution of responses on the vision for the future, by gender.

Source: Study based on author’s own research 
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1od dołu: independence
2: greater financial benefits
3: fulfilling one’s own interests
4: flexible working hours
5: family traditions
6: using  one’s own experience and knowledge
7:  an idea for a business 
8: escape  from unemployment
9: fear of having an unattractive job
10: hobby which could be turned into a business

Figure 6. Distribution of responses to the question about 
motivation to set up one’s own business by gender.

Source: Study based on author’s own research.
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one’s professional life is having the 
possibility  to develop one’s own pas-
sions and interests (59,25%) and good 
earning opportunities (52,41%). While 
analyzing the responses, a relative-
ly high proportion of them reported 

“chance/accident” as the deciding fac-
tor in the career path choice, which 
appears quite astonishing, especially 
when referring to a high percentage 
of “yes” responses to the question, 
Have you had any thoughts on your 

1od dołu: I want to continue my mum’s or my dad’s career
2: friends’ persuasion
3: persuasion by school counselor/adviser
4: family traditions
5: chance/accident
6: the choice was my own independent decision

Figure 7.  Distribution of factors influencing the choice of career path by gender

Source: Study based on author’s own research
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professional future? Statistically signifi-
cant differences between the respons-
es of women and men were recorded 
only for such factors as family tradi-
tions or the desire to continue their 
parents’ career. It is curious that it was 
the men who appeared more attached 
to such traditions than women.
Internal determinants are an import-
ant prerequisite in determining the 
professional path, and at a later stage 
–implementing it. Asked to perform 
a self-assessment of the strength of 
the competences listed (Fig. 8), re-
spondents assessed best their stress 
resilience (24,57%). The question aris-
es whether this is really the case, or 
whether it is likely that young people 
have not yet experienced any stress. 
Over 11% of respondents sees them-
selves as entrepreneurial persons, 
with only 8,5% as creative. Comparing 
the self-assessment of  competences 
according to gender, statistically signif-
icant differences8 were recorded only 
for stress resilience and effective com-
munication skills. Women assessed 
their stress resilience better than men, 
with men more frequently reporting 
their skills of effective communication 
(Fig. 8).
While referring to the research results 
of Global Entrepreneurship Monitor 
– Polska 2012, it is worth highlight-
ing that within the scope of positive 
self-assessment of the knowledge and 
skills necessary to run an economic ac-
tivity “the difference in favour of men 
in Poland is one of the highest in Eu-
rope (22 p.p.). Amongst men, 65% of 
respondents assess positively their 
knowledge and skills, while the same 
was reported by only 43% of women 
(Tarnawa et al., 2012).
Young people’s out-of-school activity 
can be seen as a determinant of the 
conscious choices with regard to their 
professional future (Fig. 9).
It is worth drawing attention here 
to the fact that women are more likely 
8 Test for proportions, α=0,05

than men to undertake social activities, 
particularly in the field of voluntary 
work or scientific group participation.

Summary

In summing up, it is worth emphasiz-
ing that in the survey no statistically 
significant differences were found in 
terms of the attitudes towards profes-
sional future espoused by women and 
men, aged 18-28. The female vision of 
the future is more linked to the need 
of job security which may be reflected 
in that they are more likely than men 
to choose their work place in public 
administration and higher education 
institution/research unit. Moreover, 
women, more often than men, show 
pro-social attitudes, being more likely 
to undertake social activities, in partic-
ular in such areas as voluntary work or 
scientific groups.
Comparing the choices with regard 
to certain values of life, women were 
more likely than men to choose hones-
ty and respect for other people, while 
men focused more on the prosperity 
of their mother country. With respect 
to the self-assessment of one’s compe-
tences, women perceived themselves 
better in terms of stress resilience, with 
men being more likely to point to ef-
fective communication skills. It should 
be noted that surveys have their lim-
itations, as they might show merely 
a declarative attitude and not the real 
one. One should carry out a more in-
depth study by developing a method 
based on qualitative research meth-
ods. This notwithstanding, the studies 
on the development and attitudes of 
young people towards career paths 
may prove to be of use when design-
ing the strategy of staffing policy di-
rected towards attracting and keeping 
talented individuals. In the sphere of 
education, such studies may be useful 
in designing the teaching programmes 
suitable to satisfy the development 
needs.
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1od dołu: entrepreneurship and showing initiative
2: stress resilience
3: believing in one’s own strength
4: ability to work in structures
5: ability to organize working time
6: creativity
7: team work skills
8: solving conflicts
9: effective communication skills
10: analytical thinking skills
11: willingness to adjust to changes
12: willingness to take responsibilities 
13: precision, diligence
14: mobility

Figure 8. Distribution of self-assessed competences by gender

Source: Study based on author’s own research
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1od dołu: training in a sports club/fitness club
2: voluntary work
3: participation in local/parliamentary election
4: participation in a scientific interest group
5: helping colleagues with learning
6: helping in running the family business

Figure 9. Distribution of social activity types by gender

Source: Study based on author’s own research
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Wizja przyszłości zawodowej młodych ludzi – analiza badań 
własnych z uwzględnieniem  płci

Abstrakt
Wizja przyszłości jest wyrazem strategicznego podejścia do życia zarówno 
w odniesieniu do organizacji jak i ludzi. Umiejętność przewidywania i zarzą-
dzania sobąw obszarze zawodowym jest określana planowaniem ścieżki ka-
riery. Celem artykułu jest prezentacja i analiza badań własnych na temat iden-
tyfikacja stanu i uwarunkowań planowanych ścieżek kariery ludzi młodych na 
Dolnym Śląsku z uwzględnieniem płci. Narzędziem badawczym była ankieta 
internetowa. Pomiar został przeprowadzony przez firmę Ogólnopolski Panel 
Badawczy Sp. z o.o. za pomocą ogólnopolskiego panelu badawczego Ariad-
na w czerwcu 2015 roku. Metoda badawcza była reprezentatywna w stosun-
ku do zdefiniowanej populacji, czyli mieszkańców województwa dolnośląskie-
go w wieku 18-28 lat. 
W ankiecie wzięły udział 643 osoby. W badaniach nie stwierdzono istotnych 
statystycznie różnic w postawach wobec przyszłości zawodowej kobiet i męż-
czyzn w przedziale wiekowym 18-28.  Kobieca wizja przyszłości zawodowej 
bardziej związana jest z potrzebą bezpieczeństwa w pracy. Kobiety wykazują 
też częściej postawy pro-społeczne, częściej podejmują aktywności społecz-
ne. W ocenie własnych kompetencji kobiety lepiej oceniały się w zakresie od-
porności na stres a umiejętność efektywnej komunikacji była częściej wska-
zywana przez mężczyzn. Należy wspomnieć iż badania ankietowe mają swoje 
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ograniczenia, ponieważ ukazują mogą odzwierciedlać postawę deklaratywną 
niż prawdziwą respondentów. Należałoby pogłębić badania opracowując me-
todykę opartą o jakościowe metody badawcze

Słowa kluczowe: ścieżka kariery, młodzi ludzie, wizja przyszłości, przyszłość 
zawodowa
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Abstract

Objective
The standardof living of individual countries and their regions is largely con-
ditional on the level of socio-economic development represented by the 
country concerned. For the majority of developed and developing countries 
the general standard of living has been improving. At the same time, the dis-
tance between the countries and regions with the lowest and highest level 
of economic development has been growing. In Poland, the standard of liv-
ing varies across different regions (voivodships) due to, for example, cultural, 
historical, social and economic reasons. Like the other EU Member States, 
Poland has been taking measures aimed at eliminating the disparities in the 
standard of living amongst the country’s population, and has been striving for 
its improvement. Those measures are taken, inter alia, within the framework 
of the EU cohesion policy.1
The focus of the study, whose results are presented in this paper, was to verify 
the hypothesis on the improvement of the standard of living and the decline 
of disparities in this respect across different voivodships at the time before 
and after Poland’s accession to the European Union. Moreover, the study was 
also concerned with the assessment of interrelations existing between the 
location of a given voivodship and its standard of living.
Research method
In the study, statistical and econometric methods were applied. In order to 
compare the standard of living in the voivodships across Poland in the years 
2003-2012, a modified version of Hellwig’s measure of development was 
used. To determine the nature and degree of spatial dependencies of the 
standard of living across the country, global Moran’s spatial autocorrelation 
statistic was employed. Next, based on the original set of diagnostic features, 
an analysis of similarity was conducted and homogenous groups of voivod-
ships were determined. For this, Ward’s method was used based on a vari-
ance analysis to estimate the distances between individual clusters. Data of 
the Central Statistical Office in Warsaw, covering the year 2003 and 2012, 
provided the basis for the analyses.

1 Adopting the time frame 2003-2012 implies in this case the change of spatial diversity of 
the standard of living in 2012 compared to 2003.
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Conclusions
The studies presented in the paper suggest that in the period under discussion 
there was an improvement in the standard of living of the population across 
all voivodships, and simultaneously their polarization occurred in terms of 
the category investigated. What also emerged was a new growth pole – Dol-
nośląskie (Lower Silesian) voivodship. The rejection of the hypothesis on the 
declining disparities amongst Poland’s population across individual voivod-
ships implies that the measures our country have been implementing have 
not met their objectives entirely, thus providing the need for discussing their 
relevance and efficiency.
Originality/ value of the paper, contribution to science development
The paper employs the tools of spatial econometrics which enhance the 
analysis of the spatial diversity of people’s standard of living, and facilitate 
the drawing of correct and important conclusions as regards the issue under 
discussion.

Keywords: the level of living, spatial 
diversity, econometric analysis
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Introduction

For years now we have been witness-
ing changes in the living standard of 
entire societies worldwide. For the 
large majority of the developed and 
developing countries the general stan-
dard of living has been improving. 
However, at the same time, we have 
seen a trend towards the increase of 
distance between the countries and 
regions with the highest and lowest 
level of social development. The grow-
ing scale of poverty has the effect that 
the leaders of the world economy and 
those who govern groups of coun-
tries or/and economies of individual 
countries are setting as their objective 
to eradicate the disparities existing 
amongst the people living in different 
countries and regions worldwide.
Efforts to equalise the disparities in 
the standard of living are included, for 
example, in the scope of interest of the 
cohesion policy of the European Union, 
whose member Poland has been since 
2004. The measures involved in this 
policy are based on three key object-
ives. One of them is striving for the 

convergence of member states. This 
goal covers the countries and regions 
which do not reach the level of at least 
90% of the EU average of the Gross 
National Income (GNI), and where the 
development has been lagging behind 
the rest of the regions2. 
The convergence is a key priority of the 
cohesion policy. The measures aimed 
at the acceleration of the convergence 
process of the least developed coun-
tries and regions of the EU include, 
among others: improvement of the 
conditions for growth and employ-
ment through the intensification of 
the processes of investment in physic-
al and human capital; seeking to in-
crease innovation and development 
of the knowledge-based society; en-
hancing the adaptability to economic 
and social changes; preservation and 

2 Regulation of the Council (EC) no 
1083/2006 of 11 July 2006 laying down 
general provisions on the European 
Regional Development Fund, Social Fund 
and Cohesion Fund, and repealing Regu-
lation (EC) no 1260/1999 (Dz.U [Journal 
of Laws] .UE.L.2006.210.25).
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improvement of the natural environ-
ment, as well as an increase in the 
efficiency of public administration3. 
Improvement and equalisation of the 
living standard of residents in different 
locations of the EU should be a natural 
consequence of the implementation 
of those measures.
In the programming period 2007-
2013, Poland, received roughly EUR 67 
billion from the EU budget in current 
prices, of which EUR 66,6 billion was 
allocated for the implementation of 
the objective Convergence4. Over the 
years 2014-2020, Poland is to receive 
further EUR 68,7 billion under the co-
hesion policy. The funds financing the 
measures within the framework of the 
Convergence objective come, to a con-
siderable extent, from the Cohesion 
Fund and such funds as: European 
Regional Development Fund (ERDF), 
European Social Fund (ESF), or Euro-
pean Investment Bank (EIB)5. 

The Concept of the Level of 
Living and its Measures

The recent years have seen a signifi-
cant increase of interest in such cat-
egories as: the standard of living and 
quality of life viewed as the measures 
of social development of a particular 
population. The meanings of these 
two terms, although similar, do not 
fully overlap with each other. The first 
one refers to the material aspects of 
human life with the second referring 
to the non-material ones. Since the 
interest of the authors of the paper fo-
cuses specifically on the analysis of the 
standard of living, the definitions of 
this concept which are most frequent-
ly quoted in literature will be referred 
to further on.
3 Ibid.
4 http://ec.europa.eu/regional_policy/
sources/docgener/informat/country2009/
pl_pl.pdf (as of: 17 August 2015).
5 Ibid. Article 3(2).

In 1954, a UN commission composed 
of experts defined the standard of 
living as actual conditions of living 
of a people, and the extent to which 
their material and cultural needs were 
satisfied through payable goods and 
services, and through deployment of 
social funds [Zeliaś (ed.), 2004, p. 16]. 
This is the definition that provided the 
basis for many other definitions of the 
category under discussion. It does not 
only emphasize what the standard 
of living is (the level of having one’s 
needs satisfied), but it also indicates 
what means and sources are involved 
in order to achieve this level.
In the UN report, there were 40 indi-
cators included, useful for the per-
formance of the measurements of the 
standard of living of a given commun-
ity, which were divided into several 
groups: health conditions together 
with demographic conditions, nutri-
tion, education together with literacy 
and professional qualifications, work 
conditions, the state of and employ-
ment opportunities, transport, hous-
ing including household equipment, 
general consumption and accumula-
tion, clothes, leisure time and enter-
tainment, social security [Zeliaś (ed.), 
2004].
The extension of the UN definition 
was given by A. Luszniewicz, who in 
his discussion adopted the propos-
al advanced by J. Drewnowski which 
emphasized that the standard of liv-
ing was measured in a particular lo-
cation and a particular moment in 
time [Johann, 2005, p. 12]. In 1982, 
he established seven basic categories 
of the population’s needs, i.e. nutri-
tion; housing; health care; education; 
recreation; social security and material 
development [Zeliaś (ed.), 2004, p. 14]
Numerous elaborations of the concept 
emerged in the last decade of the XX 
century. One of them was suggested by 
T. Słaby in 1990. The definition which 
she proposed saw the standard of liv-
ing as a state in which one’s material 
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needs were satisfied, with the state 
referring to the elemental aspects of 
human life, that is, to its physiological 
needs [Słaby, 1990, p. 25].
In 1991, C. Bywalec showed that the 
standard of living was the degree 
to which the human needs, arising 
from the consumption of goods and 
services, were satisfied. He suggested 
that the standard of living was neither 
an action nor a social process nor a re-
source of goods. It is an abstract cat-
egory which determines the relation 
of human needs towards the goods 
used in order to satisfy those needs. In 
his definition, Bywalec further under-
lines that the standard of living does 
not include satisfying all human needs 
but only those whose satisfaction re-
quires material goods and services 
[Bywalec, 1991, p. 25].
A year later the same author together 
with S. Wydymus expanded the afore-
mentioned definition by specifying 
that in order to satisfy their needs, 
people used goods and services which 
they created and resources of the nat-
ural and social environment [Bywalec, 
Wydymus, 1992]. It is worth noting 
that thus expanded definition intro-
duced the issue of the preservation of 
the natural environment.
A slightly different explanation pro-
vided T. Śmiłowska in 1995, who sug-
gested that the standard of living 
reflected the measurable predispos-
itions and conditions of the budget 
of specific individuals or households 
to acquire sufficient amount of goods 
and services [Śmiłowska, 1995, p. 5]. 
In her definition, the author focuses 
on the financial aspect of this category. 
The abundance of definitions pre-
sented in the literature on the standard 
of living is evidence of how difficult it 
is to interpret this category unequivo-
cally, and even more so to carry out its 
quantification.
Bearing in mind the quantitative na-
ture of the study, the authors of this 
paper decided on the application of 

the proposal by A Zeliaś, in whose 
view the standard of living referred 
mainly to quantitative phenomena, 
being “depicted in the numbers of 
goods, services and benefits (broad-
ly understood – from bread, to soap, 
clothes, education, health, telephone, 
waterworks and to air and leisure and 
the sense of security) necessary to live 
a full and dignified life” [Zeliaś (ed.), 
2004, p. 16].

Objective, Methods and 
Research Stages

The primary objective of the studies 
was to investigate the spatial diversity 
and to assess the trends of the stan-
dard of living across Poland’s voivod-
ships in 2012 compared to 2003. The 
analysis enabled us to provide answers 
to the following questions:
1. Is the standard of living in Poland 

diversified spatially?
2. Which voivodships were charac-

terised by the highest and which 
by the lowest standard of living of 
their population in 2003 and 2012?

3. How has the standard of living 
changed for Poland’s population 
since the country’s accession to the 
EU?

Moreover, the studies allowed us 
to verify two research hypotheses:
1. In 2012 the standard of living 

of the inhabitants of Poland’s 
voivodships increased compared 
to 2003.

2. In 2012, compared to 2003, the 
disparity in living standards of the 
inhabitants of Poland’s voivod-
ships declined.

The basis for the analysis was the 
data of the Central Statistical Office 
in Warsaw, covering the years 2003 
and 2012. As the set of issues ad-
dressed in the study refers mainly 
to the quantitative aspects of life of 
the population, variables commonly 
recognized as quantitative measures 
of the standard of living and other 
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closely linked to them variables have 
been adopted as the foundation for 
the analysis. For measuring the level 
of living, more than a dozen diagnostic 
variables were applied, representing 
10 different dimensions, of which 9 
are mentioned by A. Zeliaś in his pub-
lications. These include: health care 
and social care, job market, working 
conditions and safety at work, wages 
and income, housing conditions, edu-
cation, recreation, culture and leisure, 
communication and transport, public 
safety, degradation of the natural en-
vironment and its preservation [Zeliaś 
(ed.), 2000, pp. 103-105]. The tenth 
dimension represents the econom-
ic level and the variables included in 
it represent the determinants of the 
standard of living (see Table 1). We 
should underline that the choice of 
the variables included in the individual 
categories was also dictated, besides 
content-related considerations, by the 
availability and comparability of the 
statistical data. The variables adopt-
ed for discussion should be viewed as 
general characteristics of the standard 
of living, reflecting merely its selected 
aspects from the meso- and macro-
economic perspective. The study is 
therefore illustrative in nature and 
should be treated as input to other in-
depth research for which the data pro-
duced by the CSO research on house-
holds budgets could provide a basis.
In the study, the statistical and econo-
metric methods were used, including 
Hellwig’s development measure, spa-
tial autocorrelation coefficient and 
Ward’s method.
In order to compare the standard of 
living across Poland’s voivodships in 
the year 2003 and 2012, a modified 
version of Hellwig’s development 
measure was applied. The modifica-
tion consisted in establishing a com-
mon model of development for the 
two years under study. On this basis, 
by having created voivodship rank-
ing, spatial diversity of the standard 

of living in Poland was assessed and 
four classes of voivodships were sin-
gled out. The construction of the mod-
el based on the data from both years 
made it possible to observe the chan-
ges occurring over time, while the syn-
thetic measure itself served as a vari-
able in the further stages of the study.
The next step involved specifying the 
nature and degree of spatial depend-
encies of the standard of living across 
the country. For this purpose, global 
Moran’s spatial autocorrelation sta-
tistic was used [Suchecki, 2010, p. 
107]. As a weight matrix, the binary 
neighbourhood matrix W=[wij]nxn was 
adopted. Then the Moran’s I for the 
variable X with observed values xi in n 
various localizations (i = 1,2,...,n), and 
the non-standardized weight matrix 
W is given by the following formula 
[Suchecki, 2010,. 112]:

where:
I – coefficient of global spatial 
autocorrelation,

– neighbourhood weight the be-
tween the i-th and j-th object of the 
analysis (i,j=1,2,…n),
xi, xj – values of the X variable, re-
spectively for i-th and j-th object 
(i,j=1,2,…n),
x  – mean value of the variable X
The value obtained is then compared 
to the critical value I* computed from:

I*= − 1
n−1

which defines one of the following 
possibilities:
1. I ≈ I* – autocorrelation does not 

occur
2. I > I* – non-negative autocorrelation,
3. I > I* – negative autocorrelation.
Next, based on the original set of diag-
nostic features, a similarity analysis 
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Table 1. The standard of living dimensions and their quantitative measures.

1. Health care and social care
• fertility rate
• live-birth per 1000 population
• number of people using social benefits
• number of hospital beds in general hos-

pitals per 10 thousand population
• number of people per hospital bed in 

general hospitals
• number of physicians per 10 thousand 

population
• number of nurses and midwives per 10 

thousand population
• voivodship budget expenditures 

on health care and social care per capita

2. Job market, working conditions 
and safety at work

• dependency rate per 100 
population

• unemployment rate (5)
• number of occupational acci-

dents per 1000 population

3. Remuneration and income
• average gross monthly remuneration 

(PLN)
• average monthly disposable income per 

1 person of the household (PLN)

4. Housing conditions
• number of dwellings completed 

per 1000 population
• average usable floor space per 

1 person

5. Education
• percentage of secondary schools 

equipped with computers with the In-
ternet access available for pupils

• number of places in nursery schools per 
1000 population

• voivodship budget expenditures on edu-
cation per capita

6. Recreation, culture and leisure 
time

• number of cultural centres per 
10 thousand population

• average monthly spending 
on culture and recreation per 1 
person of the household (PLN)

• voivodship budget expendi-
tures on culture and the con-
servation of national heritage 
per capita

7.  Communication and transport
• hard-paved roads per 100km2
• hard-paved public roads per 10 thou-

sand population (km)
• percentage of households equipped 

with personal computer with the Inter-
net access (%)

8. Public safety
• number of identified offences 

per 1000 population

9. Degradation of the natural environment 
and its preservation

• carbon dioxide emission produced by 
particularly harmful plants (t/year) per 
capita

• percentage of population using sewer-
age network (%)

• percentage of population using water 
supply network (%)

10. Economic level
• investments per capita (PLN)
• GDP per capita (PLN)
• retail sale per capita (PLN)
• where investments represent 

the measure of entrepreneur-
ship and retail sale determines 
consumption level 

Source: Authors’ own study.
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was performed and homogenous 
groups of voivodships determined. 
For that the Ward’s method was em-
ployed, which is based on the analysis 
of variances with a view to estimate 
the distances between individual clus-
ters. In this method, the basis for the 
analysis is provided by matrix D of 
Euclidean distances between the units 
examined:

D =

0 d12 ... d1k
d21 0 ... d2k

... ... ... ...
dk1 dk2 ... 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

where:
dij (i,j = 1,2, ..., k; i ≠ j) is the distance 
between i-th and j-th diagnostic vari-
able [Stec et al., 2005, p. 136].
Such pairs of objects are looked for 
(in the further stages of such clusters) 
among those distances for which the 
distances are the smallest (min{dij}). 
Every object is regarded as a one-ele-
ment group which then combines with 
two-element groups [Stec et al., 2005, 
p. 136].
The next stage of this method involves 
the determination the distance of 
a newly-formed group from the rest 
of the groups (by using the variance 
analysis). This value, in the distance 
matrix, takes the place of the distance 
of the first of the two objects, where-
as the row and column of the second 
object are deleted. These actions keep 
being repeated until all objects form 
one group [Stec et al., 2005, p. 136].
The Ward’s method is recognized as 
very effective, most frequently leading 
to the formation of small clusters. As 
the result of the analysis, a dendro-
gram is produced, being a graphical 
representation of the results produced 
[Stec et al., 2005, p. 137].
Diagnostic Variables of the Standard of 
Living of Poland’s Population
During the first stage of the study, af-
ter having selected the quantitative 
measures of the standard of living, 

a statistical analysis of variables was 
conducted. So called quasi-constant 
variables were eliminated from the 
original set of the potential diagnos-
tic variables (see Table 1). In order 
to do so, variation coefficient was 
used. In adopting the critical value at 
the level of 10% for the coefficient, 9 
variables were excluded from the fur-
ther analysis. In the next step, while 
investigating the correlation degree6 
of the individual features, a further 
reduction of the variables was carried 
out and the final form of the set of the 
diagnostic variables was determined. 
As the result, in building Hellwig’s dy-
namic measure of development, the 
20 following quantitative characteris-
tics were used:
• number of people using social 

benefits (de-stimulant);
• number of people per hospital bed 

in general hospitals (de-stimulant);
• number of physicians per 10 thou-

sand population (stimulant);
• number of nurses and midwives 

per 10 thousand population 
(stimulant);

• voivodship budget expendi-
tures on health care per capita 
(stimulant);

• unemployment rate (%) 
(de-stimulant);

• number of occupational accidents 
per 1000 population (de-stimulant);

• average monthly disposable in-
come per 1 person of the house-
hold (PLN) (stimulant);

• number of completed dwellings 
per 1000 population (stimulant);

• number of places in nursery schools 
per 1000 population (stimulant);

• voivodships budget expenditures 
on education and upbringing per 
capita (stimulant);

• number of culture centres per 10 
thousand population (stimulant);

6 It was arbitrarily assumed that Pearson’s 
coefficient values at the level below 0,9 
signify statistically insignificant relations.
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• voivodship budget expenditures 
on culture and conservation 
of national heritage per capita 
(stimulant);

• hard-paved roads per 100 km² (km) 
(stimulant);

• hard-paved public roads per 
10 thousand population (km) 
(stimulant);

• percentage of households 
equipped with personal comput-
er with the Internet access (%) 
(stimulant);

• number of identified offences per 
1000 population (de-stimulant);

• carbon dioxide emission produced 
by particularly harmful plants (t/
year) per capita (de-stimulant);

• percentage of people using sewer-
age network (%) (stimulant);

• retail sale per capita (PLN) 
(stimulant).

Changes of the Standard of Living 
in Poland by Voivodships – an 
Analysis Covering 2003-2012

The Hellwig’s development measure 
of the Standard of living across Po-
land’s voivodships was determined 
for two years: 2003 and 2012. The 
distance from the model determined 
on the basis of the observations for 
the two time frames examined was 
calculated using the root Euclidean 
distance. Table 2 demonstrates the re-
sults thus obtained.
The last column of the table shows 
how the values of Hellwig’s measure 
changed in 2012 compared to 2003. 
The study has found that in all the 
objects examined the standard of liv-
ing improved. The greatest increase 
of the development measure oc-
curred for the following voivodships: 

Table 2. Trends of values of Hellwig’s synthetic measure of development of people’s 
standard of living across Poland’s voivodships in the years 2003 and 2012.

No. Voivodship Hellwig’s 
measure 2003

Hellwig’s 
measure 2012 Difference

1 Dolnośląskie 0,1508 0,4223 0,2716

2 Kujawsko-pomorskie 0,0812 0,2597 0,1784

3 Lubelskie 0,1228 0,2957 0,1729

4 Lubuskie 0,0826 0,1810 0,0984

5 Łódzkie 0,1550 0,2971 0,1421

6 Małopolskie 0,2056 0,3868 0,1811

7 Mazowieckie 0,2327 0,4390 0,2063

8 Opolskie 0,1072 0,2558 0,1485

9 Podkarpackie 0,0784 0,3029 0,2244

10 Podlaskie 0,1699 0,3536 0,1837

11 Pomorskie 0,1160 0,3317 0,2157

12 Śląskie 0,1498 0,3082 0,1584

13 Świętokrzyskie 0,1040 0,2536 0,1496

14 Warmińsko-mazurskie 0,0422 0,2054 0,1633

15 Wielkopolskie 0,1264 0,2914 0,1650

16 Zachodniopomorskie 0,1136 0,2882 0,1745

Source: Authors’ own calculations.
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Dolnośląskie (0,2716), Podkarpack-
ie (0,2244), Pomorskie (0,2157) and 
Mazowieckie (0,2063). The smallest 
improvement was recorded for Lubus-
kie voivodship (an increase by only 
0,0984). The results obtained provid-
ed the basis for the voivodship ranking 
in terms of the standard of living (see 
Table 3).
Mazowieckie voivodship retained its 
position in the ranking. Dolnośląskie 
voivodship, at place 4 in 2003, moved 
on to the 2 place in 2012. Podkarpack-
ie as well as Pomorskie voivodships 
stood out considerably in the ranking. 
Lubuskie voivodship fell down in the 
ranking, taking the last place in 2012.

Graph 1 illustrates the disparity 
present among the voivodships as 
to the standard of living. The blue line 
represents the year 2003 and the red 
one the year 2012. Their arrangement 
indicates that the standard of living 
improved during those nine years, 
yet the disparities remained the same 
or increased. Only in Podkarpackie 
voivodship and Pomorskie voivodship 
can we see a positive impact of the 
measures aimed at reducing the dis-
parities among the voivodships.
The changes pertaining to the stan-
dard of living occurring in individual 
voivodships can also be observed 
on maps 1-4. In preparing maps 1 and 

Table 3. Ranking of Poland’s voivodships in terms of the standard 
of living of the population in the years 2003 and 2012.

Place in the ranking Ranking 2003 Ranking 2012

1 Mazowieckie Mazowieckie

2 Małopolskie Dolnośląskie

3 Podlaskie Małopolskie

4 Łódzkie Podlaskie

5 Dolnośląskie Pomorskie

6 Śląskie Śląskie

7 Wielkopolskie Podkarpackie

8 Lubelskie Łódzkie

9 Pomorskie Lubelskie

10 Zachodniopomorskie Wielkopolskie

11 Opolskie Zachodniopomorskie

12 Świętokrzyskie Kujawsko-pomorskie

13 Lubuskie Opolskie

14 Kujawsko-pomorskie Świętokrzyskie

15 Podkarpackie Warmińsko-mazurskie

16 Warmińsko-mazurskie Lubuskie

Source: Authors’ own study.
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Graph 1. Trends of the value of the development measure of the standard 
of living across Poland’s voivodships in the years 2003 and 2012.

Source: Authors’ own study. 

2, a division into four classes, common 
for both years, was used. These class-
es are equal in terms of the span of the 
development measure. Map 1 dem-
onstrates the voivodships as assigned 
to the individual classes in 2003, while 
map 2 refers to 2012. We can observe 
that there is a general improvement in 
the standard of living. Each voivodship 
moved on to a better class at the later 
time frame, and, in addition, the low-
est class is no longer present. 
Maps 3 and 4 illustrate the division 
of the voivodships into 4 classes es-
tablished separately for 2003 and 
2012. This kind of grouping allows the 
disparities in the standard of living 
among the voivodships to be high-
lighted. Also, what can be gleaned 
from the maps is that the voivodships 
with a higher standard of living are 

coming increasingly more to the fore 
on the background of the adjacent 
voivodships.
To determine the type and degree of 
the spatial dependencies in terms of 
the standard of living in the voivod-
ships, global Moran’s I was calculat-
ed. Hellwig’s synthetic development 
measure was used as a variable with 
the spatial weights representing the 
binary neighbourhood matrix.
The value of global Moran’s statis-
tic, both for 2003 and 2012, is sig-
nificant and it indicates that there is 
a moderate negative autocorrelation 
(-0,18 for 2003 and -0,32 for 2012). 
Moreover, an increase in the abso-
lute value of the coefficient shows 
that there is greater spatial depend-
ence. A tendency occurs in that the 
voivodships displaying different 
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Map 1. The standard of living in Poland in 2003 – a class division common for 2003 and 2012.

Source: Authors’ own study. 

Map 2. The standard of living in Poland in 2012 – a class division common for 2003 and 2012.

Source: Authors’ own study. 
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Map 3. The standard of living in Poland in 2003 – a class 
division based solely on the data for 2003.

Source: Authors’ own study. 

Map 4. The standard of living in Poland in 2012 – a class 
division based solely on the data for 2012.

Source: Authors’ own study. 
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standard of living are neighbour-
ing with each other. The location 
of points in the dispersion graphs 
of the Moran’s statistics where the 
majority of the objects is located in 
quarters LH and HL shows progres-
sive divergence of the standard of 
living which is reflected by a greater 

dispersion of the objects in figure 1 
and 2. This development arises from 
the polarization of the voivodships 
and the separation of growth poles – 
such as Mazowieckie voivodship and 
Dolnośląskie voivodship which ab-
sorb human capital and investments 
from their neighbours.

Figure 1. The results of spatial autocorrelation for 2003

Source: Authors’ own study. 
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Figure 2. The results of spatial autocorrelation for 2012

Source: Authors’ own study. 

Two dendrograms for the year 2003 
and 2012 illustrate the Ward’s meth-
od (see Figure 3 and 4). The number 
of clusters is conditional on the linkage 
distance considered. 
For the year 2003, we obtain 3 clus-
ters7. for the distance exceeding sev-

7 In the two cases examined (i.e. 2003 
and 2012) the optimum number of clus-
ters was determined following the criter-
ion of the first clear increase of the aggre-
gation distance on the basis of the relevant 
linkage distance graphs in relation to the 

en. The following voivodships concen-
trated in the first cluster: Dolnośląskie, 
Wielkopolskie, Śląskie, Łódzkie, Ma-
zowieckie, Pomorskie. These were the 
voivodships where the determinants 
of the standard of living took on the 

linkage stages. For more information on 
the determination of the number of seg-
ments on the basis of the aggregation 
analysis see A. Sokołowski, Empiryczne 
testy istotności w taksonomii, Akademia 
Ekonomiczna w Krakowie, Zeszyty Nau-
kowe, Kraków 1992.
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Figure 3. The results of the aggregation method (the year of 2003)

Source: Authors’ own study. 

Figure 4. The results of the aggregation method (the year 2012)

Source: Authors’ own study. 
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highest values. The next two clusters 
were characterized by a certain geo-
graphic cohesion. The second group, 
which was made up of the voivodships: 
Lubelskie, Podlaskie, Świętokrzys-
kie, Małopolskie, Podkarpackie and 
Opolskie, covers predominantly the 
southern and eastern region of Po-
land. Moreover, another homogenous 
group encompassed the voivodships 
located in the north: Kujawsko-Pomor-
skie, Lubuskie, Warmińsko-Mazurskie 
and Zachodniopomorskie.
The division into three clusters for 
the year 2012 differed significantly. 
The first group was made up of the 
following voivodships: Łódzkie, Śląs-
kie, Małopolskie, Wielkopolskie and 
Opolskie. The second, a three-ele-
ment cluster consisted of such voivod-
ships as Mazowieckie, Pomorskie and 
Dolnośląskie. These voivodships dis-
tanced themselves considerably from 
the rest, showing clearly better values 
as regards the measures of the stan-
dard of living. The last group included: 
Lubelskie voivodship, Świętokrzyskie 
voivodship, Podkarpackie voivodship, 
Podlaskie voivodship, Lubuskie voivod-
ship, Kujawsko-Pomorskie voivodship, 
Warmińsko-Mazurskie voivodship.
Analyzing the dendrograms, we can 
notice that the level at which the clus-
ters emerge as well as their number 
increases. This may indicate that the 
voivodships continue to differ and di-
verge in terms of the standard of living.

Conclusions

The studies have found that since 
2003, the year preceding the year in 
which Poland joined the European 
Union, the general standard of living 
of the population across all the voivod-
ships improved. This is reflected in the 
non-negative values of the increase 
of Hellwig’s measure of development 
determined for all the voivodships in 
relation to 2003 and 2012. It is worth 
emphasizing here that in 2012 the 

highest increase of the measure, and 
thus relatively greatest improvement 
of the standard of living, could be 
observed for the following voivod-
ships: Dolnośląskie, Podkarpackie, 
Pomorskie and Mazowieckie. On the 
other hand, Lubuskie voivodship saw 
the smallest betterment of the living 
standard. In 2012, the highest place 
in the ranking in terms of the category 
under discussion was retained by Ma-
zowieckie voivodship, as compared 
to 2003. Dolnośląskie voivodship, 
which was ranked 4 in the first per-
iod investigated, in the year 2012 was 
ranked 2. Furthermore, Podkarpack-
ie and Pomorskie voivodships stood 
out considerably in the ranking. In 
2012, the already mentioned Lubuskie 
voivodship fell in the ranking, since its 
measure of development was insignifi-
cant, and took the last place.
Unfortunately the positive develop-
ment in the general standard of liv-
ing of the population across all the 
voivodships was accompanied by an 
adverse increase in their disparities 
in terms of the category under discus-
sion. This is reflected, among other 
things, in the outcome of the spatial 
correlation analysis. The increase as 
regards the absolute value of Moran’s 
spatial correlation coefficient indi-
cates that the spatial dependence 
has grown and that there is a trend 
in that voivodships with different lev-
els of living are neighbouring with 
each other. The location of points in 
the dispersion graphs of the Moran’s 
statistic where the majority of the ob-
jects is located in quarters LH and HL 
shows progressive divergence of the 
standard of living which is shown by 
a greater dispersion of the objects in 
Figure 1 and 2. This arises from the 
polarization of the voivodships and 
the separation of growth poles – such 
as Mazowieckie voivodship and Dol-
nośląskie voivodship, which absorb 
human capital and investments from 
their neighbours
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To sum it up, we suggest that accepting 
the hypothesis on the improvement of 
the standard of living of people across 
Poland’s voivodships while rejecting 
the hypothesis on the declining dis-
parities amongst Poland’s population 

across individual voivodships implies 
that the measures our country have 
been implementing have not met their 
objectives entirely thus providing the 
need to discuss their relevance and 
efficiency.
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Zmiany przestrzennego zróżnicowania poziomu życia 
ludnościw Polsce w latach 2003-2012

Abstrakt
Cel
Osiągany w poszczególnych krajach i ich regionach poziom życia ludno-
ści w dużej mierze zależy od poziomu rozwoju społeczno-gospodarczego jaki 
prezentuje dane państwo. W przypadku większości krajów rozwiniętych i roz-
wijających się ogólny poziom życia społeczeństw ulega poprawie. Jednocześ-
nie wzrasta dystans pomiędzy krajami i regionami o najniższym i najwyższym 
poziomie rozwoju społecznego. W Polsce m.in. ze względów kulturowych, 
historycznych, społecznych i ekonomicznych poziom życia ludności zamiesz-
kującej różne regiony (województwa) jest odmienny. Polska, podobnie jak 
inne kraje członkowskie Unii Europejskiej (UE), podejmuje działania, których 
celem jest zniwelowanie różnic w poziomie życia ludności naszego kraju oraz 
dążenie do jego poprawy. Działania te podejmowane są m.in. w ramach poli-
tyki spójności UE.
Przedmiotem przeprowadzonego badania, którego wyniki zaprezentowa-
no w artykule była weryfikacja hipotezy o poprawie oraz malejącym zróżni-
cowaniu poziomu życia mieszkańców poszczególnych województw w okresie 
przed i po przystąpieniu Polski do Unii Europejskiej, a także ocena występo-
wania współzależności pomiędzy położeniem zamieszkiwanego wojewódz-
twa a osiąganym poziomem życia. 
Metoda badawcza
W badaniach zastosowano metody statystyczne i ekonometryczne. W celu 
porównania poziomu życia w województwach Polski w latach 2003 i 2012 
zastosowano zmodyfikowaną wersję miary rozwoju Hellwiga. Do określenia 
charakteru i stopnia zależności przestrzennych poziomu życia na obszarze 
całego kraju wykorzystano statystykę globalnej autokorelacji przestrzennej 
Morana. Następnie w oparciu o pierwotny zbiór cech diagnostycznych do-
konano analizy podobieństwa oraz wyznaczono homogeniczne grupy woje-
wództw. Wykorzystano do tego metodę Warda, która opiera się analizie wa-
riancji w celu oszacowania odległości pomiędzy poszczególnymi skupieniami. 
Podstawę analiz stanowiły dane Głównego Urzędu Statystycznego w Warsza-
wie, obejmujące lata 2003 i 2012.
Wnioski
Z przedstawionych w artykule badań wynika, że w analizowanym okresie 
we wszystkich województwach kraju nastąpiła poprawa poziomu życia lud-
ności i jednocześnie wzrosła polaryzacja województw pod względem rozwa-
żanej kategorii. Pojawił się również nowy biegun wzrostu – województwo 
dolnośląskie. Odrzucenie hipotezy o zmniejszającym się dystansie pomiędzy 
poziomem życia ludności województw Polski oznacza, że realizowane przez 
nasz kraj działania nie do końca spełniają swoje zadanie i potrzebna jest dys-
kusja na temat ich zasadności i skuteczności.
Oryginalność / wartość artykułu, wkład w rozwoju nauki
W artykule wykorzystano narzędzia ekonometrii przestrzennej, które wzbo-
gacają analizę przestrzennego zróżnicowania poziomu życia ludności oraz 
ułatwiają wyciąganie prawidłowych i istotnych w przypadku rozważanego za-
gadnienia wniosków.

Słowa kluczowe: poziom życia, przestrzenne zróżnicowanie, analiza ekonometryczna
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Abstract

The article presents the analysis of the exchange volatility of the Swiss franc 
against the Polish złoty (CHF/PLN). This issue has a significant practical rel-
evance. Owing to its considerable volatility, the exchange rate of this currency 
pair has had a significant impact on the situation of several hundred thou-
sand of borrowers. In the first decade of this century there were numerous 
loans (predominantly housing loans) granted which were denominated in 
Swiss francs. This often causes serious difficulties in debt servicing and can 
have significant social and economic implications. Therefore, those in power 
have been seeking to solve this problem in a variety of ways although no solu-
tions has been implemented at the time of sending this paper for publishing.

Introduction

From a legal point of view, borrowers 
raise the impossibility of predicting 
the volatility of the exchange rate of 
the CHF/PLN pair. This was often ac-
companied by bankers’ assurances as 
to the benefits of the foreign exchange 
loan (interest rate, low risk). Further 
to that, there were cases where loan 
applications for loans in the Polish 
złoty were refused on the ground of 
the lack of creditworthiness. Lower 
loan installments in the Swiss franc 
could have positive effects for some 

borrowers in that they would obtain 
a positive credit-worthiness assess-
ment. In such situations exchange 
rate risk was usually underestimated. 
The borrowers also raise the absence 
of real payments out (payments in) 
in Swiss francs. From an econom-
ic point of view, the occurrence of 
Swiss notes and coins is obviously of 
no importance. In this case, however, 
at least two kinds of lenders can be 
distinguished.
The first of them grants a loan in 
Swiss francs transferring the equiva-
lent amount of the loan in the Polish 
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złoty at the bank’s buying rate. Thus, 
the bank, apart from granting the 
loan, sells the borrower złotys while 
buying francs. At the moment of the 
payment of the loan installment the 
borrower pays in Polish złotys. They 
pay the equivalent of the installment 
expressed in francs after converting 
them into złotys at the sell rate. For 
the first kind of borrowers, the spread 
was to be a hedge against the ex-
change rate volatility. Not before 2010 
could borrowers (thanks to the court 
judgments) repay their debts in the 
Swiss franc, which made the risk for 
both sides symmetric. 
The second kind of lenders enters 
into financial commitments (usual-
ly towards the parent bank) in Swiss 
francs at the moment of signing a loan 
agreement. The duration of those lia-
bilities is similar to that of the credit 
claims. In this way, the bank eschews 
the risk relating to the exchange rate 
volatility. The entire exchange risk 
is borne by the client. The potential 
spread applied at the payment of in-
stallments provided the bank with an 
extra income. 
In both cases the risk relating to the 
exchange rate volatility fell on the bor-
rower. The essential question posed in 
this paper refers to the ability to pre-
dict the exchange rate of the CHF/
PLN currency pair. While analyzing the 
exchange rate of this currency pair, 
the conclusion to be made is that the 
position of the Swiss National Bank 
was often decisive on this matter. Yet 
analysts have been unable to create 
a model based on this bank’s (fre-
quently) unpredictable decisions.
In this paper we will demonstrate 
a stochastic model based on the an-
alysis of order statistics distribution. 
From the borrower’s point of view, 
the maximum exchange rate in a given 
period is crucial for the ability to ser-
vice debt. The analysis of the random 
variable distribution will therefore be 
significant: max X 1,X 2,...,Xn , where Xi 

is the exchange rate of the CHF/PLN 
currency pair at moment i.
Two models will be demonstrated in 
the paper. The first one assumes sta-
tionary distribution and normal dis-
tribution of the currency pair under 
study. It is easy to criticize such an 
assumption, yet, it appears that even 
using such a simple model we can 
obtain interesting estimates of prob-
abilities. At the time of the loan agree-
ment conclusion the parties to the 
agreement often make exactly those 
kind of assumptions
Moreover, a model will be discussed 
where one moves away from the as-
sumption of stationary distribution 
while maintaining the assumption of 
normal distribution. In both models 
one allows for the dependency of indi-
vidual rates over time, which obvious-
ly reflects the real situation.

Extreme Statistics and 
the Models Applied

In the paper well known theorems 
on order statistics (particularly the 
extreme ones) will be used. The first 
findings in this field date back to the 
1920s. While assuming the normality 
of the variables analysed and asymp-
totic independence, extremal types 
theorem will be useful here [Lead-
better, Rotsen, Lindgren, 1986] or 
[Galambos, 1978].
Since the normal distribution function 
belongs to the domain of attraction 
of the so called Type I (double expo-
nential distribution), the theorem 
holds true (Leadbetter, Rotsen, Lind-
gren, p. 25).
Theorem 1.
If ξn is a sequence of independent 
normally-distributed random vari-
ables, then the random variable 
Mn = max (ξ1, ξ2, ..., ξn has a Type I dis-
tribution, that is:
P{an (Mn − bn) ≤ x} → exp(−e

−x
)

where: 
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The above theorem has numerous 
variations and it seems that applying 
it directly to the analysis of currency 
exchange rates is impossible because 
of the fairly obvious dependency of in-
dividual exchange rates over time. In 
literature, however, there is evidence 
that constraining assumptions can be 
overridden (David, Nagaraja, 2003).
The first results of this type were ob-
tained by Berman who argued that 
the condition rnlnn→0 is sufficient 
to maintain the thesis of theorem 1. 
Also, many other alternatives have 
been demonstrated for the descrip-
tion of dependencies. However, for 
currency exchange rates, those con-
ditions cannot be verified because we 
have only one observation in a given 
moment. Estimating the correlation 
coefficient with the stationariness as-
sumption leads, on the other hand, 
to (at the most) monotonicity. The 
existence and the border value can-
not be verified. Therefore, the model 
of the distribution of maximum from 
the first theorem is a probable model, 
yet at the same time only a proposal 
which the parties to the loan agree-
ment might be presuming.
While employing theorem 1, the 
probabilities of occurrences will be 
estimated at interesting moments in 
time. Thus, this is not a model aspiring 
to describe the phenomenon which 
is being analysed at every moment 
in time. The rule that applies here is 
rather the one deployed in warning 
forecasts. In this case it is about indi-
cating the probabilities that certain 
unfavorable events will occur. Econo-
metric models, the trend analysis or 
time series methods should therefore 
be rejected. They often use the sum 
of squares with or without weights as 
a criterion of the goodness of fit. In 
the latter case it means applying the 
same relevance to all the moments in 
time that are being analysed.
For estimating maximums, relevant 
values are interesting on certain 

intervals. The distribution of (suitably 
normalized) variable max X(t)

 t ≤ n
is anlay-

sed, where max X(t) is the exchange 
rate of the currency pair under discus-
sion. Observing the sequence of realiz-
ations we can conclude that in a given 
period one exchange rate (which oc-
curred one time or several times) is 
maximum. This simple observation 
does not, however, refer to the dis-
tributions. If that was to be the case, 
then max (X(t))

 
t ≤ n  distribution would 

be identical with the distribution of 
one of the random variables X(t). The 
thesis of the theorem I shows that in 
general this does not occur although 
an interesting fact to note is that the 
distribution function of the type I dis-
tribution belongs to the domain of at-
traction of the type I distribution func-
tion. In this case variables X(t) have the 
same type of distribution as max X(t)

 
t ≤ n . 

A similar situation refers to the other 
two types of limiting distribution 
functions. The lack of differentiation 
between the maximums for the real-
izations (numbers) and maximums for 
random variables led to a number of 
misunderstandings outlined, e.g. in 
(Feller, 1978). For this reason, a simple 
example 1 is presented which illus-
trates the fact that max (X1, X2) has no 
distribution corresponding to any of 
the variables X1, X2

Example 1. 
Consider an experiment which con-
sists in throwing a dice (cuboidal) one 
time. Let X1 denote a random variable 
– the score on the first die, X2 - the 
score on the second die, but a random 
variable Z = max (X1, X2) has the fol-
lowing distribution:

Z 1 2 3 4 5 6

p 1/36 3/36 5/36 7/36 9/36 11/36

As can be gleaned from the above, it 
is different from the uniform distribu-
tion in the set {1,2,3,4,5,6} .
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Model 1

Many theorems of the order statis-
tics (extreme) theory can be applied 
to the issue under discussion. The 
paper demonstrates the application 
of possibly simple tools. At the same 
time, other possible ways of analyzing 
this issue have been indicated. Three 
significant maximums can be noticed 
on the chart of the currency pair CHF/
PLN. After having reached the signifi-
cant maximums, the exchange rate 
stabilized slightly below the current 
maximum, but usually above the pre-
vious maximum. Therefore, reaching 
a high exchange rate usually implies 
a relatively permanent increase of the 
borrower’s debt. 
The observations started in 2003 (2 
January). In order to obtain the con-
formity with the theorems applied, 
the numbering of days was employed 
instead of a direct application of dates. 
The days were numbered with natur-
al numbers. On the day marked with 

the number 1551 (18 January 2009) 
the exchange rate of the currency pair 
under study is equal to 3,3167. In this 
case the decision was to build a model 
based on a period which clearly pre-
cedes the increase trend resulting in 
reaching the limit of 3,3167. It was 
decided (considering the implied sta-
tionariness) that a good period in time 
will be the first 1408 days, starting 
from the very beginning of recording 
the exchange rates (2 January 2003) 
to 25 July 2008, when the exchange 
rate was 1,9741, thus historically be-
ing almost the lowest. This period was 
selected subjectively, but certainly not 
in a biased way. There were no signs 
that this trend might be reversed. 
During this period, constants were es-
timated necessary to standardize vari-
able X(t).
In the model, X(t) denotes the NBP 
exchange rate of the CHF/PLN curren-
cy pair. It was estimated that the 
mean value equals 𝑚̂(1408)=2,5921, 
while the standard deviation equals 

Fig 1. The Swiss franc exchange rate from 02.01.2003 to 05.10.2015

Source: Authors’ own study based on http://www.nbp.pl/home.aspx?f=/kursy/kursy_archiwum.html



Agnieszka Bukietyńska, Mariusz Czekała | Extreme Statistics in the Analysis of the Exchange Rate Volatility of CHF/PLN

207

𝑠(1408)=0,2847. Those numbers were 
employed to standardize variable X(t), 
obtaining variable 𝜂(𝑡)= X (T )m̂

s
. The 

next step involved the calculation of 
normalizing constants an and bn of the 
variable:
max
t≤1551

(η(t)) = M (1551)

according to the equations:

𝑎𝑛=(2ln𝑛)1/2

𝑏𝑛=𝑎𝑛−(2𝑎𝑛)−1(ln𝑙𝑛 𝑛+ln4𝜋)

For 𝑛=1551,𝑎1551=3,8332 and 𝑏1551=2,6528  
were obtained.
Next, the probability was estimated:

𝑃(𝑎1551 (𝑀(1551)−𝑏1551)≤−0,4116)=0,221086

The constant -0,4116 is the realisation 
of the left side of the inequality. This 
means that the probability that the 
CHF/PLN exchange rate will exceed 
the level of 3,3167 by the 1551st day 
is equal to 1−0,221086≅0,78. In this 
case, forecasting the level of 3,3167 
performed on 25 July 2008 until the 
1551st day (18 February 2009) should 
be considered to have had its grounds. 
Despite the downward trend, the con-
siderable volatility of the exchange 
rate allowed for the conclusion that 
the situation which occurred could 
hardly be deemed as unexpected.
Another application of the model was 
carried out while taking into account 
the first 2096 observations. This is 
the period preceding the second sig-
nificant maximum. On 8 April 2011 
the exchange rate was 3,0097. The 
mean value estimated on the basis 
of the first 2096 observations was 
equal to 𝑚̂(2096)=2,6631, with a stan-
dard deviation of 𝑠(2096)=0,2998. In 
this case the attempt is to evaluate 
the probability of the event referring 
to the 2182 day, where the exchange 
rate reached the level of 3,9562. The 
estimation was thus as follows:

𝑃(𝑎2182(𝑀(2182)−𝑏2182)≤𝑥),
where it was calculated that 
𝑥=𝑎2182(3,9562−𝑚̂𝑠−𝑏2182)=6,1068 and 
exp(−𝑒−𝑥)=0,9978.
This means that the probability, apri-
ori calculated, that the maximum 
exchange rate will reach the level of 
3,9562 is equal to 0,0022. The prob-
ability that an opposite event will 
occur is of course big, yet it cannot 
be the cause for accepting the mod-
el. What is interesting here is that the 
probabilities for the exchange rates 
which are close to the rates at the 
level of 3,9562 have now some prac-
tical relevance. For example:

𝑃(max 𝑋(𝑡)≥3,6383)=1−0,87=0,13
  𝑡≤2182

𝑃(max 𝑋(𝑡)≥3,7147)=1−0,95=0,05
  𝑡≤2182

or
𝑃(max 𝑋(𝑡)≥3,7220)=1−0,953=0,047
  𝑡≤2182

Such exchange rates were reached 
on the days neighbouring the 2182nd 
day.
The third time the model was used 
to assess the probability of an event 
which was commonly thought as 
unpredictable. We refer to the in-
cidence from January 2015. On 15 
January 2015 the Swiss National Bank 
decided not to intervene in order 
to weaken the Swiss franc against 
the Euro. On that day the curren-
cy pair CHF/PLN exceeded even the 
level of 5 PLN on the Forex Exchange. 
In this paper, however, the NBP’s ex-
change rates are the basis, since they 
provide the basis for calculating the 
loans denominated in Swiss francs. 
On 15 January 2015 (the 3043rd day) 
the NBP’s exchange rate was 4,1611, 
reaching on the following days (23 
January 2015 – the 3049 day) even the 
level of 4,3223. In this case (we are 
dealing with a currency sudden hike) 
we selected a period directly preced-
ing the event under discussion. The 
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3042nd session was used as the basis 
for creating the model. On that day, 
the exchange rate of CHF to PLN was 
3,5712 and hardly anything could be 
seen as boding a sudden change.
Not unlike in the two previous cases, 
the mean value and standard devi-
ation were estimated, with the fol-
lowing result: 𝑚̂(3042)=2,9066 and 
𝑠(3042)=0,4441.
It is important to note that there is 
a clear increase of both of the values 
which were estimated. It favours ex-
treme events.
For 15 January 2015 (exchange rate 
equal to 4,1611), the calculation was 
as follows:
𝑎3043=4,0051 and 𝑏3043=2,8535 and 
and the distribution function 
𝐹(−0,1154)=0,3255.
While for the 3049th day (23 January 
2015 r.), the calculation was as follows:
𝑎3049=4,0056 and 𝑏3049=2,8541 and

x = a3049
4,3223− 2,9066

0,4441
− b3049

⎛
⎝⎜

⎞
⎠⎟
= 1,3362

As next, the value of the distribution 
function was calculated at this point: 
𝐹(1,3362)=0,7689.
This means that

𝑃(max 𝑋(𝑡)≥4,1611)=1−0,3255=0,7745
  𝑡≤3043

and
𝑃(max𝑋(𝑡)≥4,3223)=1−0,7689=0,2311
  𝑡≤3049

We can notice that both events had 
reasonably big probabilities. The as-
sessment of the probability that the 
situation will occur was possible owing 
to the significant volatility following 
the second (the 2182nd day) non-grad-
ual change of the exchange rate. The 
change that occurred on that day 
could not be described using the pro-
posed model. This is because until that 
time the CHF/PLN currency pair (disre-
garding the speculation period of the 
year 2008) had been a stable pair and 
low exchange rates and low volatility 

had not allowed for taking advantage 
of the benefits involved in the model-
ing which uses extreme statistics. 

Other Models

One of the models in which the as-
sumption of stationariness can 
be overridden is the model based 
on Horowitz’s Theorem (Horowitz, 
1980).
Theorem 2. (Horowitz)
Consider 𝑀𝑛=max(𝜁1,𝜁2,…,𝜁𝑛), where 𝜁𝑖 
has a normal distribution and 
𝜁𝑖=𝜉𝑖+𝑚𝑖, where 𝐸(𝜉𝑖)=0, 𝑉𝑎𝑟(𝜉𝑖)=1 
and 𝑐𝑜𝑣(𝜉𝑖,𝜉𝑗)=𝑟𝑖𝑗. Let us also assume 
that |𝑟𝑖𝑗|<𝜌|𝑖−𝑗|, and 𝜌𝑛ln𝑛→0. Let 
𝛽𝑛=max|𝑚𝑖|=𝑜((ln𝑛)1/2), then:
    1≤𝑖≤𝑛

𝑃{𝑎𝑛(𝑀𝑛−𝑏𝑛−𝑚𝑛
∗)≤𝑥}→exp(−𝑒−𝑥),

where constants 𝑚𝑛
∗ satisfy the 

condition:

1
nΣ𝑛

𝑖=1exp(𝑎𝑛
∗(𝑚𝑖−𝑚𝑛

∗)− 1
2 (𝑚𝑖−𝑚𝑛

∗)2)→1.

In this theorem, the constants 𝑚𝑛
∗ can 

determine the intervals of non-sta-
tionariness. The last equation from 
theorem 1 should be solved numer-
ically finding constants 𝑚𝑛

∗ (equating 
the left side of the equation to zero). 
The fit of this model remains far from 
satisfactory. While maintaining deter-
minations from point 3, we obtained:

𝑃{𝑎1551(𝑀(1551)−𝑏1551−𝑚∗
1551) 

≤−7,4780}=0,999435

Number -7,4780 is the realisation of 
the left side of the above equation. 
In terms of the exchange rates of the 
CHF/PLN currency pair, this means 
that:
𝑃(max 𝑋(𝑡)≥3,3167)=0,000565
    t≤1551

In this case it is not easy to consider 
the model to be truly warning against 
a significant change of the exchange 
rate. The values of the distribution 
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function of maximum are overesti-
mated as the result of the use of the 
constants 𝑚𝑛

∗.
This is likely to be the result of 
changing the levels without changing 
the volatility. It appears that it is likely 
that the volatility increase is in some 
cases sufficient. Suspecting that the 
distribution of a variable with sudden 
non-gradual changes may be a distri-
bution with fat tails, Pareto distribu-
tion was used for the analysis. Reiss 
and Thomas (Reiss, Thomas, 2007) 
suggest applying this model for the 
analysis of similar phenomena. The 
distribution function has the following 
form:

𝐹(𝑥)=1−𝑘𝑥−𝛼 

for 𝑥≥𝑘 1
α  (𝛼>0,𝑘>0).

This distribution function belongs 
to the domain of attraction of the type 
II distribution, that is:

𝐹𝐼𝐼(𝑥)= exp(−x−α )
0
⎧
⎨
⎪

⎩⎪
 for
for

 x > 0
x ≤ 0

In this case, however, the estimation 
itself of parameters 𝛼 and 𝑘 using the 
method of least squares proved to be 
unsatisfactory.

Conclusion

Extreme statistics distributions 
proved to be useful in the assessment 
of the probabilities of events which 
other methods find difficult to de-
scribe. The fact that the results are 
not always satisfactory is caused by 
the very nature of the phenomenon. 
In the currency market, and particu-
larly as regards the CHF/PLN currency 
pair, we face rare phenomena deter-
mined by the Swiss National Bank’s 
decisions. The stochastic models can 
reflect those phenomena only ap-
proximately. On the other hand, the 
application of causal models is not 
possible for we have no information 
on the bank’s or possibly other en-
tities’ decisions. Perhaps such mod-
els could show trends, but because 
of the equal weight usually ascribed 
to individual moments in time in the 
estimation process, a point prediction 
of sudden changes seems impossible, 
hence the proposal of estimation 
max𝑋(𝑡). “Predictions” of this type 
do not define the value of variable 
𝑋(𝑡) at a specific moment in time 
precisely, yet they specify the distri-
bution of the maximum value which 
is especially significant for the issue 
under discussion.
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Statystyki ekstremalnew analizie zmienności kursu walutowego CHF/PLN

Abstrakt
W artykule przedstawiono analizę zmienności kursu wymiennego franka 
szwajcarskiego do złotego (CHF/PLN). Problem ten ma ważne znaczenie prak-
tyczne. Z uwagi na znaczną zmienność, kurs tej pary walutowej istotnie wpły-
wa na sytuację kilkuset tysięcy kredytobiorców. W pierwszym dziesięcioleciu 
obecnego stulecia udzielono wielu kredytów (głównie mieszkaniowych) no-
minowanych we frankach szwajcarskich. Powoduje to często poważne trud-
ności w obsłudze długu i może mieć poważne konsekwencje społeczne i go-
spodarcze. Dlatego też rządzący starają się rozwiązać ten problem na różne 
sposoby, chociaż w chwili składania artykułu do druku żadne rozwiązanie nie 
zostało wdrożone.

Słowa kluczowe: frank szwajcarski, złoty polski, statystyki pozycyjne, obszar przycią-
gania, grube ogony, rozkład maksimum
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Abstract

DEMATEL is an efficient tool for the identification of cause-effect relations 
which link the objects considered. A dynamical development of its popularity 
in recent years has resulted in numerous efforts to eliminate its weaknesses 
and to extend its application potential. For example, one of the attempts in-
volved transforming it into a universal decision-making support tool aimed 
at weighting and ranking objects seamlessly. A critical review of the exist-
ing weighting and ranking extensions in DEMATEL is, therefore, presented in 
the paper. Conclusions about the usefulness of the available extensions have 
been drawn based on the results of an exemplary analysis. 

Introduction

DEMATEL represents a tool for sup-
porting decision-making developed 
in the ‘70s of the last century in or-
der to implement the research pro-
ject dedicated to the identification of 
cause-effect relations among the prob-
lems facing today’s world (Fontela and 
Gabus, 1976). Over time it appeared 
that the method could be used suc-
cessfully to solve problems coming 
from other fields. The application of 
the method was accompanied by the 
need to adapt the computational pro-
cedures, to eliminate its drawbacks 

and to extend its application poten-
tial. Numerous advantages of this tool 
have had the effect that people have 
been increasingly interested in its ap-
plication as a universal tool supporting 
decision-making, e.g. used for eliciting 
weights depicting relative importance 
(weighting) and ranking of objects. 
Currently, the method employs a few 
differentiated techniques of weighting 
and ranking, which, however, can ul-
timately lead to different results. This 
justifies the focus of this paper on the 
issue of usefulness of particular tech-
niques designed for reliable weighting 
and ranking of objects.
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Techniques of Weighing and Ranking 
under the DEMATEL Method

Introduction

In the practice of decision-making sup-
port, a variety of weighting and rank-
ing methods find their application. 
They can be divided into three groups 
((Ishizaka and Nemery 2013). The first 
one comprises the methods stemming 
from the so called American school of 
decision-making support which apply 
Multi-Attribute Value Theory (MAVT) 
and Multi-Attribute Utility Theory 
(MAUT). The second group includes 
methods employing the concept of 
outranking, with the third group be-
ing made up of the methods which 
use the concept of the reference level. 
Amongst the tools mentioned above, 
Analysis of Net Processes (ANP) (Saaty, 
1996) is to be distinguished, for it pro-
vides one of few, and, in addition, 
comprehensively verified procedures 
of weighting and determining on this 
basis the ranking of objects while tak-
ing into account interrelations among 
them. It is this possibility of taking into 
account the complex links existing 
among objects that makes the ANP 
a valuable tool for solving the issues 
of contemporary decision-making. In 
order to obtain correct results of the 
analysis, it is necessary to use the re-
lation structure among the objects. 
Yu-Ping Ou Yang et al. (2008) showed 
that the DEMATEL method could suc-
cessfully be used in determining this 
structure. Further to that, they also 
proposed to adapt the ANP computa-
tional procedure to a direct processing 
of the information on total influence 
of objects, obtained using the DEMA-
TEL method to determine the weights 
of objects interacting with one an-
other. Their approach was named 
DANP, DEMATEL-based ANP. It consists 
in forming matrix S, similar to the ANP 
supermatrix, on the basis of appropri-
ately modified total-influence matrix T 

representing the outcome of the DE-
MATEL method application (Fontela 
and Gabus, 1976):

∑
=

==
=∀∀ n

k
jk

ji
ijnjni

t

t
s

1

...2,1...2,1
, (1)

where: n is the number of interrelated 
objects, tji denotes the element of the 
matrix T depicting the total influence 
of the j-th object on the i-th object, 
with sij representing an appropriate 
component of the matrix S.
Next, we determine the limiting ma-
trix Slim on the basis of the matrix S, 
using the procedure characteristic for 
ANP

k

k
SS

∞→
= limlim

.  (2)

Matrix Slim consists of n identical col-
umns. The elements of the individual 
columns depict normalized weights 
of the objects which form an n-ele-
ment-vector z. Those weights provide 
the basis for ranking the objects.
DANP has been recognised as an 
exemplary technique of weighting 
and ranking objects. Nevertheless, in 
practice, other techniques are also 
applied. They can be divided into two 
groups. The techniques included in the 
first group use complete information 
on total influence depicted by matrix 
T. Thus, DANP belongs to this group 
too. The second group encompasses 
methods representing the attempts 
aimed at simplifying the process of 
weighting and ranking objects through 
the application of partial information 
of total influence. The methods in-
cluded in both of these groups have 
been outlined below.

The Application of Complete Informa-
tion on Total Influence
The earliest attempt to use the infor-
mation on total influence of objects 
for their weighting and ranking was 
made by Hiroyuki Tamura and Katsu-
hiro Akazawa (2005). It stems from 

sij =
jit

t jk
k=1

n
∑
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the theory of cognitive maps (Axelrod 
1976). It involves the application of 
the following formula:

z = (I + T)y, (3)

in which: z denotes the vector of the 
object weights, I is a unit matrix, while 
y is the vector of the object weights 
showing initial opinions as to the im-
portance of objects.
Vector y consists of weights indicating 
the importance of objects which is re-
ferred to the importance of the object 
initially recognized as the most im-
portant. The components of the vec-
tor are determined subjectively.
This is not conducive to the reliability 
of the above method.
The application of the procedure (2) 
requires labour-consuming raising the 
matrix S to a power. Therefore, in the 
book (Ginda, 2015) a technique de-
signed to facilitate bringing weights 
z closer is proposed:

n

s
z

n

k
ij

ini

∑
=

=
=∀ 1

...2,1

. (4)

The last technique of eliciting object 
weights was developed by Hiete et 
al. (2012). It involves the application 
of analytic hierarchy process – AHP 
(Saaty, 1980) for the initial bring-
ing closer of the weights of objects 
p. These weights are then corrected 
using the results produced by the ap-
plication of the DEMATEL method:

iiini
wpz =∀

= ...2,1 , (5)

where the correcting weights are de-
scribed by the following formula:

iiini
wpz =∀

= ...2,1
wi = 1−

1

nmax
i
max
j
tij}{ }{ ⋅ tij

j=1

n
∑

i=1

n
∑ . (6)

Let us notice that the influence on the 
final values of the object weights z, 
apart from the results obtained based 
on the DEMATEL method, has the 
subjective estimation of the weights, 

resulting from the application of the 
AHP method.

Using Partial Information 
on Total Influence

As the result of utilizing the DEMA-
TEL method, for every object, we ob-
tain the values of position indicators 
(s+) and relation indicators (s−). The 
first one shows the importance of the 
object arising from the interrelation 
with other objects, whereas the other 
indicator shows the influence of the 
object on other objects. These indi-
cators represent partial information 
about total influence of objects which 
has been employed in a few propos-
als regarding weighting and ranking of 
objects. Some utilize both indicators 
simultaneously, while others use only 
one indicator. Let us note here that 
the originators themselves of the DE-
MATEL method suggested the possibil-
ity of a two-factor ranking of objects 
using both indicators (Fontela and Ga-
bus, 1976). Their proposal, however, 
referred to two independent contexts 
of ranking objects. The first one shows 
relations among objects, and the 
second one – the influence of objects. 
This possibility has also been used 
by other researchers, for example, 
Mirosław Dytczak (2008). However, in 
this paper, we are interested in util-
izing the DEMATEL method solely for 
general weighting and ranking of ob-
jects. Therefore, further in the paper, 
we will limit ourselves to this kind of 
application of indicators s+ and s–.
Mirosław Dytczak and Grzegorz Ginda 
(2008) proposed to use the indicator 
s− , seen as a stimulant, for ranking 
objects. The above indicator takes 
on non-negative and negative values. 
This makes its application for weight-
ing objects impossible. No such draw-
back is present in indicator s+, for it 
takes on only non-negative values. 
That is why Supratik Dey et al. (2012) 
proposed the following technique 

sij =
jit

t jk
k=1

n
∑
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where the indicator was employed for 
weighting and ranking objects: 

∑
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A similar proposal was also formulated 
by Selcuk Cebi (2013):
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The first attempt to use both indica-
tors simultaneously with a view of 
weighting and ranking was illustrated 
by Doraid Dalalah (2009). With this 
in mind, he depicted weights z using 
Euclidean point distance representing 
objects on the plane of both of the 
indicators at the origin (s+, s–):

()()22

...2,1

−+

=
+=∀ iiini

ssz si
+( )2 + si−( )2 . (9)

Moreover, Andrzej Kobryń (2014) 
has recently proposed the following 
formula:

()−+

=
+=∀ iiini

ssz
2
1

...2,1
si
+ + si

−( ) . (10)

Comparing the Results of the 
Application of Different Techniques of 
Weighting and Ranking

Comparison Methodology

With a view to compare the results 
of the application of different tech-
niques of weighting and ranking ob-
jects, the work of Ranjan et al. (2015) 
was utilized. The work uses the DEMA-
TEL method to identify the role and 
interdependencies occurring among 
six efficiency factors of engineering 
departments of a university. The first 
one, marked with the symbol FS, rep-
resents the force of the department 
arising from the staff numbers and the 
number of students enrolling at the 
department. The factor marked as RP 
represents the impact of the number 
of publications by the department’s 
employees. The two other factors, SS 
and DT, represent, respectively: the 
number of graduates and completed 
doctoral studies. The last two factors, 
TN and OC, refer to costs. The first of 
them shows a unit annual cost of re-
taining staff. Moreover, the other one 
corresponds to a unit cost of retaining 
a student.

Table 1. Evaluation of the direct-influence intensity of the factors.

Factor FS RP SS DT TN OC

FS 0 3 4 3 4 1

RP 2 0 1 3 1 1

SS 2 1 0 1 1 3

DT 2 3 1 0 1 2

TN 3 2 3 2 0 1

OC 1 1 3 3 1 0

[Source: Author’s own study based on (Ranjan et al. 2015)]
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In order to evaluate the intensity of dir-
ect influence of the factors, a five-de-
gree scale of direct influence 0-4 was 
used. Thanks to its use, experts evalu-
ated the direct-influence relations. 
The evaluations of the relations were 
gathered in Table 1, and Figure 1 shows 
a directed graph depicting a direct-influ-
ence structure corresponding to them. 
The differentiation of the intensity of 
the direct influence was depicted using 
a variety of curves. The highest level of 

intensity is shown by a thick continuous 
line – curve. The continuous line of nor-
mal thickness denotes 3 on the scale, 
dash-line – level 2, and dot-line – level 1.
As the result of the application of the 
DEMATEL method, we obtain the 
total-influence structure indicated by 
matrix T. Table 2 demonstrates the ele-
ments of this matrix and the values, 
resulting from them, of position and re-
lation indicators corresponding to the 
individual factors.

Table 2. The depiction of the total-influence structure.

T FS RP SS DT TN OC i
+
is

 [-]
−
is

 [-]

FS 0,340 0,505 0,595 0,543 0,490 0,347 1 4,793 +0,847

RP 0,310 0,205 0,279 0,396 0,223 0,224 2 3,633 –0,359

SS 0,303 0,252 0,228 0,290 0,221 0,336 3 3,896 –0,637

DT 0,325 0,386 0,301 0,252 0,235 0,290 4 4,081 –0,503

TN 0,431 0,381 0,468 0,413 0,218 0,284 5 3,803 +0,587

OC 0,264 0,267 0,395 0,398 0,220 0,182 6 3,391 +0,063

[Source: Author’s own study based on (Ranjan et al. 2015)]

Fig. 1. The structure of the factor direct influence

[Source: Author’s own study based on (Ranjan et al. 2015)]
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For the techniques of weighting and 
ranking of factors which describe 
correlations (3,5), it was planned 
to conduct a sensitivity analysis of 
the weighting and ranking results 
to the initially adopted values of the 
weights. For this purpose, three dif-
ferent sets of weights y and p were 
utilized. They differ in terms of the 
factor order.
The first of the weight sets applied for 
correlation (3) is identical to the set 
z obtained through the application of 
DANP. As the result of its application, 
we obtain the weights and ranking 
of the factors presented in Table 3. 
Factor DT is ranked at the very top, 

followed in succession by: SS, FS, RP, 
OC and TN.
On the basis of the weights showed in 
Table 3 we obtain vector )(+y of the 
following form:

y(+) = [0,886 0,871 0,961  1 0,701 0,760]T. (11)

The second set )/( −+y  indicates the 
same initial importance of the fac-
tors, which means that it contains 
only ones. The third set )(−y  com-
prises the same weight values as set 
(11). However, they were assigned 
to the factors in a reverse order.
In the case of the application of for-
mula (5) for determining the weights 

Table 3. Weights and ranking of the factors obtained based on correlation (3)

Factor FS RP SS DT TN OC

I 1 2 3 4 5 6

zi [-] 0,171 0,168 0,185 0,193 0,135 0,147

Rank 3 4 2 1 6 5

[Source: Author’s own study]

Table 4. Data and results of the AHP application for the determination of the weight set p(+)

A FS RP SS DT TN OC I
)(+

ip  
[-]

FS 1 2 1/2 1/2 3 4 1 0,182

RP 1/2 1 1/2 1/2 3 4 2 0,145

SS 2 2 1 1/2 4 5 3 0,250

DT 2 2 2 1 4 5 4 0,315

TN 1/3 1/3 1/4 1/4 1 1/2 5 0,053

OC 1/4 1/4 1/4 1/5 2 1 6 0,056

[Source: Author’s own study]
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of the first set p(+) , AHP was utilized. 
The values of the evaluations pre-
sented in Table 4 were taken into ac-
count. They result in a similar ranking 
of the factors as the one produced 
when using DANP.
The sets )/( −+p  and )(−p  were ob-
tained based on )(+p  in a similar way 
as the sets )/( −+y  and )(−y  based 
on 

)(+y . The sets of the weight initial 
values are illustrated in Fig. 2.

The Results of Factor Weighting and 
Ranking

Fig. 3 presents the results of the ap-
plication of the particular techniques. 
In addition, the ranking of factors 
was illustrated resulting from using 
the indicator s– (Dytczak and Ginda 
2008). Table 5 shows the normalized 
weight values and the factor rankings 
resulting from them. The positions of 
the factors in the rankings are given by 
the numbers in round brackets.

)(+y )/( −+y )(−y

)(+p )/( −+p )(−p

Fig. 2 The sets of the initially adopted values of weights

[Source: Author’s own study]
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DANP (1, 2) (4) s–

)(+y  (3)
)/( −+y  (3)

)(−y  (3)

)(+p  (5)
)/( −+p  (5)

)(−p  (5)

 (7, 8) (9) (10)

Fig. 3 Comparison of the results of the various techniques of weighting and ranking of factors

[Source: Author’s own study]
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Table 5. The comparison of the results of weighting (and ranking) of factors

Formula FS RP SS DT TN OC

(3) 0,171 (3) 0,168 (4) 0,186 (2) 0,193 (1) 0,135 (6) 0,147 (5)

(4) 0,171 (3) 0,167 (4) 0,189 (2) 0,195 (1) 0,134 (6) 0,144 (7)

y(+) (1) 0,216 (1) 0,149 (5) 0,153 (4) 0,164 (3) 0,170 (2) 0,148 (6)

y(+/–) (1) 0,215 (1) 0,148 (5) 0,148 (5) 0,157 (3) 0,180 (2) 0,153 (4)

y(–) (1) 0,215 (1) 0,149 (4) 0,143 (6) 0,148 (5) 0,187 (2) 0,158 (3)

p(+) (5) 0,083 (4) 0,171 (3) 0,296 (2) 0,343 (1) 0,044 (6) 0,063 (5)

p(+/–) (5) 0,078 (6) 0,201 (2) 0,202 (1) 0,185 (4) 0,143 (5) 0,192 (3)

p(–) (5) 0,070 (4) 0,226 (3) 0,070 (4) 0,060 (6) 0,278 (2) 0,296 (1)

(7, 8) 0,203 (1) 0,154 (5) 0,165 (3) 0,173 (2) 0,161 (4) 0,144 (6)

(9) 0,204 (1) 0,153 (5) 0,166 (3) 0,173 (2) 0,162 (4) 0,142 (6)

(10) 0,239 (1) 0,139 (5) 0,138 (6) 0,152 (3) 0,186 (2) 0,146 (4)

s– +0,847 (1) –0,359 (4) –0,637 (6) –0,503 (5) +0,588 (2) +0,063 (3)

[Source: Author’s own study]

The results of an exemplary analysis 
suggest that the weighting and ranking 
techniques employed in the DEMATEL 
method lead to differentiated results. 
None of the techniques alternative 
to DANP has produced similar weight 
values. The differentiation of the re-
sults, however, does not only refer 
to the weight values, but also to the 
forms of the factor rankings obtained 
on their basis.
Amongst the techniques using com-
plete information on total influence 
of factors, only when applying formula 
(5) was it possible to obtain a ranking 
of the factors similar to that obtained 
through the DANP application. Yet, in 
order to achieve this, a correct estima-
tion of the initial weight values proved 
to be necessary. Moreover, technique 
(3) failed completely, as, no mat-
ter what the initially adopted set of 
weight values was, it produced rank-
ings which clearly diverged from the 
appropriate ordering of the factors. 

None of the techniques utilising par-
tial information on factor total-influ-
ence did allow obtaining an appropri-
ate order of the factors. Techniques 
(7,8), which apply only the position 
indicator, and technique (9) produce 
similar sets of weight values and fac-
tor rankings. Despite the application 
of both indicators, technique (10) 
produces weight values and factor 
ranking different from the results 
produced by technique (9). Addition-
ally, this ranking is very similar to the 
ranking obtained as the result of 
using solely the relation indicator s–.
Thus, the results presented show 
that DANP is by far the best tech-
nique for a reliable determination 
of weights and rankings of objects 
under the DEMATEL method. Its ap-
plication makes the use of formula 
(4) easier, since the results of the 
exemplary analysis show that when 
utilizing it we can produce similar 
effects.



WSB University in Wroclaw Research Journal I ISSN 1643-7772 I eISSN 2392-1153 I Vol. 16 I No. 3

200

Summary and Conclusions

The results of the exemplary analysis 
allow for the following conclusions. 
Firstly, the application of the tech-
niques of object weighting and rank-
ing, proposed by different authors, 
aimed at expanding the potential of 
the DEMATEL method produces varied 
results.
Secondly, the simplification of calcu-
lations thanks to the application of 
partial information on total influence 
of objects not only leads to errors 
in weight estimation, but also to in-
correct rankings of objects. Therefore, 
in order to determine correct weight 

values and ranking of objects, one 
should utilize full information on total 
influence of objects.
Thirdly, aiming at limiting the influence 
of the decision-maker’s subjectivity 
when weighting and ranking objects, 
one should utilize the possibilities pro-
vided by the integration of the com-
putation procedures of the DEMATEL 
and ANP methods. Furthermore, the 
qualitative nature of the DEMATEL 
method (Dytczak and Ginda, 2013) is 
conducive to simplifying the process 
of determining object rankings thanks 
to the application of the similar tech-
nique of transforming the full informa-
tion on total influence of objects (4)
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Procedury rangowania w metodzie DEMATEL

Abstrakt
Metoda DEMATEL stanowi narzędzie identyfikacji związków przyczynowo-
-skutkowych. Zainteresowanie metodą w ostatnich latach znajduje odzwier-
ciedlenie w licznych publikacjach z różnych dziedzin. Duże zainteresowanie 
DEMATELem pozwoliło na liczne modyfikacje tej metody, usunięcie manka-
mentów i poszerzenie potencjału aplikacyjnego. W rezultacie takich działań 
powstało uniwersalne narzędzie wspomagania decyzji umożliwiające waże-
nie i rangowanie kilkoma różnymi sposobami. W artykule dokonano krytycz-
nego przeglądu takich sposobów. Porównano ich rezultaty i sformułowano 
wnioski dotyczące ich przydatności. 

Słowa kluczowe: DEMATEL, rozwój, zastosowanie, ważenie, rangowanie
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Abstract

The aim of the paper is to demonstrate the usefulness of some methods of 
grouping data in a spatial analysis of socio-economic phenomena on the example 
of the analysis of temporary emigration from Poland in the years 1989-2002. The 
study aimed at assessing spatial differentiation at a high level of detail, i.e. ac-
counting for local differences. For temporary emigration, this kind of assessment 
was made possible by the results gathered by the National Census of Population 
in 2002.
The paper shows examples of analyses of mobility territorial differentiation, 
where selected optimization-iterative and hierarchical methods of grouping 
were applied. The elements in the grouping space were units of territorial div-
ision covering the following breakdowns: gmina (municipality), poviat (district) 
and sub-region.
During the socio-economic transition period following the year 1989 temporary 
emigration in Poland was a phenomenon which varied considerably in regional 
and local dimension, as has been confirmed by the findings of the studies con-
ducted. A pronounced spatial dispersion was found not only in terms of its level 
and intensity, but also in terms of diversification of the demographic and social 
structure of the phenomenon. The application of the adopted methods of data 
classification made it possible to assess in detail the spatial differentiation of tem-
porary emigration in Poland according to the breakdowns covering the minor, yet 
numerous, territorial units, as well as to visualize the results using map charts.
The temporal scope of the study was limited to the years 1989-2002 because of 
the nature of the source material used and a lack of comparable statistical data 
on the post-accession and contemporary emigration.
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Introduction

Gaining insight into the spatial differ-
entiation of economic phenomena 
is necessary, for it allows explain-
ing their determinants. Moreover, 
this knowledge can be applied while 
shaping economic and social policy 
as well as regional policies, e.g. while 
implementing measures designed 
to improve the efficiency of local 
labour markets or to better regional 
development. 
In Poland, the phenomenon which is 
particularly relevant not only in the 
socio-economic but also in the histor-
ical context is emigration. Poland is one 
of a few European countries where 
a prevalence of emigration over immi-
gration has been observed over dec-
ades, with Poles occupying an import-
ant place in the international flow of 
labour force. The migration traditions 
stem from the country’s past, the par-
titioning of its territory between three 
neighbouring powers, and, following 
the country’s independence, from the 
different paths towards socio-econom-
ic development of individual regions. 
Owing to the specificity of Polish migra-
tion processes, this phenomenon has 
existed with varied intensity across the 
nation’s diverse regions for a number of 
decades. After 1989, different pasts and 
differentiated conditions of develop-
ment have shaped the migration com-
munities participating in the various 
forms of migration activity, differing in 
terms of their demographic, social and 
economic characteristics. Poland’s ac-
cession to the European Union in 2004, 
which made foreign labour markets 
gradually accessible, produced a spec-
tacular increase in the mobility scale. 
The short-term and partial migration, 
which was prevalent before the acces-
sion, was in many instances replaced 
by medium and long-term migration. 
Those shifts were accompanied by the 
changes in regional distribution of the 
Polish migration activity. 

The aim of the paper is to demon-
strate the application possibilities of 
selected methods of data clustering as 
a tool for the assessment of the spatial 
differentiation of demographic, social 
and economic phenomena. Tempor-
ary emigration exemplifies such a phe-
nomenon. The paper presents partial 
findings of the study on Polish tem-
porary emigration – the analysis was 
concerned with departures abroad for 
temporary stay between 1989-2002. 
The results of the National Census of 
Population from 2002 (NCP 2002) pro-
vided the data source on the emigra-
tion population.
The paper shows the results of the 
territorial differentiation analysis 
using various methods and data break-
downs on the basis of several exam-
ples. The level of the phenomenon 
was examined as well as its intensity, 
while taking into consideration select-
ed demographic characteristics of mi-
grants: their residential environment 
and education structure. The temporal 
scope of the study covers the years 
1989 -2002, i.e. from the beginning 
of the political system transformation 
and opening of borders for migration 
until the census study. Thus, the most 
recent migration flow – after Poland’s 
accession to the European Union – 
has not been included in the analy-
sis. The choice of the temporal scope 
was determined by the availability of 
data – the type of migration under 
discussion was subject to extensive 
investigation during the national cen-
sus in 2002. The study was carried out 
using a complete method and covered 
the departures between 1989 and 
2002, including the unregistered ones, 
which clearly dominated. Moreover, 
the in-depth studies on international 
migration carried out during the NCP 
of 2002 were the reason as to why the 
analysis was undertaken, as the avail-
ability of data made it possible to as-
sess the migration diversification with 
a high level of detail (at a local level). 
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The results of the national census 
from 2011 do not provide information 
within such scope because of a dif-
ferent methodology employed in the 
study. Furthermore, the data coming 
from the current records do not con-
stitute a reliable source of data on fac-
tual temporary emigration, for people 
who leave the country do not usually 
register their departure to stay tem-
porary abroad.

Research Methods

The assessment of the territorial 
units similarity was carried out using 
a cluster analysis – both hierarchical 
(agglomerative) and non-hierarchic-
al methods (iterative). The choice of 
techniques was conditioned by the 
analysis dimension and was preceded 
by a preliminary assessment and the 
comparison of the results obtained 
through the application of different 
grouping procedures. While examin-
ing the structural similarities, the re-
sults of the hierarchical analysis were 
applied for further analyses (such as 
determining the number of classes) 
and the verification of the adopt-
ed division using a non-hierarchical 
approach.
Grouping territorial units (objects) 
on the basis of emigrants’ education 
structure was done using a complete 
linkages clustering and the classic 
k-means method. The idea behind 
the k-means method was already 
developed in the 1950s, being then 
extended to cover multidimensional 
cases in the 1960s. In crude terms, the 
method consists in partitioning a set 
of data according to the principle of 
maximizing the within-group vari-
ance, while at the same time minimiz-
ing the variance within groups.
A generalised k-means method im-
plemented in STATISTICA Data Miner 
software was employed in the study 
on the differentiation of the overall 
level and intensity of emigration and 

emigration from cities. This meth-
od belongs to indirected methods of 
data mining. The adopted approach 
involves searching for a model which 
fits best the data, regardless of what 
mechanism generated those data 
(compare Sokołowski, Pasztyła 2004, 
p. 92). The procedures applied in 
a generalised cluster analysis are 
similar to the k-means method used 
in a typical cluster analysis. The al-
gorithm of the generalised method 
makes it possible to define the subsets 
on the basis of the value of one vari-
able or a set of quantitative variables 
describing objects, and additionally it 
offers the possibility to include quali-
tative variables in the analysis.
In order to determine the optimum 
number of groups for the analysis 
using the generalised method, v-fold 
cross validation was deployed. This 
validation involves partitioning the 
entire data set into v subsets. The 
same analysis is then applied for the 
observations from v-1 sets (training 
sets), and the resulting model is ap-
plied to subset v (the subset which 
was not used to determine clusters, 
i.e. testing set); also, the precision of 
the current result is determined. The 
results of subsequent v rounds are 
averaged, giving one measure of the 
stability of the model. The resulting 
number of clusters is determined 
on the basis of changes of the error 
function (average distance from the 
cluster centres). In the analysis, the 
minimum decrease of the error func-
tion is assumed at the level of 5%, at 
which the next result is calculated.
The agglomerative procedure used in 
the analysis was the complete linkage 
clustering, also known as the farthest 
neighbour clustering. Numerous re-
search findings have confirmed this 
method to be one of the most effect-
ive grouping methods (e.g. Młodak, 
2006). The method leads to having 
objects merged into groups, thus cre-
ating a tree like structure.
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As a method for measuring the ob-
jects similarities, the so called city 
block distance measure (Manhattan, 
Hamming) was adopted. The city 
block distance between two points is 
measured along the measurements 
defined by the variables. This kind 
of metric was used in the analysis, 
for it assigns a lesser weight to the 
value differences between individual 
variables in objects than e.g. Euk-
lidean distance, thus allowing for 
the influence of individual differ-
ences (unusual observations) to be 
suppressed.
Clustering methods are used pre-
dominantly when the researcher is at 
an exploration stage, having no a pri-
ori hypotheses at hand – therefore 
testing statistical significance in the 
classic sense of that term finds no 
application here. The analysis is used 
mainly as a descriptive technique 
and the result obtained (partitioning 
into clusters) is not unequivocal, be-
ing conditional on the research tech-
niques adopted (Peczkowski, 2009, p. 
139). In statistical practice, in order 
to assess the classification accuracy, 
the variation within clusters (low if 
the classification is sound) is com-
pared with the variation between 
clusters (high if the classification is 
sound). For the purpose of the study, 
suitable parametric or non-paramet-
ric procedures were applied as a sup-
portive measure.

Spatial Differentiation of 
Temporary Emigration Intensity

The level of temporary emigration, 
i.e. the absolute level of outflow from 
a given area has been adopted as 
one of the basic categories describ-
ing the mobility of the Polish people. 
As the preliminary assessment of the 
country’s distribution of temporary 
emigration has showed, in half of 
the gminas the number of people 
who emigrated did not exceed 91 

persons, whereas the median ab-
solute deviation was equal to ±65 
persons (71,43%). What particularly 
influenced the clearly differentiated 
level of the phenomenon were the 
varied levels of migration between 
gminas with a low total population 
number and between highly urban-
ised areas from which lots of people 
migrated. Moreover, in such cities as 
Warsaw, Cracow, Wrocław, Białystok, 
Zabrze, Gdańsk and Bytom the scale 
of the phenomenon differed so sig-
nificantly from the remaining areas 
that they had to be excluded from 
the analysis (outliers) in order to im-
prove the grouping effectiveness.
The classification resulted in dividing 
gminas into six classes correspond-
ing to the outcomes of grouping 
(Fig. 1 and Table 1). Since the an-
alysis was concerned with one-di-
mensional population, the grouping 
was performed using the general-
ized k-means method. The findings 
revealed that nearly 1/3 of gminas 
(768) were characterized by a very 
low level of emigration, that is not ex-
ceeding 48 persons (cluster 1). Those 
gminas were classified into class I – 
the most numerous, while showing 
a considerable degree of internal 
differentiation (45%). The country’s 
central and north-west regions were 
characterised by the lowest level of 
temporary emigration, with the ex-
ception of voivodship capitals (class 
I) – including mainly the gminas lo-
cated in: Wielkopolskie, Łódzkie 
and Mazowieckie voivodships; there 
were only 6 gminas where there were 
no people registered as temporary 
emigrants (Chodów, Goszczyn, Góra 
Św. Małgorzaty, Parysów, Pniewy, 
Powidz, Radzanów k. Radomia). 
The remaining groups were char-
acterised by a low within-variation 
(coefficients below 31%). Drawing 
conclusions based on the distances 
between the cluster centres, the 
gminas classified as class II (751) 
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appeared to be considerably similar 
to gminas in class I in terms of the 
number of persons who emigrat-
ed. Class II comprised most of the 
gminas located within the borders 
of Świętokrzyskie voivodship, but 
also a number of gminas in Lubel-
skie and Lubuskie voivodships, 

especially in the area bordering with 
Wielkopolskie and Zachodniopo-
morskie voivodships. Classes I and II 
in total vaccounted for over 60% of 
gminas, which implies that the num-
ber of emigrants did not exceed 135 
persons in the majority of the units 
under discussion.

Fig. 1. Spatial differentiation of temporary emigration level in gminas across Poland in 2002.

Source: Author’s own study.
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Table 1. Grouping of gminas according to temporary migration level

Classes

Gminas 
(N=2471) Average number 

 of emigrants

V
x

H  
Kruskal-Wallis 

(p-value)
n

i
% %

Class I 768 31,08 26,60 45,75

2297,653 (0,000)

Class II 751 30,39 84,04 29,17

Class III 538 21,77 226,93 29,12

Class IV 268 10,85 609,28 30,97

Class V 116 4,69 1703,31 25,08

Class VI* 30 1,21 4243,43 24,24

* excluding outliers

Source: Author’s own calculations.

A moderate level of emigration (136-
377) was observed in the country’s 
border regions, in particular, in gminas 
of Dolnośląskie and Warmińsko-Ma-
zurskie voivodships, as well as in many 
gminas of Zachodniopomorskie, Po-
morskie, Lubuskie and Świętokrzyskie 
voivodships (class III). A higher level 
(379-1098) was observed mainly in the 
areas located within the borders of: 
Podkarpackie, Podlaskie and Małopol-
skie voivodships (class IV). A high level 
of temporary outflow at national level 
(1140-2858) was noted in 116 gminas 
(class V). The greatest number of Poles 
emigrating included those living in 
Górny Śląsk (Opolskie voivodship and 
central and southern part of Śląskie 
voivodship), and also in Małopolskie, 
Podkarpackie, Warmińsko-mazurskie 
and Podlaskie voivodships.
The level of the phenomenon deviat-
ing from the values observed in the 
remaining areas (2931 and more) 
was recorded for 37 gminas of class 
VI. This class included gminas with 
the farthest clustering 6 and the out-
liers which were disregarded in the 
grouping. It was found that by far the 
highest levels of migration occurred in 
highly urbanized areas, that is in cities 
and metropolitan areas, among which 
Warsaw dominated (26,7 thousand of 
emigrants), followed by Cracow (13,8 

thousand), Wrocław (11,4 thousand), 
Białystok (10,6 thousand), Zabrze 
(10,4 thousand); high values (over 5,0 
thousand) were observed for the fol-
lowing cities: Gdańsk, Bytom, Łódź, 
Opole, Kędzierzyn-Koźle, Szczecin, 
Tarnów, Lublin and Gdynia.
The results verification which was 
performed using Kruskal-Wallis test 
confirmed the emigration level differ-
entiation to be statistically significant 
(H=2297,653; p=0,000) in the generat-
ed groups of gminas.
The emigration level, although provid-
ing important data on the numbers of 
migrant communities, does not pro-
vide information about a relative in-
tensity of the phenomenon. Hence, in 
further parts of the analysis, relative 
indicators have been applied, relating 
the migration scale to the population 
size of the individual gminas. The an-
alysis of the temporary emigration 
intensity (per thousand population) 
found that there were compact areas 
with differentiated levels of the migra-
tion activity (Fig, 2 and Table 2). As the 
distribution basic characteristics show, 
in half of the spatial units under study 
the intensity indicator did not exceed 
11,77 with the median absolute devia-
tion of ±6,66 (56,57%).
The grouping yielded 7 clusters of 
gminas whose internal differentiation 
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was relatively low (not over 32,27%). 
Not unlike for the emigration level, 
the lowest intensity of the phenom-
enon (0,00-4,53) was observed in the 
gminas located mainly in the country’s 
central regions (class I), including the 
following voivodships: Wielkopolskie, 
Łódzkie and Mazowieckie, as well as in 
the several gminas situated within the 
borders of Lubelskie and Świętokrzys-
kie voivodships – in total, 415 units 
(16,75%) were classified into class I.
The next classes II, III and IV proved 
to be considerably similar in terms of 
the emigration intensity, which was 

confirmed by small distances from 
the cluster centers, and by numbers 
(21-23% of all gminas per cluster) and 
their internal diversification (15,33%-
23,30%). In those classes, gminas with 
a moderate intensity were classified 
(between 4,55 and 28,89 emigrants 
per thousand inhabitants), located pri-
marily in the regions along the coun-
try’s western border, in Zachodniopo-
morskie and Lubuskie voivodships, as 
well as along the eastern border, that 
is the area of Lubelskie voivodship and 
in numerous gminas of Świętokrzyskie 
and Kujawsko-pomorskie voivodships.

Fig. 2 Spatial differentiation of temporary emigration intensity in gminas across Poland in 2002

Source: Author’s own study
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Table 2. Grouping of gminas according to temporary 
emigration intensity (per thousand inhabitants)

Classes

Gminas
(N=2478)

mean 
indicator of
emigration 
intensity 

Vx
H

Krus-
kal-Wallis
(p-value)ni % %

Class I 415 16,75 3,07 32,27

2381,476 
(0,000)

Class II 532 21,47 6,51 18,20

Class III 574 23,16 11,78 15,33

Class IV 539 21,75 20,38 18,03

Class V 261 10,53 39,77 19,99

Class VI 104 4,20 78,99 23,30

Class VII 53 2,14 181,03 17,95

Source: Author’s own calculation

A high migration activity (23,93-
126,59 per thousand inhabitants) fea-
tured among the country’s character-
istic regions, where the high absolute 
level of the phenomenon was also ob-
served – these are compact clusters 
consisting of gminas (class V and VI) 
located predominantly in Podlaskie 
voivodship, but also in Podkarpack-
ie and in the western part of Warm-
ińsko-mazurskie voivodship and in 
the south of Dolny Śląsk, as well as 
in a number of gminas of Śląskie and 
Małopolskie voivodships. A special 
region on the spatial differentiation 
map of the country’s emigration is 
Śląsk Opolski –nearly all gminas in 
this region were classified as class VII, 
i.e. a cluster consisting of 53 gminas 
(2,14%) experiencing extremely in-
tense migration (132,13-253,01 per 
one thousand inhabitants).
It was shown that the clusters ob-
tained through grouping differ signifi-
cantly from one another (H=2381,476; 
p=0,000). Analyzing the differences 
between the groups, it can be ob-
served that there is a pronounced dis-
tance between the centres of clusters 

6 and 7 and the rest of the groups, 
which allows for conclusion that the 
regions marked by the gminas in-
cluded in class VI and VII are atypical 
regions, within the scope of the vari-
able, against the background of other 
regions – i.e. the regions with a very 
high migration activity. Such strong 
activity induces one to advance the 
hypothesis that there exist specific 
determinants for migration in those 
regions. 
Based on the findings of the spatial 
analysis, one could conclude that, in 
local dimension, (according to the 
gminas breakdown) both the level 
and intensity of the emigration in 
Poland show features characteristic 
of a non-uniform and highly differ-
entiated phenomenon. Not only the 
regions, but also individual gminas 
were observed as going through ex-
tremely intensive emigration. The an-
alysis made it possible to distinguish 
five regions with a very high intensity 
of migration:
• Górny Śląsk – the highest emi-

gration activity was character-
istic for the following gminas: 
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Komprachcice, Kolonowskie, Cis-
ek, Popielów, Murów, Łubiany, 
Żębowice, Walce, Jemielnica, 
Tarnów Opolski, Krzanowice;

• Podlasie – with the dominance 
of the following gminas: Stawiski, 
Radziłów, Mońki, Trzcianne;

• Podkarpacie – mainly the area of 
Lesk and Sanok, and numerous 
gminas at the right bank of the Vis-
tula River, between the Dunajec 
River and the San River (including, 
Dzikowiec, Ulanów, Bojanów, Jaro-
cin k. Tarnobrzegu, Pysznica);

• Małopolska – the Tatra Moun-
tains region and the Dunajec 
River mouth (gminas: Bukowina 
Tatrzańska, Czarny Dunajec, Nowy 
Targ);

• Mazury (Masuria), including 
predominantly the area around 
Olsztyn. 

Apart from the regions mentioned 
above, individual gminas, or small 
clusters of migration gminas dis-
persed across the country were iden-
tified, where a high migration activity 
occurred locally. Such clusters were 
located in, e.g: Pomorze – (Tuchomie, 
Bytów, Lipnica, Studzienice), in north-
ern Wielkopolska (gmina and the 
town of Złotów, Zakrzewo), in Zach-
odniopomorskie voivodship (Rewal 
and Stępnica), and also in Lubuskie 
voivodship (Lubniewice and Pszczew).

Migration Intensity in Rural Areas

The studies conducted in the coun-
try’s areas typically regarded as mi-
gration regions show that since the 
early 1970s most people migrating 
abroad came from the cities, mainly 
from Warsaw (see more in: Frejka et 
al., 1998; Okólski 2001, pp. 50-53). 
Wealthy and educated population 
usually concentrate in the cities, and 
is more willing to take the risk of 
embarking on the “unknown”. Yet, 
already in the early 1970’ the travel-
lers from big cities were joined by the 

pioneers of international migration 
who lived in the back country. As the 
result, the proportions between the 
population from highly urbanized and 
industrialized regions, and that from 
the peripheral regions started to shift 
gradually. In the early 1990’, one 
could observe a relative predomin-
ance of migration amongst the popu-
lation from the rural areas.
In the context of those shifts, Marek 
Okólski, using the elements of Ze-
linsky’s concept of spatial mobility 
transition1 , put forward a hypoth-
esis on the so called incomplete mi-
gration (unfulfilled exodus from rural 
to urban areas). The changes in the 
economic strategy in the late 1970’, 
including, among other things, a de-
parture from the idea, which was at 
the time advocated, of heavy indus-
try, caused a drop in demand for 
work. This had the effect that the 
population functioning in the space 
between the city and village, and thus 
having some sort of experience in 
mobility, began to search abroad for 
new sources of income. The mobility 
of people from small towns and rural 
areas was taken over by international 
labour circulation, in this way gener-
ating the so called partial migration, 
which usually lasted less than two 
years, showing no clear intention of 
a long-term migration (Okólski, 2001, 
p. 52-53). The traditions of migration 
from rural areas of the industrialized 
regions became permanently estab-
lished over subsequent years. A de-
tailed assessment of the scale and 
differentiation of the migration from 
rural areas is done in further stages of 
the study. It was carried out according 
to the breakdown covering poviats.
Grouping poviats exclusively on the 
basis of the temporary emigration 

1 The concept of spatial mobility transi-
tion W. Zelinsky outlines in: The hypoth-
esis of the mobility transition, in: ,,The 
Geographical Review”, No. 61/1971, pp. 
222-245.
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intensity in rural areas did not yield 
satisfactory results, for the generat-
ed clusters proved to be non-uniform 
(Vx>100%). Therefore an attempt was 
made to include an additional quali-
tative variable in the analysis which 
would identify the type of the poviat 
(rural or a township) – while assum-
ing that this variable evinces group-
ing properties in the set under dis-
cussion. As the result, an optimized 
partition into seven clusters was ob-
tained, which were statistically sig-
nificant (H=364,693; p=0,000) and 
internally uniform.
The analysis revealed that after 1989 
the intensity of the emigration from 
the rural areas was considerably low-
er than from the cities. On the other 
hand, the differentiation of the phe-
nomenon appeared slightly higher in 
the rural areas. In half of the poviats, 
the emigration intensity from the cit-
ies was 17,44 or less (per thousand 
urban inhabitants) with the median 
deviation of ±7,71 (44,23%), while for 
the rural areas, in half of the poviats 
the temporary emigration intensity 
did not exceed 8,61 ±5,82 (67,59%). 
The results of the poviat classifica-
tion based on the migration activity 
in rural areas, taking into account the 
variable indicating the “type of the 
poviat”, are illustrated in Table 3.
In the process of grouping poviats, 
a cluster was produced which was sig-
nificantly different from other groups 
within the scope of the qualitative fea-
ture ( =378,000; p=0,000) describ-
ing the poviat type (class I), in which 
only township poviats were classified 
(66, i.e. 17,41%). Low indicators of 
the migration from rural areas (1,43-
8,59, class II and III) were obtained 
for the poviats located in the central 
part of Poland (Fig. 3): Wielkopols-
kie, Mazowieckie, Łodzkie voivod-
ships and, e.g. in the southern part 
of Kujawsko-pomorskie voivodship, 
the northern part of Świętokrzyskie 
and Lubelskie voivodships, and also 

in some poviats of Opolskie and Śląs-
kie voivodships (Gliwicki, Będziński, 
Kłobucki, Częstochowski).
A moderate intensity (8,63-40,67, 
i.e. classes IV and V) was recorded 
mainly in the poviats of the coun-
try’s outermost voivodships, along 
Poland’s western border – particu-
larly in the region of Zachodniopo-
morskie, Lubuskie and Dolnośląskie 
voivodships, as well as Pomorskie 
and Warmińsko-mazurskie, in the 
eastern part of Podlaskie voivod-
ship and with several poviats locat-
ed in the central region (including 
the following: Średzki wielkopolski, 
Nowodworski mazowiecki, Tomas-
zowski mazowiecki, Ostrołęcki, Ma-
kowski). A relatively high migration 
intensity (41,73-93,80, i.e. class VI) 
was characteristic for poviats in the 
western part of Podlaskie voivodship 
(e.g. Łomżyński, Grajewski, Moniecki, 
Kolneński, Zambrowski, Siemiatycki), 
Podkarpackie voivodship (e.g. Le-
ski, Kolbuszowski, Mielecki, Leżajski, 
Nizański, Stalowowolski), Małopol-
skie voivodship (Tatrzański and No-
watorski) and Opolskie and Śląskie 
voivodships ((Nyski, Głubczycki, 
Wodzisławski).
Into class VII – with the highest indi-
cators of temporary emigration from 
rural areas, 11 poviats were classified; 
they were located predominantly 
close to highly industrialized regions 
(the area of Górnośląski Okręg Prze-
mysłowy (Upper Silesia’s Industrial 
District). These include poviats from 
cluster VII (111,33-197,37) – situated 
in Opolskie voivodship (Kluczborski, 
Oleski, Strzelecki Opolski, Krapko-
wicki, Kędzierzyńsko-kozielski, Prud-
nicki, Raciborski), Lubelskie voivod-
ship (Opolski lubelski), and Śląskie 
voivodship (Raciborski, Lubliniecki), 
and also two Śląskie poviats with ex-
tremely strong migration activity of 
the rural areas population (outliers): 
Mikołowski (346,01) and Bieruńsko-
Lędziński (423,11) poviats.
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Fig. 4 from rural areas in poviats across Poland in 2002

Source: Author’s own study.

Table 3. Grouping of poviats by emigration intensity from 
rural areas (per thousand) and by poviat type 

• statistics for the quantitative variable: emigration intensity from rural areas

Classes
Poviats
(N=378)

mean indicator
of emigration 

intensity

Vx
H 

Kruskal-Wallis
(p-value)ni % %

Class I 66 17,46 - -

364,693
(0,000)

Class II 61 16,14 3,35 19,25
Class III 63 16,67 6,24 18,97
Class IV 103 27,25 12,39 21,23
Class V 56 14,81 26,91 26,77
Class VI 20 5,29 63,37 26,42

Class VII* 9 2,38 156,36 23,88



WSB University in Wroclaw Research Journal I ISSN 1643-7772 I eISSN 2392-1153 I Vol. 16 I No. 3

170

Classification of Subregions Based 
on Emigrants’ Education Structure 

Education is one of the basic mark-
ers of the position of an individual in 
the society; it determines to a large 
extent the chances of being success-
ful economically and professionally, 
facilitating or hindering one’s func-
tioning in the labour market. From 
a macro-economic point of view, this 
characteristic decides about human 
capital of a given country, and in par-
ticular about the quality of labour re-
sources. Intensive migration phenom-
ena can affect the education structure 
of a country’s population, and, de-
pending on the trends observed – in 
the case of outflow of well educated, 
or specialized in specific fields, popula-
tion - they can lead to local shortages; 
the loss of intellectual potential and 
deficiencies in specific qualifications. 
This characteristic is extremely rel-
evant not only from the perspective of 
the emigration consequences, but also 
in the context of its causes. In light of 
migration theories explaining the rea-
sons behind migration, we can assume 
that the education level, besides other 
socio-demographic characteristics, 

has an impact on the migration deci-
sion by individuals. Having profession-
al skills that are searched for abroad 
and foreign language skills may consti-
tute factors which induce one to emi-
grate, especially when this is accom-
panied by considerable differences in 
wages between the country of origin 
and that of the planned migration.
In the assessment of the subregions 
differentiation in terms of the migra-
tion activity according to education, 
the following categories of the charac-
teristic were examined: higher educa-
tion, post-secondary education, gen-
eral secondary education, secondary 
vocational, basic vocational, complet-
ed primary education and incomplete 
primary education, and a lack of school 
education. Accounting for the meth-
odology of the study on emigrants’ 
education during the NCP 2002, the 
data on the population aged 13 and 
above were used in the analysis. The 
study was carried out according to the 
breakdown covering subregions.
The dendrogram of grouping, ob-
tained as the result of the agglomera-
tive grouping using a complete linkage 
clustering (Fig. 4) indicates that there 
is a clear differentiation between 

• statistics for categorised variable: poviat type

Classes
categorised 

centres
of clusters

Poviats
(N=378)

(p-value)township
ni

rural
ni

Class I towship 66 -

378,000 
(0,000)

Class II rural - 61

Class III rural - 63

Class IV rural - 103

Class V rural - 56

Class VI rural - 20

Class VII* rural - 9

* excluding outliers

Source: Author’s own calculations.
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Linkage distance 

Fig. 4. Dendrogram of grouping subregions according to emigrants’ education 
structure – complete linkage clustering with city block distance (Manhattan) 

Source: Author’s own study 

Table 4. Subregion classification groups according to emigrants’ education structure (percent)

Education

Group 1 Group 2 Group 3 Group 4 Group 5
F

(p-value)mean
(Vx)

mean
(Vx)

mean
(Vx)

mean
(Vx)

mean
(Vx)

higher 37,6
(11,8)

27,2
(12,5)

16,8
(10,7)

11,7
(13,5)

6,7
(11,5)

154,268
(0,000)

post-sec-
ondary

6,4
(12,9)

6,2
(14,3)

5,4
(15,0)

4,8
(12,2)

3,5
(15,6)

12,433
(0,000)

general 
secondary

21,6
(9,3)

16,9
(9,7)

15,7
(8,1)

12,8
(8,3)

9,4
(17,0)

52,934
(0,000)

vocational 
secondary

17,8
(10,6)

23,7
(7,4)

23,9
(7,6)

25,5
(5,4)

20,8
(11,5)

17,152
(0,000)
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poviats in terms of emigrants’ edu-
cation structure. On the basis of the 
agglomeration tree (dendrogram), the 
distance 26 was assumed as the cut-
ting point, thus producing five groups 
of subregions. Two of them: cluster 
1 and 2 comprised four subregions 
each and in terms of the education 
structure they showed some similar-
ities, while being very distinctive from 
other clusters (the linkage with them 
occurred at a distance of over 112) – 
these subregions are made up mainly 
of large urban centres and their ag-
glomerations. Cluster 3 and 4 were 
also similar in terms of the structure 
and more numerous – they comprised: 
15 and 18 subregions, respectively 

localized across the entire country. 
Moreover, cluster 5, comprising four 
subregions, showed its distinctiveness 
from all the remaining classes – re-
sembling only slightly clusters 3 and 4. 
Regions with the highest migration in-
tensity were included in cluster 5. The 
resemblance structure thus formed of 
the areas under study was nearly fully 
confirmed by the classification using 
the non-hierarchical k-means method 
– both through Euclidean distances 
and the composition of the individual 
clusters (table 6).
The analysis results showed that the 
following subregions: Łódź, Warsaw 
and Poznań (group 1), were character-
ized, against other units, by a clearly 

basic 
vocational

8,2
(28,6)

15,7
(19,3)

24,8
(7,5)

28,5
(9,7)

35,6
(19,2)

53,621
(0,000)

completed 
primary 

7,9
(13,8)

9,5
(14,5)

12,4
(10,8)

15,7
(13,5)

22,7
(14,8)

41,430
(0,000)

incom-
plete 

primary 
and lack of 
education

0,6
(20,8)

0,7
(21,5)

1,0
(29,4)

1,0
(25,8)

1,3
(12,6)

5,057
(0,002)

Source: Author’s own calculation.

Tab. 5. Euclidean distances of classification groups 

Groups Group 1 Group 2 Group 3 Group 4 Group 5

Group 1 0,0 32,1a 115,0 184,0 299,2

Group 2 5,7 0,0 28,8 66,5 151,8

Group 3 10,7 5,4 0,0 8,9 54,0

Group 4 13,6 8,2 3,0 0,0 22,7

Group 5 17,3 12,3 7,4 4,8 0,0

* a marked in bold, denote the squares of Euclidean distances between groups
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distinctive education structure of emi-
grants – these differences are demon-
strated by the diagram of the centres 
of the individual clusters (Fig. 5), and 
they are confirmed by the Euclidean 
distances (Table 5). A clear majority, 
that is over 80% of people migrating 
from those regions, have skills at least 
at the level of secondary education 
(compare Table 4), including: higher 
education 37,61%, post-secondary 
education 6,38%, general secondary 
education 21,59% and secondary vo-
cational 17,78%. At the same time, 
the percentage of emigrants coming 
from those subregions with basic vo-
cational education was the lowest in 
the country (8,15%). Cities with such 

a characteristic education structure 
are part of the country’s largest uni-
versity centres and well developed 
business centres which are open 
to international cooperation.
Similar patterns were characteristic for 
the following subregions: Warszawski, 
Częstochowski, Cracow, Wrocław and 
Gdańsk-Gdynia-Sopot (group 2). In 
those units, nearly 75% of emigrants 
had at least secondary education; 
however, the percentage of emigrants 
with higher education was slightly 
lower, with 27,19% of emigrants hold-
ing university degrees, post-secondary 
– 6,20%, general secondary – 16,93%; 
correspondingly higher was the per-
centage of persons less educated, in 

Fig. 5 Subregion classification groups according to emigrants’ education structure (percent)

Source: Author’s own study.
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particular with secondary vocational 
(23,71%) and basic vocational educa-
tion (15,70%).
The temporary emigration from the 
subregions included in group 1 and 
2, characterized by a high education 
level, certainly results largely from 
the overall high education level of the 
population living in the largest urban 
areas. The emigration activity of the 
cities which evince traits typical for 
business, science or cultural centres 
must have had various bases. How-
ever, we should point out that the 
beginning of the first decade of the 
21st saw the highest unemployment 
during the transition period, resulting 

not only from recession, but also from 
structural mismatches in the labour 
market. Young and highly qualified 
graduates were often unable to find 
work upon entering the country’s 
labour market. People who lost their 
jobs found themselves in a similar 
situation. The alternative then was 
to look for employment abroad. The 
emigration was also fostered by easier 
access to some institutional initiatives, 
such as for example: employment ser-
vices and recruitment agencies, the 
possibility of doing internship abroad 
or participation in academic inter-
national cooperation programmes, ac-
cess to the Internet.

Fig. 6 Subregions classification according to emigrants’ education structure

Source: Author’s own study based on Tables 4 and 6 
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Table 6. Subregions classified according to emigrants’ education structure

Complete linkage clustering
(Manhattan)

k-means method

Group 1
(n = 4)

Group 1
(n = 3)

Kraków, Łódź, Warszawa, Poznań Łódź, Warszawa, Poznań

Group 2
(n = 4)

Group 2
(n = 5)

Częstochowski, Gdańsk-Gdynia-So-
pot, Warszawski, Wrocław

częstochowski, Gdańsk-Gdynia-So-
pot, Kraków, Warszawski, Wrocław

Group 3
(n = 15)

Group 3
(n = 15)

Bialskopodlaski, Bielsko-bialski, By-
dgoski, Chełmsko-zamojski, Ciech-
anowsko-płocki, Gorzowski, Kaliski, 

Koszaliński, Lubelski, Łódzki, Piotrkow-
sko-skierniewicki, Poznański, Ra-

domski, Szczeciński, Świętokrzyski, 
Toruńsko-włocławski, Zielonogórski

Bialskopodlaski, Bielsko-bialski, Bydgoski, 
Ciechanowsko-płocki, Gorzowski, Kaliski, 

Koszaliński, Lubelski, Łódzki, Piotrkowsko-ski-
erniewicki, Poznański, Radomski, Szczecińs-

ki, Świętokrzyski, Toruńsko-włocławski

Group 4
(n = 18)

Group 4
(n = 18)

Białostocko-olsztyński, Centralny śląski, 
Elbląski, Ełcki, Jeleniogórsko- gdański, 

Koniński, Krakowsko-tarnowski, Krośnieńs-
ko-przemyski, Legnicki, Ostrołęcko-siedlecki, 

Pilski, Rzeszowsko-tarnobrzeski, Słups-
ki, Suwalski, Wałbrzyski, Wrocławski

Białostocko-olsztyński, Centralny śląski, 
Chełmsko-zamojski, Elbląski, Ełcki, 

Jeleniogórsko- gdański, Koniński, Kra-
kowsko-tarnowski, Krośnieńsko-prze-
myski, Legnicki, Ostrołęcko-siedlecki, 

Pilski, Rzeszowsko-tarnobrzeski, Słupski, 
Suwalski, Wałbrzyski, Wrocławski,

Zielonogórski

Group 5
(n = 4)

Group 5
(n = 4)

Łomżyński, Nowosądecki, Opol-
ski, Rybnicko-jastrzębski

Łomżyński, Nowosądecki, Opol-
ski, Rybnicko-jastrzębski

Source: Author’s own study.

Further groups: 3 and 4 covered the 
subregions with a structure typical for 
the majority of regions in the coun-
try (in total 33 subregions). In the 
north-western subregions: Gorzowski, 

Poznański, Szczeciński, Koszaliński, 
Bydgoski, Toruńsko-Włocławski, 
Bielsko-bialski, Świętokrzyski, Bial-
skopodlaski, Lubelski, and in the 
central subregions: Łódzki, Kaliski, 
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Piotrkowsko-Skierniewicki, Ciecha-
nowsko-Płocki and Radomski (group 3) 
people with basic vocational education 
were prevalent – 24,77%, secondary 
vocational – 23,94%, with only 16,75% 
of emigrants having higher education. 
A similar structure, although showing 
a slightly lower education levels, was 
characteristic for subregions located 
in the south-western and southern 
part of the country: Zielonogórski, 
Jeleniogórsko-Wałbrzyski, Legnicki, 
Wrocławski, Krakowsko-Tarnowski, 
Centralny Śląski, Rzeszowsko-Tar-
nobrzeski, Krośnieńsko-Przemyski, 
Chełmsko-Zamojski, and in the north-
ern and north-eastern part: Słupski, 
Gdański, Elbląski, Olsztyński, Ełcki, 
Ostrołęcko-Siedlecki, Białostocko-Su-
walski, and also part of Wielkopolska: 
Pilski, Koniński (group4) – here over 
half of emigrants had vocational quali-
fications: basic – 28,53% or secondary 
vocational – 25,49%; a significantly 
lower percentage was observed for 
the population with university degree 
– 11,70% (Tables 4 and 6).
Special attention should be drawn 
to the education structure of emi-
grants from the following sub-
regions: Nowosądecki, Opolski, Ryb-
nicko-Jstrzębski and Łomżyński (group 
5) – as many as 60% of people mi-
grating from those areas did not have 
secondary education; most of them 
reported basic vocational education 
– 35,65%, followed by completed pri-
mary education – 22,66%; a little over 
20% showed secondary vocational 
education. At the same time, in the 
subregions of cluster 5, the number of 
university graduates was the smallest 
– 6,74% (compare Fig. 5). As already 
shown, those are the areas which are 
very active in terms of migration na-
tionally, with the outflow being ob-
served especially in the rural areas. 
Low education level (or practically 
none) implies a low position on the 
labour market, which certainly was 
a factor supporting the job migration.

The classification was assessed using 
a variance analysis (Table 4) sug-
gesting that all the education categor-
ies which were distinguished had a sig-
nificant impact on the outcome of the 
process of clustering the subregions in 
terms of the similarity of the structure 
of the characteristic under discussion. 
The biggest contribution was obtained 
for the following category: higher and 
basic vocational education, while the 
least significant trait proved to be in-
complete primary education or no 
education at all.

Summary.

The aim of the paper was to present 
the application possibilities of selected 
methods of grouping data as a tool for 
the assessment of the spatial differen-
tiation of the phenomena based on the 
analysis of temporary emigration from 
Poland in 1989-2002. The study has 
sought to demonstrate findings at 
possibly low level of data agglomera-
tion – the chosen breakdown covered 
gminas and poviats. The investigation 
of emigrants’ education structure dif-
ferentiation was carried out according 
to subregions, which was, on the one 
hand, dictated by the availability of 
the data, and on the other, provided 
the opportunity to demonstrate, by 
using a dendrogram, the similarities 
and differences (agglomerative dis-
tance hierarchy) between the regions 
in a way that is easy and clearly legi-
ble for interpretation, without having 
to resort to a map. However, it should 
be noted that the aggregation of data 
at the level of larger territorial units 
results in averaging the measure-
ments of the phenomenon, and thus 
in lowering the spatial differentiation 
metrics.
The application of the selected tech-
niques of the cluster analysis made 
it possible to carry out an effective 
grouping of territorial units, and thus 
the identification of regional patterns 
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through distinguishing the areas 
(a group of units) similar in terms of 
the properties examined. The spa-
tial visualization of the results of the 
grouping was illustrated on the charts.
Grouping data using an exploratory 
and generalised k-means method 
may constitute an alternative to other 
methods designed to determine the 
number of groups and to classify indi-
vidual objects into them. This method 
appears to be a particularly effective 
procedure for the pronounced differ-
entiation between one-dimensional 
populations, when the traditional par-
titioning based on mean values and 
standard deviations, applied in region-
al statistics, does not yield satisfac-
tory results. The explorative approach 
enables one to include qualitative 
variables in the process of grouping, 
which can improve considerably the 
partitioning effects. 

In literature there is a scarcity of works 
attempting to investigate the territor-
ial differentiation of temporary emi-
gration in Poland before and after 
the EU accession (e.g. Kaczmarczyk, 
2008; Lusińska-Grabowska, Okólski, 
2009). The available papers present 
the analysis according to the break-
down covering voivodships, or limiting 
the analysis to selected regions. How-
ever, there are no studies addressing 
this issue comprehensively and local-
ly (NUTS-4 and NUTS-5). This paper, 
which examines temporary emigra-
tion in the years 1989-2002, i.e. from 
a historical perspective, provides 
a basis for this kind of research. This 
represents a huge challenge to schol-
ars because temporary migrations are 
a phenomenon which is very difficult 
to capture in statistical sense2, where 
movements are largely unregistered at 
the time of a free flow of people. 

2 Temporary emigration data gathered 
by the Central Statistical Office (GUS) 
refer to the registration of one’s depar-
ture abroad for a temporary stay; those 
statistics cover only a small portion of 
actual migration; researchers believe 
that the best source of migration data 
is national census. Because of having 
abandoned traditional census method 

and replacing them with a representa-
tive method while investigating emigra-
tion, the results of the National Census 
of Population 2011 cannot be used in the 
analyses of spatial differentiation at the 
gmina level. Estimates of the temporary 
emigration in 2011 are made available 
by GUS at the level of voivodships 
(NUTS-2).
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Zastosowanie wybranych metod grupowania danych w badaniu przestrzennego 
zróżnicowania zjawisk społeczno-ekonomicznych na przykładzie mobilności 
zewnętrznej w Polsce w latach 1989-2002

Abstrakt
Celem artykułu jest ukazanie przydatności wybranych metod grupowania 
danych w analizie przestrzennej zjawisk społeczno-ekonomicznych na 
przykładzie analizy okresowej emigracji z Polski w latach 1989-2002. Badanie 
zmierzało do oceny przestrzennego zróżnicowania w wysokim stopniu szc-
zegółowości, tj. z uwzględnieniem różnic występujących lokalnie. W przypad-
ku emigracji okresowej taką ocenę umożliwiły zgromadzone w 2002 roku 
wyniki Narodowego Spisu Powszechnego. 
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W artykule zaprezentowano przykłady analiz terytorialnego zróżnicow-
ania mobilności, w których zastosowano wybrane optymalizacyjno-iteracy-
jne i hierarchiczne metody grupowania. Elementami w przestrzeni grupowania 
były jednostki podziału terytorialnego w przekrojach: gmin, powiatów oraz 
podregionów. 
Po 1989 roku, w okresie transformacji społeczno-ekonomicznej, czasowa 
emigracja w Polsce była zjawiskiem niezwykle silnie zróżnicowanym w wymi-
arze regionalnym oraz lokalnym, co potwierdziły wyniki przeprowadzonych 
badań. Wyraźną dyspersję przestrzenną wykazano pod względem poziomu, 
natężenia, ale także zróżnicowania demograficzno-społecznej struktury 
zjawiska. Zastosowanie przyjętych metod klasyfikacji danych umożliwiło 
szczegółową ocenę przestrzennego zróżnicowania okresowej emigrac-
ji w Polsce w przekroju niewielkich, a zarazem licznych jednostek terytorial-
nych oraz wizualizację wyników za pomocą wykresów mapowych. 
Zakres czasowy badania został zawężony do lat 1989-2002 ze względu na 
charakter wykorzystanego materiału źródłowego oraz brak porównywalnych 
danych statystycznych o emigracji poakcesyjnej i współczesnej.

Słowa kluczowe: przestrzenne zróżnicowanie, analiza skupień, migracje zagraniczne, 
emigracja
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Abstract

The article presents an analysis of the axioms associated with the plurality 
method of aggregation of individual preferences, both when it is necessary 
to select one of many alternatives and when it is necessary to approve a sin-
gle alternative. Also, we investigate the impact of the introduction of a new 
attribute, being the right of veto (absolute and relative), on the axioms given. 
In the conclusion, the emphasis is that the commonly used method of aggre-
gation, i.e. the plurality method is not, in this sense, the best method, .

Introduction

Making group decisions1 occurs in 
multiple decision-making situations. 
It occurs when decisions are made by 
people (e.g. voters, parliamentarians 
or supervisory board members), as 
well as when they are made by soft-
ware-embedded machines (e.g. mul-
tiple agents systems, image analysis 
techniques or decision-support sys-
tems). The decision-making rule that 
is applied most frequently in those 
situations is the majority rule (simple 

1  In various fields such decisions are var-
iously named. E.g. in social choice theory 
one  refers  to  social  preference  or  social 
decision [Lisowski, 2008].

or qualified). This rule implies that if 
an alternative should be chosen from 
a set of alternatives, then the alterna-
tive for which the majority of deci-
sion-makers opted is chosen. Every 
specific situation requires that the 
notion of “majority” be defined and 
a method for settlement provided 
when a majority cannot be reached, 
yet, a decision must be taken. An addi-
tional and frequently deployed deci-
sion scheme is to endow some of de-
cision-makers with the so called right 
of veto. This right means that one or 
more decision-makers can defer the 
choice of a particular alternative ab-
solutely (that is forever) or relatively, 
where the decision to use veto can 
be overruled. Obviously, adding veto 
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changes the importance of some or 
all of decision-makers2. In the paper, 
we intend to analyze a set of axioms 
describing such decision-making situa-
tions and outline how adding the right 
to veto affects the selected axioms.
The structure of the paper is as fol-
lows: the first chapter presents the 
idea behind group decision with veto. 
Depending on the amount of alterna-
tives from which the choice is to be 
made, subsequent chapters analyze 
the set of postulates (axioms) asso-
ciated with the plurality aggregation. 
The second chapter includes a discus-
sion on axioms associated with the 
plurality choice of one out of more 
than two alternatives. The compon-
ents of simple plurality voting games 
theory (voting theory) are introduced 
in the third chapter. Moreover, a min-
imum set of plurality decision axioms 
together with the relevant theorems 
on non-existence or existence of ag-
gregation functions are also discussed. 
The paper ends with a conclusion and 
proposals for further research.

Initial Presumptions of Group 
Decisions with Veto

For the analysis of group aggrega-
tion methods, the so called individ-
ual profiles provide a starting point. 
They state that every decision-mak-
er is capable of ordering (partially or 
completely) a set of alternatives using 
their own function of preferences. 
The plurality method of aggregation 
is to be understood as a way of aggre-
gating individual profiles, where every 
decision-maker indicates their best 
alternative, and the alternative that 
is going to be chosen is the one which 
gets the highest amount of votes3 . 

2  The  example  of  real  absolute  right  of 
veto  can  be  found,  among  others,  in  the 
work of Mercik (2009), while the relative 
veto in Ramsey, Mercik (2015).
3  In  practice  the  majority  rule  is  often 
modified, usually by adding an additional 

Plurality aggregation with veto occurs 
when at least one decision-maker has 
the right to veto the choice made.
In the paper, we examine decisions 
where the decision-makers have 
to choose one alternative from a set 
of alternatives 𝑊={𝑤1,𝑤2,…,𝑤𝑟}, 
𝑟=1,2,…,𝑛. Analyzing group deci-
sions, we will investigate, due to the 
amount of alternatives, two classes of 
decisions, K1 and K2. The first class K1 
is made up of the decisions in which 
an 𝑁 number decision-makers par-
ticipate (|𝑁 |=𝑛≥2), having to choose 
one alternative from the set of al-
ternatives 𝑊, |𝑊|=𝑚≥2. The second 
class, K2, is made up of the decisions 
in which an 𝑁  number decision-mak-
ers take part (|𝑁 |=𝑛≥2) who have 
to accept a single alternative (|𝑊|=1).
The investigation of group aggregation 
methods should be carried out in the 
following ways:
1. By characterizing individual aggre-

gation methods, describing the 
conditions in which they provide 
a clear-cut result, etc.

2. By specifying a set of criteria for 
which no aggregation method 
exists capable of providing clear-
cut results and simultaneously ful-
filling all those criteria, and

3. By examining aggregation methods 
in terms of their satisfying or fail-
ing to satisfy a particular criterion 
(axiom).

With respect to the decision made 
in class K1, we assume that every 

requirement  with  respect  to  the  number 
of  votes  which  needs  to  be  fulfilled  so 
that  a  particular  choice  could  be  accept-
ed. Amongst the classical plurality meth-
ods we can distinguish, e.g. plurality with 
run  off  method,  where  50%  of  votes  is 
reached by (if it is necessary) eliminating 
sequentially  alternatives  which  receive 
the lowest amount of support; Hare meth-
od,  where  individual  profiles  do  not  get 
changed while applying plurality with run 
off method, or Coombs’ method, which is 
in fact the reverse of Hare method.
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decision-maker is capable of ordering 
a set of alternatives (in the best case 
by individual preference relation: 
either weak or strong). In the worst 
case the ordering unfolds by compar-
ing pairs with the admissible partial 
order and equivalent alternatives4.
With respect to class K2, we assume 
that every decision-maker can make 
a decision whether or not to ac-
cept a particular alternative5. All de-
cision-makers present their views 
on a particular alternative (e.g. by 
voting) and if it receives the required 
amount of support (votes), then it is 
accepted by the group. For this pur-
pose we introduce the following nota-
tion derived from simple games.
Let 𝑁 represent a finite set of deci-
sion-makers, 𝒒  the required number 
of votes (quota) to make a decision 
and 𝑤𝑗  denotes the weight of deci-
sion-maker 𝑗, 𝑗∈𝑁 . Let us consider 
a special class of cooperative games 
called weighted majority games. 
Weighted majority game G is defined 
by 𝒒 and a sequence of non-nega-
tive weights 𝜔𝑖,𝑖∈𝑁 . We can think of 
𝜔𝑖 as of number of votes of an 𝑖-th 
decision-maker, and of 𝒒 as number 
of votes necessary for an alternative 
to be collectively accepted, that is, ne-
cessary for the group of decision-mak-
ers to become a winning group (coali-
tion). In the interest of simplicity, we 
assume that both 𝒒 and 𝜔𝑖 are positive 
integers. Any subset of decision-mak-
ers is named a coalition.
The decision acceptance is thus 
equivalent to the formation of 
a winning coalition of decision-mak-
ers. Simple game (𝑁 , 𝑣), where 
𝑁 is a set of decision-makers 
4  Interesting findings on ordering equiv-
alent  objects  with  partial  orders  can  be 
found,  e.g.  in  works  of  Bury,  Wagner 
(2008).
5  In simple game theory, this corresponds 
to yes or no voting

(players) and 𝑣 is a characteristic 
function of the game6, is only then 
a proper game when the following 
condition is fulfilled: for all coalitions 
𝑇 ⊏ 𝑁 , if 𝑣(𝑇 )=1, then 𝑣(𝑁 \𝑇 )=0. 
This means that decisions are made 
by the majority of at least 𝒒 votes 
((0,5<𝑞≤1). Let us consider only 
simple games (SG) where a deci-
sion-maker (player) may vote yes-no, 
or yes-no-abstain. The last one is an 
analogue of a weak preference where 
there is a greater number of alterna-
tives. Alternatively, we can describe 
the decision-making body as a triplet 
(𝑁 ,𝑞,𝑣)=(𝑁 ,𝑞,𝜔1,𝜔2,…,𝜔𝑛).
If a particular member of the deci-
sion-making body can transform the 
winning coalition into the non-win-
ning one by utilizing veto, then this 
type of veto is called veto of the first 
degree. If a particular member of 
the decision-making body can trans-
form only some of the winning coali-
tions, that is, not all of them, into the 
non-winning ones, even without being 
their member, then this type of veto is 
called veto of the second degree (Mer-
cik, 2011).
Let us note that the behaviour of 
the decision-makers in the win-
ning coalition can provide a basis 
for the evaluation of their impact 
on the final outcome measured by 
the so called power index. From 
a formal point of view, the representa-
tion 𝜑:𝑆𝐺→𝑅𝑛 is called power in-
dex. For each 𝑖∈𝑁 and 𝑣∈𝑆𝐺, the 
𝑖-th coordinate 𝜑(𝑣)𝜖𝑅𝑛,𝜑(𝑣)(𝑖) is in-
terpreted as the voting power of play-
er 𝑖 in game 𝑣. In general, power in-
dexes are a priori in their nature. 
Potential situations are analysed in 
which individual decision-makers 
(players) change their mind (e.g. from 
voting yes to voting no) and how this 
change affects the position of a given 

6  This  means  that  if  Σ𝑘∈𝑇 ⊑𝑁 𝜔𝑘≥𝑞,  then 
𝑣(𝑇 )=1
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player. If a particular member of 
a winning coalition transforms the 
winning coalition into a non-winning 
one by changing the vote, then he/
she is in the position called swing pos-
ition (which leads to Penrose-Banzhaf 
power index (1965), with the coalition 
being “sensitive” to the behaviour of 
a particular decision-maker, which, in 
turn, leads to Johnston power index 
(1978). If, however, the decision-maker 
changes his/her mind and joins a par-
ticular coalition and thus transforms it 
into a winning coalition, then he/she is 
a pivotal player, which leads to Shap-
ley-Shubik power index (1954)7.
Penros-Banzhaf power in-
dex (1965) for a simple game 
is a value equal to: 𝜑:𝑆𝐺→𝑅𝑛, 
𝑣→(φ1(v),φ2(v),…,φn(v)), where for 
every 𝑖ε𝑁 ; 𝑐𝑎𝑟𝑑 {𝑁 }=𝑛;𝑐𝑎𝑟𝑑 {𝑆}=𝑠 

 Σ [𝑣(𝑆∪{𝑖})−𝑣(𝑆)]
𝑆⊆𝑁 {𝑖}

Moreover, Shapley-Shubik 
power index (1954) represents 
the following value: 𝜑:𝑆𝐺→𝑅𝑛, 
𝑣→(φ1(v),φ2(v),…,φn(v)), where 
for every 𝑖ε𝑁 , 𝑐𝑎𝑟𝑑 {𝑁 }=𝑛; 
𝑐𝑎𝑟𝑑 {𝑆}=𝑠 

 𝑆⊆𝑁 {𝑖}

The above values are obtained directly 
from the games defined with the use 
of the characteristic function, where 
marginal values of the power increase 
are calculated for every winning 
coalition. 
We will demonstrate that deploying 
the plurality aggregation method and 
including veto results in the lack of an 
unequivocal set of axioms pertaining 

7  It  is  worth  noting  that  the  aforemen-
tioned  power  indices  (and  a  variety  of 
other  indices)  are  not  equivalent  and 
their  application  depends  on  the  context 
of a decision-making situation.

to all sets of postulates concerning 
the behaviour of decision-makers. 
Possible assertions that there exists 
or does not exist an optimal group ag-
gregation method (including the plur-
ality method) always depend on the 
selected set of axioms. This also ap-
plies to potential measurement of the 
power of the decision-maker in the 
plurality method.

Axiomatization of 
Decisions in Class K1

Let us recall that the first class, K1, is 
made up of decisions in which an 𝑁 
number of decision-makers participate 
(|𝑁 |=𝑛≥2), having to choose one al-
ternative from the set of alternatives 
𝑊, |𝑊|=𝑚≥2. 
The fundamental assumption of the 
theory of collective decisions is the 
rationality of the decision. At the level 
of individual decision-making, this 
implies, in crude terms, that if a par-
ticular decision-maker considers the 
choice of a given alternative to be the 
best (assuming that there are more al-
ternatives than just one), then he/she 
will chose this alternative.
If, however, the decision-maker can-
not indicate a single alternative, then 
it means that there are at least two 
alternatives which he/she considers 
to be the best, according to his/her 
own criteria. If the choice of a single 
alternative is still necessary, then we 
agree on some way of settling such 
“tie” situations, e.g. by drawing lots or 
resorting to some other criterion (e.g. 
alphabetical order of the names of the 
alternatives). However, there should 
be no doubt that such decisions are 
rational in the sense that a better al-
ternative (or at least not worse than 
the remaining ones) gets always 
chosen.
We thus assume, from a formal view-
point, that, between a pair of alterna-
tives a and b coming from a given 
set of alternatives 𝑊, one of three 
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possible preference relations occurs 
(≻):𝑎≺𝑏, 𝑏≺𝑎 or 𝑎∼𝑏 (strong al-
ternative) or 𝑎≼𝑏, 𝑏≼𝑎 or 𝑎∼𝑏 (weak 
alternative). We usually assume with 
respect to this kind of preference that 
it is reflexive, transitive and complete.8 
The rationality of group decisions, i.e. 
decisions made by more than one de-
cision-maker is no longer so obvious, 
since what seems rational at a level of 
individual decision-making need not 
be so at the level of a group. The aggre-
gation of individual decisions can lead 
to the choice of an alternative which 
is not the best in terms of the criter-
ia used. Although Condorcet (1785) 
already introduced the two main cri-
teria9 which the group decision-mak-
ing should fulfil, what soon followed is 
that the majority of decision-making 
methods do not satisfy those criteria, 
resulting in what is known in literature 
as a voting paradox.
Let us then take a closer look at the 
axioms characterizing the rational-
ity of the aggregation of group deci-
sions. It is assumed (just like for the 
preferences describing individual de-
cision-making) that the group prefer-
ence relation is rational if it satisfies 
the requirements of the reflexive, 
complete and transitive relation. Un-
fortunately, the Condorcet’s paradox10 

8  That this assumption is rather idealistic 
has  been  demonstrated  in  the  research 
on human behaviour, where  the majority 
of  created  orders  do  not  retain  transitiv-
ity  (e.g. Aumann,  1985  or Gilboa  et  al., 
2012).
9  Two main criteria of Condorcet are: (1) 
if  a  particular  alternative wins  in  a  pair-
wise comparison with the remaining alter-
natives, then it is the winning alternative, 
according to a particular method of group 
voting,  and  (2)  if  a particular  alternative 
loses  in  a  pairwise  comparison  against 
other  alternatives,  then  it  cannot  be  the 
winning alternative of a given group vot-
ing method.
10  An  example  of  the  paradox  which 
leads to a tie is the situation where three 
decision-makers  A,  B,  and  C  have  the 

shows that the group relation is not al-
ways transitive even if individual pref-
erences are transitive.
It is expected (e.g. Mercik, 1998, Lis-
sowski, 2008) that the employed 
method of the individual preferences 
aggregation should be immune to ma-
nipulations (individual11 and agenda 
manipulations12), be effective compu-
tationally (i.e. it should lead to choos-
ing one alternative) and it should satis-
fy the so called Arrow’s axioms, that is: 
(1) it should be defined as a set of all 
possible individual voter preferences 
(postulate of unrestricted domain), 
(2) it should fulfil the requirement of 
Pareto optimality (at least in its weak 
version)13, should be independent of 
irrelevant alternatives14, and (4) there 
should be no decision-maker who is 
a dictator.
Arrow (1951, the so called impossi-
bility theorem) showed that if there 
are at least two decision-makers and 
at least three alternatives to be voted 
on, then there is no method of group 
aggregation which would satisfy 
the aforementioned criteria. Similar 
to that, Gärdenfors (1976) shows that 
there exists no aggregation technique 
that could satisfy both Condorcet’s 

following preferences regarding three al-
ternatives , and ,respectively.
11  Group aggregation method  is  individ-
ually  manipulable  if  the  decision-maker 
changes his/her  preferences purposefully 
and  as  a  result  achieves  the desired out-
come of the aggregation.
12  The aggregation method is agenda ma-
nipulated  if,  e.g.  the  inclusion  of  a  new 
alternative or the change of a given voting 
order changes the result of the aggregation.
13  If the decision-makers are in full agree-
ment  which  alternative  is  the  best  and 
which is the worst, then the particular ag-
gregation method should only refer to the 
remaining alternative (if we want a com-
plete ordering  (also  the weak one) of all 
alternatives).
14  Irrelevant  alternatives  are  alternatives 
outside  the  alternatives  whose  ordering 
we are considering.
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criteria for weak preferences, and Gib-
bard (1973) and Satterthwait (1975) 
demonstrated that every rational, in 
Arrow’s sense, aggregation method is 
individually manipulable. 
As the subject of discussion in the paper 
is the aggregation method called the 
plurality method, we must at once see 
that this is not the method which could 
satisfying Arrow’s postulates. May 
(1952) named necessary and sufficient 
conditions (unanimity15, duality16,  
and strong monotonicity17) whose 
fulfilment allows one to chose one al-
ternative in unanimous way by apply-
ing the plurality method.
In Mercik’s work (1990) we may see 
that the plurality method of aggrega-
tion satisfies the following axioms:
• Condorcet’s axiom I on choosing 

the wining alternative in a pairwise 
comparison,

• monotonicity axiom,
• consensus axiom18,
• axiom of simplicity and easy appli-

cation, and
• Pareto axiom 
This represents 6 out of 9 of the 
axioms under discussion. “The best” 
of the aggregation methods (if all the 
axioms are treated equally) satisfies 
7 axioms (approval method19). As 

15  If all decision-makers regard a particu-
lar alternative as the best (worst), then a giv-
en aggregation method also retains it.
16  If we  assume  that  a  given  alternative 
which  is  individually  the  best  becomes 
individually  the  worst  (reversal  of  pref-
erences),  then  as  a  result  of  aggregation 
this alternative will be the worst with the 
previous individual preferences.
17  If  two  alternatives  have  been  ordered 
by all decision-makers  individually,  then 
the aggregation method retains this order.
18  This axiom states  that  if  in  two sepa-
rate  groups  of  decision-makers  a  given 
alternative is the best in each of the group, 
then after combining these groups this al-
ternative continues to be the best.
19  The  missing  axioms  of  the  approv-
al  method  are  represented  by  Con-
dorcet’s  criteria,  which,  to  some  extent, 

we can see, none of the aggregation 
methods satisfy each axiom.
In this case introducing veto is equiva-
lent to establishing a dictator whose 
decisions are irrevocable (veto of 
the first type) or conditional (veto of 
the second type). In none of the sets 
of axioms proposed for specifying 
the theorems about the existence or 
non-existence of group aggregation 
method the dictator is admissible 
(veto of the first type). The condition-
al veto (veto of the second type), in 
the plurality method (where only the 
alternatives ranked first in the individ-
ual orderings by the decision-makers 
are of importance), implies raising 
the limit on the amount of necessary 
first rankings for a particular alterna-
tive and almost inevitably means that 
a plurality-at-large method will have 
to be applied (Ramsey, Mercik, 2015). 
This, however, does not affect the 
fulfilment of specific axioms by this 
method.

Axiomatization of 
Decisions in Class K2

Let us recall, the second class, K2, is 
made up of the decisions in which an 
𝑁 number of decision-makers take 
part (|𝑁 |=𝑛≥2), having to accept 
a single alternative.
For n=2 the application of the plural-
ity method means that it is necessary 
for alternatives to be accepted by both 
decision-makers simultaneously. The 
right of veto does not have any impact 
on the outcome of the aggregation. 
Significant changes occur when we 
raise the number of decision-makers 
(𝑛>2), which is what we will discuss 
presently.
We are focusing on the question of ac-
cepting an alternative based on group 

disqualifies  the  very  method.  However, 
the  incidence of paradoxes  in  this meth-
od of aggregation is so low (Nurmi, Uu-
si-Heikkilä,  1985)  that  it  can  practically 
be disregarded.
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decision. In this case, it is of signifi-
cance to try and specify the possibil-
ities to exert influence on such a deci-
sion, so that it would be in accordance 
with a particular decision-maker’s 
preference. Naturally, it is not pos-
sible to examine how a specific deci-
sion-maker will behave (apart from 
a post factum analysis), yet, we could 
employ here an a priori analysis, as-
suming that every decision-maker 
knows whether they are for or against 
a particular alternative. 
Let us investigate what axioms are 
linked to an a priori power index, re-
gardless of its form. As we have al-
ready mentioned, a priori power of 
a given decision-maker can be meas-
ured using the so called power indi-
ces. The following representation 
we call power index: 𝜑:𝑆𝐺→𝑅𝑛. 
For every 𝑖∈𝑁 and 𝑣∈𝑆𝐺, the 𝑖-th 
coordinate 𝜑(𝑣)∈𝑅𝑛, 𝜑(𝑣)(𝑖), is in-
terpreted as the decision-maker’s 
power i in the game with a charac-
teristic function 𝑣. One may expect 
that the decision-maker endowed 
with the right to veto 𝑖𝑣𝑒𝑡𝑜 should have 
a priori power at least not smaller 
than without this right. This leads 
to the first axiom called a value-add-
ed axiom: 𝜑(𝑣)(𝑖𝑣𝑒𝑡𝑜)≥𝜑(𝑣)(𝑖). For 
the veto of the first type we get: 
𝜑(𝑣)(𝑖𝑣𝑒𝑡𝑜)>𝜑(𝑣)(𝑖) 20. Of course, 
for certain situations with the 
veto of the second kind we get: 
𝜑(𝑣)(𝑖𝑣𝑒𝑡𝑜)=𝜑(𝑣)(𝑖).
The second axiom is the so called 
gain-loss axiom: if 𝜑(𝑣)(𝑖)>𝜑(𝑤)(𝑖) 
for 𝑣,𝑤∈𝑆𝐺 and 𝑖∈𝑁 there exists 
𝑗∈𝑁 such that 𝜑(𝑣)(𝑗)<𝜑(𝑤)(𝑗). Let 
us notice that if 𝜑(𝑣)(𝑖𝑣𝑒𝑡𝑜)>𝜑(𝑤)(𝑖)
for 𝑣,𝑤∈𝑆𝐺 and 𝑖𝑣𝑒𝑡𝑜∈𝑁  there exists 
𝑗∈𝑁  such that 𝜑(𝑣)(𝑗)<𝜑(𝑤)(𝑗).
The third axiom refers to the normaliz-
ation of the power index value:
Σ 𝜑(𝑣)(𝑖)=1
𝑖∈𝑁 

20  Let  us  note  that  value 
𝜑(𝑣)(𝑖𝑣𝑒𝑡𝑜)−𝜑(𝑣)(𝑖) reflects well the net 
value of veto

The fourth axiom is called a transfer 
axiom:
𝜑(𝑣∨𝑤)(𝑖)+𝜑(𝑣∧𝑤)(𝑖)=
=𝜑(𝑣)(𝑖)+𝜑(𝑤)(𝑖),
for 𝑣,𝑤 ∈𝑆𝐺 and it does not change its 
properties for games with or without 
veto. Its equivalent can be expressed 
(Dubey et al. 1981) as follows: consider 
two pairs of games 𝑣, 𝑣’ and 𝑤, 𝑤’ in 
SG, each game with veto. Let us assume 
that the transition from 𝑣’ to 𝑣 and 𝑤’ 
to 𝑤 denotes the same winning coali-
tions, i.e. ≥𝑣′,𝑤≥𝑤′ oraz 𝑣−𝑣′=𝑤−𝑤′. 
Hence, the equivalent transfer axiom 
is as follows: 
𝜑(𝑣)(𝑖)−𝜑(𝑣′)(𝑖)=
=𝜑(𝑤)(𝑖)−𝜑(𝑤′)(𝑖). This implies 
that the change in power depends 
only on the change in the game itself
The fifth axiom is called symmetry 
axiom and denotes that 𝜑(𝜋𝑣)(𝑖)= 
=𝜑(𝑣)(𝜋(𝑖)) for every permutation 
of players (decision-makers) with or 
without veto. What is more, changing 
the way decision-makers are ordered 
has no effect on the value of their 
power index.
Once again there is an axiom which 
is equivalent to the symmetry axiom, 
and that is the equal treatment axiom 
(the sixth axiom): if 𝑖,𝑗∈𝑁 are players 
in game 𝑣∈𝑆𝐺 with veto, then:
𝑆⊂𝑁 \{𝑖,𝑗} 𝑣(𝑆∪{𝑖})=𝑣(𝑆∪{𝑗}), 
then 𝜑(𝑣)(𝑖)=𝜑(𝑣)(𝑗), 
being also valid for 𝑖𝑣𝑒𝑡𝑜 and 𝑗𝑣𝑒𝑡𝑜 ∈𝑁 
All the above axioms are valid for sim-
ple majority voting games with veto. 
However, things look different with 
the group of further axioms which, 
although being valid for simple major-
ity voting games without veto, are no 
longer satisfied when veto has been 
added to them (Mercik, 2015).
The sixth axiom refers to the so called 
null player: if 𝑖∈𝑁 and 𝑖 is a null 
player in 𝑣, i.e. 𝑣(𝑆∪{𝑖})=𝑣(𝑆) for 
every 𝑆⊂𝑁 \{𝑖}, then 𝜑(𝑣)(𝑖)=0. 
It can be demonstrated that since 
𝜑(𝑣)(𝑖𝑣𝑒𝑡𝑜)>0,than the “null” player 
axiom can be violated.
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The seventh axiom (dummy) seeming-
ly refers to the same as the “null” play-
er axiom: if 𝑣∈𝑆𝐺 and 𝑖 is a dummy 
in game 𝑣, 𝑣(𝑆∪{𝑖})=𝑣(𝑆)+𝑣(𝑖) 
for every coalition 𝑆⊂𝑁 \{𝑖}, then 
𝜑(𝑣)(𝑖)=𝑣({𝑖}). Here, too, applying 
veto violates this axiom.
The eighth axiom is concerned with 
the local monotonicity (or at least the 
local one): if the weight of the 𝑖-th 
player is greater than that of the 𝑗-th 
player, then the power index of the 
𝑖-th player cannot be smaller than the 
power index of the 𝑗-th player. Neither 
this axiom is satisfied in the case of 
simple plurality games with veto.

Summary

The analysis of decision-making situa-
tions involving the aggregation of pref-
erences of individual decision-makers 
by the plurality method leads to the 
following conclusions as regards the 
axioms involved in it:
1. There is no common set of axioms 

which could be useful in all deci-
sion-making situations with plur-
ality aggregation.

2. Individual rationality of deci-
sion-makers does not guarantee 
that there will be group rationality 
in the decision-making.

3. The plurality method, although 
simple to use and commonly ap-
plied, violates, in many instances, 
the basic axiom concerning the 

acceptance of outcomes obtained 
on the basis of pair comparisons.

4. Endowing the decision-maker (or 
decision-makers) with the right 
of veto leads to further violation 
of the rules accepted as a rational 
behaviour of decision-makers.

5. The application of veto of the 
second type, that is, the one 
which can be overruled, is equiva-
lent to raising the threshold in 
the plurality decision-making, 
however, in principle, it does not 
change the characteristics of the 
plurality method itself.

It should be assumed that this situ-
ation concerning the satisfaction of 
the axioms of rational decisions with 
respect to the plurality method will 
not change. Nor does it look as if 
some other new power indices were 
to emerge to measure the influence 
a particular decision-maker exerts 
on the plurality method concerning 
the acceptance (or the lack of it) of 
a single alternative. Hence, a rational 
solution to the aggregation issue of 
individual preferences should be re-
jecting the plurality method (including 
the plurality method with veto) and 
to explore other and, in this sense, 
better and more effective methods of 
aggregation. From the point of view of 
axioms describing group decisions and 
power indies, the approval method 
appears to be a candidate for the ag-
gregation method.
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O aksjomatyzacji decyzji większościowych z wetem

Abstrakt
W artykule przedstawiono analizę aksjomatów związanych z większościową 
metodą agregacji preferencji indywidualnych zarówno wtedy, kiedy koniecz-
ny jest wybór jednego z wielu wariantów jak i wtedy, kiedy konieczne jest 



zaaprobowanie danego pojedynczego wariantu. Rozpatrzono także wpływ na 
podawane aksjomaty wprowadzenie nowego atrybutu jakim jest prawo weta 
(bezwzględnego jak i względnego). W konkluzji podkreślono, że stosowana 
powszechnie metoda agregacji, tj. metoda większościowa nie jest w tym sen-
sie metodą najlepszą.

Słowa kluczowe: agregacja preferencji, aksjomaty, indeksy siły
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Abstract

The goal of this paper is to find out what qualities of the manager have in-
fluence on the employee’s motivation level. For the purpose of this article 
the survey was conducted on employees of the financial sector companies. 
Statistical tests and logistic regression were used to verify the hypothesis 
about the importance of specific factors connected with professional work 
and employees’ motivation. In particular, it has been shown that the most im-
portant factors include, among others, atmosphere at work and the level of 
managerial and technical competence of the immediate superior. The limited 
availability of respondents did not allow an extensive analysis of the superi-
or’s qualities, hence it is necessary to deepen this study. 

Introduction

Studies on motivation have been in the 
area of interest of both management 
theoreticians and managers for many 
years now. It has long been known 
that the efficiency of the employee’s 
work, and thus the success of the or-
ganization, largely depends on the 
extent to which people are involved 
in their work. Frederick Taylor (1856-
1915) believed that a worker was in-
herently lazy and only money could 
motivate him to make a greater effort 

while doing his work. This observation 
inspired Taylor to come up with a sys-
tem of incentive wages. It took a long 
time before people noticed that there 
were also other factors affecting the 
level of the employee’s motivation. 
Frank Gilbreth with his wife Lillian 
(19/20 century) found, however, that 
employees who were able to work at 
various positions (displaying broader 
competencies) had a higher morale 
which effected that their efficiency 
at work was also higher. They start-
ed therefore putting much emphasis 
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on employees training. Moreover, El-
ton Mayo (1880-1970) discovered that 
an important instrument to motivate 
employees was to recognize their so-
cial needs and the sense of their own 
usefulness. 
Taylor’s theory coincided with the ten-
ets of Theory X, according to which 
people do not like working, do not 
want to take responsibility for their 
work, must be supervised by their 
superiors and forced to work by the 
means of penalties and rewards. In 
contrast to it, Theory Y assumes that 
work is something natural to people 
and that people can draw satisfaction 
from it. In light of this theory, people 
are internally motivated to achieve 
their goals in the degree that is ad-
equate to the reward they receive.

Current Views on Motivation

Contemporary theories on motivation 
tend to be considered within 5 of the 
following areas (Landy, Frank, Becker, 
1987):
1. Equity theory
2. Expectancy theory
3. Reinforcement theory
4. Goal setting theory
5. Theory of needs
In light of equity theory, employees are 
motivated if their individual assess-
ment of equity or their justification for 
penalty or reward coincides with that 
of the superior (the person making 
assessment). Employees analyse how 
much work work they have contribut-
ed compared to the reward they have 
received. They compare it to that of 
their other fellow workers and if they 
believe that they are well rewarded, 
then their motivation to work is high.
Expectancy theory assumes that the 
level of employees’ motivation is 
conditional on how much they desire 
something and on the expected like-
lihood of having this desire fulfilled. 
If the outcome of having performed 
certain task is attractive to them, 

then their level of motivation will be 
higher.
Reinforcement theory focuses on sus-
taining motivation using positive and 
negative reinforcement. It assumes 
that if employees’ behaviour has 
brought them positive results, then 
this behavior will be repeated in 
the future. On the other hand, if the 
outcome proved negative, then this 
behavior will no longer occur in the 
future.
Goal setting theory says that human 
beings feel motivated if their activity 
leads to achieving goals which they 
perceive as ambitious, possible to at-
tain and have their acceptance.
While referring to theories of needs, 
Maslow’s hierarchy of needs is often 
brought up. Maslow believes that an in-
dividual is motivated by striving to have 
their dominating (more acutely felt) 
need satisfied. He created the so called 
pyramid of needs (see Figure 1).
According to Maslow, the most funda-
mental (lower) needs are physiological 
needs, which in the context of em-
ployment cover e.g. remuneration or 
working conditions. As next, he iden-
tified safety needs. Here he also refers 
to job security, pension system, health 
care and social benefits. The highest 
amongst those needs is the need for 
love and belonging. In the context of 
employment we of course talk here 
about work atmosphere, good work 
relations, willingness to be part of the 
work team. As next, higher needs ap-
pear. Those include: the need for feel-
ing respected and esteemed, which 
comprise having a responsible job and 
being recognised by the superior and 
self-actualisation need, which is at the 
top of the hierarchy encompassing, 
above all, the need for one’s personal 
growth.
Maslow believes that the need which 
has already, to a large extent, been 
satisfied loses its ability to motivate 
and then the needs of the higher or-
der gain on importance. The lower 
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needs are also called needs to reduce 
the deficiencies felt, while the higher 
needs are referred to as growth needs.
A similar theory was created by Clay-
ton Alderfer (Alderfer, 1972). How-
ever, he divided the needs into three 
areas.
1. Existence needs
2. Relatedness needs
3. Growth needs
In contrast to Maslow, Alderfer be-
lieves that when the higher needs are 
not being satisfied, then the needs of 
the lower order return, even though 
once they have been satisfied. In his 
view, human beings climb the need 
hierarchy just like a ladder (up and 
down).
An interesting theory on motivation 
was also proposed by Frederick Herz-
berg (Herzberg, 1959). He divided the 
factors influencing employees’ satis-
faction into hygiene and motivation 
factors (hence, the name dual-factory 
theory). He classified the following 

factors as hygiene factors: adequate 
superiors, human relationships, 
working conditions, wages. Herzberg 
believes that the presence of these 
factors does not affect employees’ 
satisfaction, yet it causes that there is 
no dissatisfaction. Moreover, the oc-
currence of motivation factors, such 
as for example achievements, recog-
nition, responsibility and promotions 
lead to employees’ satisfaction.
Herzberg believes that in order to be 
able to motivate employees, what is 
first needed is to eliminate those fac-
tors which cause dissatisfaction. 

Description of the Survey 
and Analysis Result:

The survey was conducted between 
1 August and 30 September 2015. 
108 respondents participated in the 
survey who filled in an anonymous 
questionnaire online. The selection 
of respondents was targeted. The 

Figure 1. The pyramid of needs according to Maslow

Od góry: knowledge / higher needs
Self-actualisation
Esteem
Love/Belongings / lower needs
Security
physiological

Source: https://pl.wikibooks.org/wiki/Pomocnik_olimpijczyka_-_Elementy_
wiedzy_obywatelskiej_i_ekonomicznej/Ekonomia [01.09.2015]
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questionnaire was addressed to per-
sons working at banks and debt col-
lections firms at specialist positions 
(non-management). The statistical 
analysis was carried out in R package. 
The significance level was adopted at 
the level of 0,05. In order to assess the 
significance of differences between 
the groups examined, tests for propor-
tion were applied based on chi-square 
statistic for the appropriate number 
of groups. With view to assess which 
variables influence the wish to change 
job, logistic regression was employed. 
The average age of the population was 
30 years. All the persons surveyed 
held a university degree, with women 
accounting for 52% of respondents.
Respondents were asked to fill in the 
questionnaire designed by the author. 
In particular, they provided responses 
to the question asking to assess their 
motivation to work based on a 5-point 
Likert scale (1-low, 2-rather low, 3- 
neither high nor nor, 4 – rather high, 
5 high). Roughly 2/3 of respondents 
say that the level of their motivation is 
high or rather high (in the further part 
of the paper I will consider them to be 
persons who are motivated at a high 
level, with the rest being considered 
as having a low level of motivation). 
Less than 15% assessed themselves at 
level 3. The rest of respondents admit-
ted that their level of motivation was 
rather low or low. The distribution of 
the motivation level is not affected by 
respondent’s gender (chi-square test, 
p=0,7).
In the survey, respondents were 
to choose maximum 5 out of 13 fac-
tors listed below which are important 
to them at work:
1. High level of managerial compe-

tences of the immediate superior
2. High level of specific expertise of 

the immediate superior
3. Recognition by the superior
4. Good relations with the superior
5. Convenient working hours
6. Good social conditions

7. High wages
8. Bonuses and benefits
9. Growth possibilities 
10. Clearly defined professional career 

path
11. Clearly defined tasks
12. Good work atmosphere
13. Other.
The choice of the mentioned factors 
was made based on 3 focus group 
interviews carried out with a select-
ed group of employees. Part of those 
interviews overlapped with the results 
presented in, for example, A. Dolot’s 
work (2014).
The results of the answers to this 
question are shown in Figure 2. 68% of 
answers referred to good work atmos-
phere as a motivation factor. Remuner-
ation (57%) came in the second place, 
and in the third place (54%) growth. 
The test for proportion for the three 
groups based on chi- square statistic 
produced no clear answer as to wheth-
er the differences in the percentage of 
responses are statistically significant 
(p=0,06). At the same time the test for 
proportion for the two groups based 
on chi-square statistic showed that the 
percentage of respondents indicating 
remuneration was the same as the 
percentage of respondents indicating 
growth (p=0,68). 
The next group of the factors was 
indicated within the range 32%-46%, 
these frequencies of responses do not 
differ from one another in a way that 
would be significant statistically 
(p=0,25). The factors which were least 
likely to be chosen were those relating 
to bonuses and benefits, good social 
conditions and a clearly defined career 
path. The low percentage of responses 
indicating those factors is most likely 
due to the fact that respondents are 
corporation employees where such 
factors are usually provided for (cor-
porations most frequently have the 
career paths of their employees de-
fined, they offer a variety of benefits 
and bonuses, and social conditions 
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are often at a much higher level than 
in smaller companies). Respondents 
thus take them for granted and only if 
these elements were to be taken away 

from them, this would probably lead 
to respondents’ dissatisfaction (simi-
lar to hygiene factors in the two-factor 
theory by Herzberg).

Figure 3. Results of responses to the question on the importance of individual 
factors at work (percentage of responses) for women and men.

Source: Author’s own study based on the survey results.

Figure 2. Result of responses to the question on the importance of 
individual factors at work (percentage of responses).

Source: Author’s own study based on the survey results.
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The survey showed that the import-
ance of these factors is slightly differ-
ent for women and men (see Figure 
3). Although the “atmosphere” is per-
ceived as the most important factor, 
whatever the gender (approximately 
70% responses in both groups), men 
indicate it equally frequently as “high 
remuneration”. Women, on the other 
hand, indicate, as second, „high level 
of specific expertise of the immediate 
superior” and “recognition by the im-
mediate superior” (roughly 50% for 
both of these factors). For these fac-
tors, the frequency of responses dif-
fers according to gender in a way that 
is significant statistically (p=0,007 for 
both factors).
The results suggest that despite the 
same frequency of responses indicat-
ing the factors referring to “specific 
expertise” and “managerial compe-
tences of the immediate superior” 
in the whole population (p=0,67), 
the factor depicting “managerial 

competences of the immediate su-
perior” is more important for persons 
with low motivation than for those 
who are highly motivated (ch-square 
test, p=0,04), which is demonstrated 
in Table 1. 
Such results show that persons whose 
motivation is low are more likely 
to need efficient management where-
as persons who are highly motivated 
have different expectations. The fac-
tor referring to specific expertise is 
of equal importance to respondents, 
regardless of their motivation level 
(p=0,07, see Table 2).
In the entire sample, about 1/3 of 
respondents reported that being re-
cognised by the immediate superior 
was important with this percentage 
being similar in the group comprising 
highly motivated employees as well as 
in the one comprising those with a low 
level of motivation (p=0,07), as dem-
onstrated in Table 3.

Table 1. Distribution of responses on the importance of managerial competences of the 
immediate superior according to the employee’s self-assessment of the motivation level

self-assessment of the 
motivation level

Respondents who did not 
indicate the importance of 
managerial competences

Respondents who indicated 
the importance of 

managerial competences

low 16 (15%) 20 (19%) 

high 48 (44%) 24 (22%) 

Source: Author’s own study based on the survey results.

Table 2. Distribution of responses on the importance of specific expertise of 
immediate superior according to the employee’s self-assessment of motivation 

self-assessment of the 
motivation level

Respondents who did not 
indicate specific expertise

Respondents who indicated 
specific expertise

low 24 (22%) 12 (11%) 

high 44 (41%) 28 (26%) 

Source: Author’s own study based on the survey results.
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Table 3. Distribution of responses on the importance of recognition by immediate 
superior according to the employee’s self-assessment of motivation 

self-assessment of 
motivation level

Respondents who did not indicate 
the importance of recognition 

by immediate superior

Respondents 
who indicated 

the importance 
of recognition by 

immediate superior

low 25 (23%) 12 (11%) 

high 44 (41%) 27 (25%) 

Source: Author’s own study based on the survey results.

The atmosphere was the factor which 
was most frequently indicated (ap-
proximately 68% of respondents). 
However, the study showed that for 
persons with low motivation atmos-
phere is decisively less important than 
for those who are highly motivated 
(see Table 4). The test for proportion 
showed that this difference as to the 
frequency of responses is statistically 
significant (p=0,03).
In the further part of the survey, re-
spondents were asked to answer 
whether or not the work they were 
doing matched their education (pos-
sible answers: yes/no/difficult to say). 
Based on this information, the hypoth-
esis was verified which states that 
the level of motivation is conditional 
on whether or not somebody works in 

“their own field”. 68% of those work-
ing in line with their education and 
63% whose education did not match 
their job (here the answers no/diffi-
cult to say, were combined as one) 
specified their level of motivation as 
high. The test for proportion showed 
that this difference was not significant 
statistically (p=0,7). However, it turned 
out that in spite of displaying a simi-
lar motivation level, in both of these 
groups, as many as 50% of persons 
whose work did not match their edu-
cation were thinking about changing 
their job within next six months, 
whereas this proportion was 26% 
amongst those who worked in their 
own field (see Table 5), with the dif-
ference between these fractions being 
statistically significant (p=0,006).

Table 4. Distribution of responses on the importance of atmosphere 
according to the employee’s self-assessment of motivation 

self-assessment of the 
motivation level

Respondents who did not 
indicate the importance 

of atmosphere

Respondents who 
indicated the importance 

of atmosphere

low 16 (15%) 20 (18%) 

high 16 (15%) 56 (52%) 

Source: Author’s own study based on the survey results.
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Table 5. Distribution of responses to the question whether respondents want to 
change their job, according to whether their job matched their education

Do you want to 
change your job? job matching education education not 

matching the job

no 56 16

yes 20 16

Source: Author’s own study based on the survey results.

A likely consequence of having a job 
that does not match one’s education 
may be low assessment of one’s own 
competences in relation to the level 
of competences required at the pos-
ition the respondent is employed in. 
Amongst persons who assess their 
competences as too low only 1/3 are 
highly motivated and the percentage 
of persons who are highly motivated 
increases together with the increase 
of the assessment of respondent’s 
competences. As many as 80% of re-
spondents who assessed their compe-
tences as too high in relation to their 
work have high motivation to work 
(this, in turn, is in line with the obser-
vations made by the Gilbreths).
The natural consequence of low mo-
tivation to work is the wish to change 
the job within next six months. Near-
ly 78% of respondents with low work 
motivation would like to change their 
job within the time frame analysed 
and only 11% of those whose motiva-
tion is low think about changing their 
job (p<0,05).
Additionally, it appears that persons 
who looked for work for longer than 
one month indicate the importance of 
the remuneration factor decisively less 
frequently (40% compared to 71% of 
persons who found work more quickly, 
p=0,003), and are less likely to indicate 
the factor of good relations with the 
immediate superior as important (only 
20% compared to 41% of those who 
found work more quickly, p=0,04).

Those persons are more likely to indi-
cate such factors as good work atmos-
phere (80%), a high level of manag-
erial competences of the immediate 
superior (50%) or convenient working 
hours (60%). However, the test for pro-
portion showed here no differences 
that would be statistically signifi-
cant compared to the group of those 
whose search for work took maximum 
one month.
The survey also took into account the 
specificity of respondents’ work in the 
context of overtime work. It appears 
that for persons who work overtime 
more often than 3 times a month the 
most important motivational factors 
include good atmosphere at work 
and the possibility of growth (in both 
cases 75% of responses), which is in-
deed more frequently reported than 
by those persons who work regular 
hours (47% of respondents, p=0,015). 
In addition, they are much more likely 
to indicate clearly defined tasks (63%, 
p=0,25). 63% of respondents from 
this group also report the importance 
of the factor referring to convenient 
working hours, compared to 42% of 
respondents from the group with 
regular working hours (p=0,8). How-
ever, they are much less likely to pay 
attention to the level of managerial 
competences of the immediate su-
perior (barely 25%, p=0,05).
The last step of the analysis included 
the application of logistic regression 
for assessing the total influence of the 
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variables relating to the importance of 
the factors indicated by respondents 
on their wish to change work within 
next 6 months. Those variables which 
were not statistically significant were 
removed from the model (backward 
elimination) and which did not im-
prove significantly the classification 
accuracy rate The result of the analysis 
is presented in Table 6.
Table 6 shows that the odds of wish-
ing to change work are over 28 times 
higher for persons who indicate the 
importance of remuneration than for 
those who do not, and over 4 times 
higher amongst persons who indicate 
the managerial competences factor or 
recognition by the immediate superi-
or. This can be gleaned from the last 
column showing the odds ratio for this 
situation to occur. The odds of wish-
ing to change work are also over two 
times higher for persons who indicate 
the factor relating to growth possi-
bility (this variable is not statistically 
significant in the model, yet it allows 

the classification coefficient to be im-
proved). Moreover, persons who indi-
cate the importance of specific exper-
tise of the immediate superior, clearly 
defined tasks and good relations with 
the immediate superior are decisive-
ly less likely to report that they want 
to change their job (odds ratio is equal 
to 0,001, 0,03 and 0,05, respectively) 

Summary

The survey has found that the su-
perior whose subordinates are highly 
motivated to work and thus do not 
plan to change work in the upcom-
ing months is characterized by the 
following:
• They pay attention to work atmos-

phere and good relations in the 
team

• They enjoy a high level of not only 
managerial competences, but 
also specific expertise which al-
low them to teach and contribute 
to their subordinates’ growth

Table 6. Logistic regression result for the model explaining 
the wish to change work within next 6 months.

variable B S.E. Wald’s 
coefficient df Significance Exp(B)

Managerial 
compe-
tences 

1,47 0,79 3,49 1 0,06 4,37

Specific 
expertise -5,26 1,64 10,24 1 0,00 0,01

Recognition 1,58 0,68 5,36 1 0,02 4,87
Good 

relaitions -3,10 0,89 12,11 1 0,00 0,05

remuner-
ation 3,34 1,06 9,92 1 0,00 28,07

Defined 
tasks -3,51 1,38 6,50 1 0,01 0,03

Atmosphere -2,48 0,69 12,81 1 0,00 0,08
Develop-

ment 0,70 0,75 0,86 1 0,35 2,01

Constant 1,73 1,18 2,15 1 0,14 5,65

Source: Author’s own study based on the survey results.
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• They are capable of matching mo-
tivation techniques to the charac-
ter of the employee (e.g. gender), 
his/her life experience (e.g. long 
search for work), situation at work 
(frequent overtime work)

• They are capable of selecting em-
ployees to their team depending 
on the employee’s education, com-
petence level, and they seek to de-
velop it further so as to sustain the 
employee’s motivation

This study is certainly not sufficient 
to allow the identification of a com-
plete and absolutely reliable list com-
prising the superior’s qualities which 

would be relevant to the motivation 
level of employees of the financial sec-
tor. Nevertheless, it provides a gener-
al view of the various expectations of 
employees towards the superior, con-
ditional on their personal characteris-
tics and life experiences. The findings 
of the study largely coincide with the 
theories on motivation presented at 
the beginning of the paper. However, 
there is hardly any doubt that in order 
to draw conclusions as to the motiva-
tion factors for the entire population 
of the financial sector, a study needs 
to be carried out among a representa-
tive sample of respondents.
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Jaki szef motywuje? Analiza czynników motywujących na przykładzie 
pracowników firm z sektora finansowego

Abstrakt
Celem artykułu jest znalezienie cech przełożonego, które mają wpływ na po-
ziom motywacji podwładnych. Na potrzeby artykułu przeprowadzone zostało 
badanie ankietowe wśród pracowników firm sektora finansowego. Zastoso-
wane testy statystyczne i model regresji logistycznej pozwoliły na weryfikację 
postawionych hipotez o ważności poszczególnych czynników związanych z pra-
cą zawodową i poziomem motywacji pracowników. W szczególności wyka-
zano, że do najważniejszych czynników należą m.in. atmosfera w pracy oraz 
poziom kompetencji managerskich i specjalistycznych bezpośredniego prze-
łożonego. Ograniczona dostępność do respondentów nie pozwoliły na szero-
ką analizę cech przełożonego, stąd konieczne jest pogłębienie tego badania.

Słowa kluczowe: motywacja do pracy, badanie ankietowe, relacje z przełożonym
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Abstract

The aim of the article is to apply selected methods of econometrics (dynamic 
and spatial) for analysis and assessment of knowledge and skills of junior high 
schools graduates in the years 2002-2013. In particular, the objective of the 
analyses was to answer the following questions:
• How did junior high school students cope with the tasks and issues con-

tained in the exam in the part concerned with mathematics and natural 
sciences as well as in the humanities part in subsequent years?

• Are there any differences in the results obtained in the exams in the 
sub-periods of the twelve years under discussion?

• Are there any differences in the exam results in the individual sub-periods 
between voivodships and the parts of the exam?

In the analyses, data were used obtained from Student Achievement Analysis 
Team operating at the Institute for Educational Research1 which made it pos-
sible not only to assess the dynamic changes in the graduates’ exam scores 
but also to conduct their spatial analysis by voivodships. Linear trend was 
used for the dynamics analysis, whereas for the studies of spatial changes, 
the k-means classification method was employed.
The analysis showed certain regularities present in the scores achieved by the 
junior high school graduates:
• There was a systematic decline in the graduates’ performance in math-

ematics and natural sciences in all voivodships in the period under study.
• The division of the years 2002-2013 into three periods – good, medium 

and poor results of junior high school graduates – had no clear impact on 
the diversification amongst voivodships.

• Students from the voivodships of south-eastern Poland achieved better 
exam scores in mathematics and natural sciences, and humanities.

The analysis has cognitive and applicative value. It can be used by local gov-
ernments in their decision-making process relating to the improvement of 
the quality of educational services at the junior high school level.

1 http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]
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Introduction

16 years have passed since the launch 
of reforms in Poland pertaining to pro-
grams and methods of didactic and 
educational work. The reforms were 
concerned with the education struc-
ture transformation, with the aim 
to improve the quality of the educa-
tion system and adjust it to the re-
quirements of a modern economy. 
“The changes were to ensure that the 
population of learners would have ac-
cess to a lifelong learning system. They 
were also to improve the links be-
tween higher education institutions, 
academic community and business, 
which, in turn, was to have a positive 
impact on the technology transfer 
process between science and practice, 
such as we witness in other countries” 
(Błaczkowska, 2015, p. 585; Goldberg 
et al., 2004).
The aim of this paper is to investigate 
whether, during the implementation 
of the reform and the functioning 
of a new component of compulsory 
education – junior high schools – 
graduates of those schools performed 
better year by year. Two main fields 
of knowledge were subject to evalu-
ation: mathematics and natural sci-
ences, and humanities. Moreover, the 
analyses were to find out whether the 
entire period under discussion, cover-
ing the years 2002-2013, was uniform 
in terms of graduates’ performance, 
or whether it is possible to distinguish 
certain periods characterized by bet-
ter or worse exam scores. In addition, 
it was examined whether there were 
any differences in the distinguished 
sub-periods as regards the graduates’ 
knowledge, both due to the territory 
– in individual voivodships, and to the 
tested fields of knowledge.

Studies on pupils’ progress are neces-
sary for new education methods to be 
improved and implemented.
The results of the PISA2 test show that 
Polish youth aged 15 have increasingly 
better achievements test by test (PISA 
assessment has been carried out every 
three years since 2000). Poland moved 
from being ranked 24, amongst all the 
countries participating in the test, in 
2003 3(total of 40 countries) to rank 14 
in 20124 (total of 64 countries)5.
15-year-olds from randomly select-
ed schools participate in PISA sample 
tests, while the results and assess-
ment of the level of knowledge of 
junior high school graduates cover 
16-year-olds leaving those schools.
In the analysis, data from Student 
Achievement Analysis Team operating 
at the Institute for Educational Re-
search was used, which allow for com-
paring the graduates’ scores not only 
between schools or territorial units 
within a period of one year, but also 
between different years. The equalized 

2 PISA Programme for International Stu-
dent Assessment. It coordinated by OECD 
(Organization for Economic Co-opera-
tion and Development) internationally 
with several dozens countries across the 
world participating in the programme, in-
cluding Poland.
3 In 2000 the measurement of the level 
of knowledge covered pupils who were 
educated in the old educational system, 
that is the graduates of 8-year primary 
schools, already attending the first classes 
of schools above the primary level.
4 The PISA report from the test carried 
out in 2015 is not yet available.
5 Programme for International Student 
Assessment; OECD PISA, TEST RE-
SULTS 2012 IN POLAND; PISA 2012; 
http://www.ibe.edu.pl/images/prasa/PI-
SA-2012-raport_krajowy.pdf [accessed 
on 21.09.2012]

Keywords: knowledge of junior high 
schools graduates, trend, classifica-
tion, k-means
JEL: C190

History: Otrzymano 2015-11-23 , po-
prawiono 2016-06-01, zaakceptowano 
2016-06-10
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exam scores, which were used, are 
uniform in terms of the test difficulty 
across different years. “If the difficulty 
of the tests in subsequent years was 
similar, then, on the basis of the test 
results, it would be possible to make 
conclusions as to how the level of 
pupils’ skills changes over time. How-
ever, constructing tests having simi-
lar parameters is a very difficult task 
and it is not always successful. The 
comparability of results between vari-
ous years can be achieved by control-
ling the difficulty of the test (proced-
ure of equalizing scores), or assuming 
a constant level of skills in the popu-
lation (normalization and standard-
ization of distributions, e.g. mapped 
to the stanine scale). In the first case, 
we obtain an absolute comparability 
of scores and the possibility to draw 
conclusions as to the change of skills 
of the population. In the second case, 
we obtain relative comparability in 
relation to the mean score in a given 
year6 Equalized test scores are inter-
preted as the mean score which would 
have been achieved by pupils taking 
the junior high school leaving exam in 
a given school, municipality, poviat or 
voivodship, had they taken the exam 
in 2012.

Research Methods

The analysis of the degree of differ-
entiation of the scores was carried 
out in two dimensions: dynamic and 
spatial. The studies covered the years 
2002-20137. Mean equalized exam 
scores were generated for those years 
by voivodships in the field of math-
ematics and natural sciences, and 
humanities.
For the analysis of the dynamics of 
change observed in the exam scores 

6 http://pwe.ibe.edu.pl/ Czym są Porów-
nywalne Wyniki Egzaminacyjne (PWE)? 
[accessed on 20.09.2015]
7 Equalised data are published only until 
2013. 

the linear trend models were em-
ployed (Aczel, 2003, pp. 624-628) hav-
ing the following form:

taayt 10ˆ += ,
where ai denotes the estimation of 
the structural parameters of the mod-
el, t is a time variable, and yt is the 
analysed phenomenon. For the evalu-
ation of the correctness of the esti-
mated trend models, their adjustment 
was tested by using the coefficient of 
determination R2 and a significance 
test was performed for directional 
parameters of the models by apply-
ing t-Student test (Lipiec-Zajchowska 
(ed.), 2003, pp. 8-9)
For the analysis of the spatial differen-
tiation of the exam scores, a classifica-
tion method – k-means method – was 
employed.
The classification methods – of clus-
tering and partitioning, hierarchical 
and non-hierarchical ones – consist 
in isolating certain subsets, in a set 
of observations, which are character-
ized by distinctive properties. They 
are applied in the situation where the 
characteristics of these subsets are yet 
unknown, as they are in the process 
of being discovered. These methods 
have seen numerous theoretical and 
practical applications (in particular, 
Balicki, 2013; Jajuga, 1993; Gatnar, 
Walesiak (ed.), 2004; Grabiński et al., 
1989; Nowak, 1990, Pociecha, 1996; 
Pociecha et al., 1988; Walesiak, 1996).
One of the classification methods 
very frequently applied is the k-means 
method (centroids) (Stanimir (ed.), 
2006), which was used in this paper. 
This method belongs to a group of 
methods optimizing the preliminary 
division of the set of objects which 
can be obtained using any classifica-
tion method, established randomly 
or by the researcher’s intuition. For 
each class arising from the preliminary 
division the centroids and distances 
of each object from these centroids 
are determined. The underlying idea 
is to find such a division of the set of 
n objects against K classes for which 
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the value of the function below is 
minimum:

∑∑
= ∈

K

k Ci
ik

k

d
1

2)(
,

where: dik – distance between the i-th 
object and the vector of the measures 
of location calculated on the basis of 
objects from the k-th class;

kCi ∈  - i-th object belongs to the k-th 
class.
The essence of the correct classifi-
cation is to have classes comprising 
objects as similar to one another as 
possible, hence the distances of the 
objects from the class centroid and 

between objects belonging to one 
class should be as small as possible 
(Stanimir (ed.), 2006, pp. 111-113).

The Analysis of the Dynamics 
of Junior High School Exam 
Scores in 2002-2013

In the first stage of the analysis, linear 
trends models were determined for 
the mean equalized exam scores from 
the years 2002-2013. The models 
of trends were determined for each 
voivodship, separately for the results 
obtained in the mathematics and nat-
ural sciences part, and in the human-
ities part (Table 1).

Table 1. Trend models parameters for 2002-2013 by voivodships 
together with stochastic structure parameters

Voivodeship

Part

Mathematics and natural sciences  Humanities

a0 a1 ta1 R2 a0 a1 ta1 R2

Dolnośląskie 102,69 -0,437 -4,927 0,71 98,61 -0,090 -0,606 0,04
Kujawsko-

-pomorskie 101,66 -0,339 -4,248 0,64 96,20 0,124 1,042 0,10

Lubelskie 103,61 -0,455 -4,030 0,62 99,04 0,059 0,559 0,03

Lubuskie 99,61 -0,075 -1,206 0,13 96,92 0,137 1,180 0,12

Łódzkie 105,48 -0,592 -4,951 0,71 97,62 0,088 0,640 0,04

Małopolskie 104,76 -0,349 -2,630 0,41 100,41 0,054 0,411 0,02

Mazowieckie 106,45 -0,525 -5,245 0,73 100,65 0,028 0,267 0,01

Opolskie 101,47 -0,228 -2,669 0,42 96,78 0,129 0,907 0,08

Podkarpackie 103,58 -0,338 -2,262 0,34 98,33 0,213 2,053 0,30

Podlaskie 104,09 -0,402 -4,065 0,62 97,38 0,092 0,642 0,04

Pomorskie 103,57 -0,494 -5,725 0,77 96,89 -0,024 -0,163 0,00

Śląskie 102,57 -0,323 -3,868 0,60 100,15 -0,077 -0,595 0,03
Święto-
krzyskie 106,10 -0,812 -5,293 0,74 97,59 0,048 0,356 0,01

Warmińsko-
-mazurskie 99,73 -0,159 -1,840 0,25 94,69 0,208 1,798 0,24

Wielko-
polskie 101,95 -0,311 -4,997 0,71 98,32 -0,099 -0,740 0,05

Zachodnio-
pomorskie 101,15 -0,326 -3,874 0,60 98,09 -0,084 -0,850 0,07

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]
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It can be easily gleaned from the table 
that in all voivodships, in the years 
under discussion, there was a decline 
in the knowledge of mathematics and 
natural sciences, which is illustrated 
by the negative directional parameters 
of the estimated trend models. For all 
voivodships, with the exception of two 
– Lubuskie and Warmińsko-Mazurskie- 
the decline is statistically significant 
(Student test), at the significance level 
of α = 0,05. The adjustment of models, 
measured by the determination co-
efficient R2 is also sound. Only in five 
voivodships (Lubuskie, Małopolskie, 
Opolskie, Podkarpackie and Warm-
ińsko-Mazurskie) it is weak (R2 < 0,5).
The trajectory of changes in the exam 
scores in mathematics and natural sci-
ences for six voivodships where the 
significance of the trend direction-
al parameters was at the level of α = 
0,001 is shown in Figure 1.
The change dynamics of the exam 
scores in mathematics and natural 
sciences in the voivodships where the 
significance of the trend directional 
parameters was at the level of 

α = 0,05 is shown in Figure 2.
For two voivodships with insignificant 
trend directional parameters the tra-
jectory of changes in the exam scores 
in mathematics and natural sciences is 
shown in Fig 3.
In both voivodships, the level of know-
ledge is very differentiated in the sub-
sequent classes of junior high school 
graduates. However, the behavior of 
the trend empirical functions for the 
two voivodships is similar in the per-
iod under discussion. It is also worth 
noting that only in two years – 2002 
and 2008 – the scores of pupils from 
these voivodships were only slightly 
above the 100 level, which corres-
ponds to the mean score in 2012 for 
Poland (resulting from the procedure 
of equalizing the exam scores). In the 
remaining years, the graduates from 
these voivodships achieved worse 
scores than the mean score.
The scores achieved in the human-
ities exams differ clearly from those 
in mathematics and natural sciences. 
Only five voivodships saw a decline 
in the knowledge of humanities in 

Fig. 1 The change dynamics of the exam scores in mathematics and 
natural sciences in six selected voivodships in 2002-2013.

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]
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Fig 2. The change dynamics of the exam scores in mathematics and 
natural sciences in the voivodships where the significance of the 

trend directional parameters was at the level of α = 0,05.

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]

Fig 3. The change dynamics of the exam scores in mathematics and natural 
sciences in Lubuskie and Warmińsko-Mazurskie voivodships in 2002-2013. 

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]



Anna Błaczkowska | An Analysis of Differentiated Levels of Knowledge of Junior High School Graduates in 2002-2013

139

the years under study – Dolnośląs-
kie, Pomorskie, Śląskie, Wielkopolskie 
and Zachodniopomorskie. For all the 
voivodships, directional parameters 
of trend models are statistically insig-
nificant (for α =0,05). Only in Lubuskie, 
Podkarpackie and Warmińsko-Ma-
zurskie voivodships could they be 
considered to be significant, with the 
significance levels being as follows: 
α = 0,3, α = 0,1, α = 0,2, respective-
ly. The estimated parameters should 
therefore be regarded as insignificant 
statistically. Moreover, the adjustment 
of models measured by the determin-
ation coefficient R2 is also very weak.
The trajectory of changes in the junior 
high school humanities exam for the 
three “best” voivodships in this re-
spect is presented in Fig. 4.
In the three voivodships demonstrat-
ed in Fig, 4 the change dynamics is 
the greatest amongst all other voivod-
ships. Podkarpackie voivodship is 

characterized by the fastest increase 
in the graduates’ performance, where, 
in addition, the exam scores slightly 
exceeded 100 points in the last years 
of the period under study. The second 
voivodship with the similar dynamics 
of changes is Warmińsko-Mazurskie, 
whose scores, however, were below 
the mean of 100 points during the en-
tire period under study. Małopolskie 
and Mazowieckie are the voivodships 
with the exam scores being above 100 
points almost throughout the entire 
period under discussion. 

Classification of Voivodships 
in 2002-2013

The individual voivodships differ in 
terms of the change dynamics of the 
exam scores and the level of those 
scores. Assuming that the voivodships 
are objects and the scores in individ-
ual years represent variables, their 

Fig 4. The change dynamics of the exam scores in humanities in 
Lubuskie,Podkarpackie and Warmińsko-Mazurskie voivodships in 2002-2013. 

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]
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classification was carried out using 
the k-means method. The division 
obtained comprised four classes with 
the following levels of knowledge: 
very good, good, average and poor. 
The division into classes was done 
separately for exams in mathematics 
and natural sciences, and in human-
ities. The scores which were achieved 
are shown in Figure 5 and 6.
The classification of voivodships ac-
cording to the exam scores of junior 

high school graduates allowed for 
distinguishing regions whose level of 
knowledge was clearly similar.
In the area of humanities, the gradu-
ates in south-eastern regions per-
formed better in the entire period 
under study than the graduates 
coming from the north-western 
voivodships.
The comparison of the mean scores 
for the generated classes of voivod-
ships are presented in Table 2.

Fig. 5 The map representing the classification of voivodships by junior 
high school exam scores in humanities in 2002-2013

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]
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Table 2. The mean scores in humanities by the voivodship classes.

Class Class 
number Voivodships belonging to a particular class Mean score 

for the class

Verygood 1 Lubelskie, Małopolskie, Mazowieckie, Podkarpackie, Śląskie 100,07

Good 2 Łódzkie, Podlaskie, Świętokrzyskie 98,03

Average 3 Dolnośląskie, Lubuskie, Opolskie, Wiel-
kopolskie, Zachodniopomorskie 97,74

Poor 4 Kujawsko-Pomorskie, Pomorskie, Warmińsko-Mazurskie 96,59

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]

Fig. 6 The map representing the classification of voivodships by junior high 
school exam scores in mathematics and natural sciences in 2002-2013

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed at 20.09.2015]
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The classification of voivodships ac-
cording to the exam scores in math-
ematics and natural sciences did not 
yield regions with such clearly simi-
lar scores. However, the graduates in 
south-eastern voivodships (with a very 
few exceptions) also perform better 
than their peers from north-western 
voivodships.
The comparison of the mean scores 
for the classes of voivodships is shown 
in Table 3.
The classification of voivodships ac-
cording to the two distinguished fields 
of knowledge could be considered 
to be stable in that the voivodships 
belonging to, e.g. a class with very 
good results in humanities also be-
long to that class in mathematics and 
natural sciences. In order to evaluate 
this stability more objectively, let us 
employ Kendall’s coefficient of con-
cordance τ. Ranks were given to indi-
vidual voivodships, taking into account 
their position in the classification (very 
good, good, average and poor class) 
and that in a specific class there are 
a few voivodships at the same position 
(tied ranks).
The Kendall’s coefficient of concord-
ance τ, which was determined and 
equal to 0,59, indicates an average 
stability of those classifications. The 
least stable were Podkarpackie and 
Świętokrzyskie voivodships.

The next step of the analysis is con-
nected indirectly with the dynamics of 
changes in the exam scores in 2002-
2013. In the entire period, certain 
sub-periods were observed which dif-
fered fairly considerably in the gradu-
ates’ performance level at the exams. 
Hence, the years 2002-2013 were div-
ided into three sub-periods8:
• good performance period,
• average performance period,
• poor performance period.
In each of the sub-periods thus ob-
tained, the voivodships were divid-
ed into four classes (with the level of 
performance being very good, good, 
average and poor), separately for the 
knowledge of mathematics and natur-
al sciences, and of humanities.
A somewhat different sub-periods 
were obtained in the field of math-
ematics and natural sciences than of 
humanities. The sub-periods deter-
mined for the scores in mathematics 
and natural sciences are characterized 
by greater uniformity, where the find-
ings are as follows:
• good performance period – the 

years 2002-2003,

8 For the division, the k-means method 
was used, however, in this case the indi-
vidual years were the object of analysis, 
whereas voivodships represented vari-
ables, characterized by the level of exam 
scores.

Table 3. The mean exam scores in mathematics and natural sciences by voivodship classes.

Class Class 
number Województwa należące do klasy Mean score 

for the class

Very good 1 Łódzkie, Mazowieckie, Małopolskie, Podlaskie 102,16

Good 2 Lubelskie, Podkarpackie, Śląskie 100,83

Average 3 Dolnośląskie, Lubuskie, Opolskie, Wielkopol-
skie, Pomorskie, Kujawsko-Pomorskie 99,78

Poor 4 Świętokrzyskie, Warmińsko-Mazur-
skie, Zachodniopomorskie 99,52

Source: Author’s own study based on the data of Student Achievement Analysis Team operating 
at the Institute for Educational Research http://pwe.ibe.edu.pl/ [accessed on 20.09.2015]
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• average performance period – the 
years 2004-2010 and 2012,

• poor performance period– the 
years 2011, 2013.

The classification with regard to the 
performance in humanities is not so 
cohesive in nature and encompasses 
the following years:
• years of good performance: 2002, 

2012, 2013,
• years of average performance: 

2003-2006, 2008, 2010,
• years of poor performance: 2007, 

2009, 2011.
The results of the classification are 
demonstrated in Figures 5-10.
In the individual sub-periods a similar 
tendency is maintained – the junior 
high school graduates from south-east-
ern voivodships performed better 
than the graduates from north-west-
ern voivodships.
However, one can always point 
to the voivodships which in each of the 
sub-periods are the best in terms of 
the graduates’ scores ‘– here we have 
Małopolskie and Mazowieckie voivod-
ships. Also, Podkarpackie voivodship 
is at the top of the ranking, as it was 
placed in the good class only once.
The poorest results got Warmińsko-Po-
morskie voivodship, which in all cases 
under discussion (sub-periods) was in 
the least strong class. Hardly better 
fared Zachodniopomorskie and Ku-
jawsko-Pomorskie voivodships, which 
were four times classified in the class 
with poor performance and only two 
times in a better class.

Conclusion

The analysis showed certain regular-
ities present in the scores achieved by 
junior high school graduates. The en-
tire period under discussion saw a sys-
tematic decrease in the performance 

of junior high school graduates in 
mathematics and natural sciences in 
all voivodships. With respect to hu-
manities, in five voivodships there is 
a slight decline while in the remaining 
voivodships we see a slight increase in 
the exam performance.
Both in mathematics and natural sci-
ences, and in humanities, pupils from 
south-eastern Poland performed bet-
ter in their school-leaving exams.
The division of the years 2002-2013 
into three sub-periods – graduates’ 
good, average and poor performance 
had no clear impact on the change 
with respect to the differentiated level 
of knowledge among the voivodships.
Two of the sixteen voivodships – 
Małopolskie and Mazowieckie – are 
distinguished by very good exam 
scores in each of the period under 
study.
At the other extreme was Warm-
ińsko-Pomorskie voivodship, where 
the graduates performed the worst in 
each of the period under discussion.
The analysis that was carried out, in 
particular, the analysis of dynamics, is 
cause for thought. What is puzzling is 
the fact that the PISA tests previously 
cited indicate that the performance of 
Polish students have been increasingly 
better, whereas the studies concerned 
with the exam scores of the junior 
high school graduates show that their 
performance have been increasingly 
worse, especially in mathematics and 
natural sciences. Perhaps this dis-
crepancy regarding the assessment of 
the junior high school pupils derives 
from the varied difficulty of the PISA 
test and the junior high school-leav-
ing exams. Is there any possibility 
to equalize those scores so as to make 
them comparable? This question re-
mains open, possibly providing the 
subject for further research.
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Analiza zróżnicowania wiedzy absolwentów gimnazjów w latach 2002-2013

Abstrakt 
Celem pracy jest wykorzystanie wybranych metod ekonometrii (dynamicz-
nej i przestrzennej) do analizy i oceny wiedzy i umiejętności absolwentów 
gimnazjów w latach 2002-2013. W szczególności celem przeprowadzonych 
analiz jest odpowiedź na pytania:
• Jak w kolejnych latach młodzież gimnazjalna radziła sobie z zadania-

mi i problemami w części matematyczno-przyrodniczej i części humani-
stycznej egzaminu?

• Czy występują różnice w wynikach egzaminów gimnazjalnych w dających 
się wskazać podokresach badanego dwunastolecia?

• Czy w poszczególnych podokresach występują różnice w wynikach egza-
minów gimnazjalnych w poszczególnych województwach oraz w częściach 
egzaminu?
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W przeprowadzonych analizach korzystano z danych pozyskanych ze strony 
Zespołu Analiz Osiągnięć Uczniów (ZAOU) działającego w Instytucie Badań 
Edukacyjnych9, które pozwoliły zarówno na ocenę dynamicznych zmian w wy-
nikach egzaminacyjnych absolwentów gimnazjów, jak i ich analizę przestrzen-
ną według województw. Do analiz dynamiki wykorzystano trend liniowy, na-
tomiast do badania przestrzennych zmian zastosowano metodę klasyfikacji 
k-średnich. 
Analiza wskazała na pewne prawidłowości występujące w wynikach absol-
wentów gimnazjum:
• W całym badanym okresie występował systematyczny spadek w wyni-

kach z egzaminu gimnazjalnego z części matematyczno-przyrodniczej we 
wszystkich województwach. 

• Podział lat 2002-2013 na trzy okresy – dobrych, średnich i słabych wyni-
ków absolwentów gimnazjów nie wpłynął wyraźnie na zmianę zróżnico-
wania województw. 

• Uczniowie z województw południowo-wschodniej Polski uzyskiwali lepsze 
wyniki egzaminacyjne zarówno dla części matematyczno-przyrodniczej 
jak i humanistycznej.

Przeprowadzona analiza ma walor poznawczy i aplikacyjny. Może być wykorzy-
stana przez samorządy w procesie podejmowania decyzji, związanych z pod-
noszeniem jakości usług edukacyjnych na poziomie gimnazjalnym.

Słowa kluczowe: wyniki egzaminacyjne absolwentów gimnazjów, trend, klasyfikac-
ja, metoda k-średnich

9 http://pwe.ibe.edu.pl/ [dostęp 20.09.2015]
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Abstract

Interval bootstrap methods can be used to estimate Value at Risk, defined 
as a quantile of fixed order of random variable being the value of losses from 
investments. These methods are applied when there is no information about 
the distribution class of the variable considered, which is the advantage of 
bootstrap methods compared with parametric methods. Semiparametric es-
timation procedures are of particular importance. They can be used in the 
estimation of high-order quantiles. They guarantee the occurrence of large 
values in the generated bootstrap samples. The paper presents nonpara-
metric and semiparametric bootstrap estimation methods and the results 
of simulation studies for higher-order quantiles of a heavy-tailed distribu-
tion. The application of the methods analysed provide confidence intervals 
with greater accuracy compared to the nonparametric classical method. The 
procedures under discussion are used in VaR estimation of daily returns of 
selected shares at Warsaw Stock Exchange.

Introduction

In investment activity we are faced 
with a variety of risks, including mar-
ket risk (currency rate, interest rate, 
stock prices, prices of goods), as well 
as credit, operational, liquidity, legal 
or event risk. Recent years have seen 
a very rapid development of meth-
ods involved in measuring those risks. 
Viewing risk as a random variable 
with a continuous distribution, we can 

divide risk measurements into differ-
entiated groups (K. Jajuga, 2007, pp. 
39-48). One of them are quantiles of 
distribution, amongst which there is 
VaR – Value at Risk, a very popular 
risk measurement in recent years. 
In classical approach, in order to es-
timate market risk using the VaR, it 
is necessary to know the price dis-
tribution or the rate of return of the 
instruments investigated. The present 
assumptions on the normality of the 
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distribution of variables considered 
frequently fail to be correct. In many 
cases we come across heavy-tailed 
distributions, which results in greater 
probabilities that substantial losses 
will occur compared to the situations 
where variables are characterized by 
normal distributions. This leads to sig-
nificant estimation errors. Lack of in-
formation on the distribution class of 
the price of instruments or their rate 
of return, and the application of the 
quantile of the empirical distribution 
for point estimation of value at risk is 
also affected by a large error. However, 
the solution to this problem may lie in 
providing interval evaluation instead 
of point evaluation and in applying the 
non-classical methods. 
The paper demonstrates the appli-
cation proposals regarding bootstrap 
interval estimation procedures for es-
timating value at risk, defined on the 
basis of the concept of the appropri-
ate quantile-order when the distri-
bution of the variable under study is 
unknown. Bootstrap confidence inter-
vals for quantile Qp of order p of the 
variable X distribution represent an al-
ternative for the “exact” nonparamet-
ric confidence interval form (Zieliński, 
2008):

 (1)

where X (r )
(n) ,X (s)

(n)  are order statistics 
with ranks, r and s, respectively, de-
termined based on a random variable 
X1, X2, ..., Xn, whereas 1 – α is a fixed 
likelihood coefficient. 
The accuracy of the quantile Qp esti-
mation obtained using formula (1), 
measured by the length of the con-
fidence interval obtained, for very 
small and very large orders p may 
prove to be unsatisfactory, particular-
ly in the case of heavy-tailed distribu-
tions. The bootstrap methods allow 

obtaining a more accurate estimations 
of quantiles.
Among bootstrap methods, one can 
distinguish parametric, nonparamet-
ric and semiparametric methods. For 
estimating higher-order quantiles, 
semiparametric methods are of con-
siderable relevance, since they use the 
information on the distribution class of 
the right tail of the variable with which 
the size of losses is identified, and fur-
ther, they guarantee the occurrence of 
large values of the random variable in 
the bootstrap samples generated. As 
a counterpart, if the estimation refers 
to lower-order quantiles, it is import-
ant that small values of the left tail of 
the distribution of the variable tested 
occur in bootstrap samples. The simu-
lation analysis, whose results have 
been presented in the paper, allow for 
certain conclusions concerning the ef-
fectiveness of bootstrap procedures, 
especially of the semiparametric boot-
strap method.

Risk Measurement 
Using VaR Method

The value at risk measure is defined as 
such loss in the market value of a fi-
nancial instrument, portfolio or invest-
ment that the probability of reaching 
or exceeding it, in a certain time inter-
val, is equal to the pre-determined tol-
erance level. Thus, if Wt , Wt+1 denote 
the price of the instrument under dis-
cussion or the investment value, re-
spectively, at the moment t and t+1, 
the VaR can be expressed as follows:
P(Wt+1 ≤Wt −VaR) ≤ p , (2)

where p∈(0,1)  is the fixed tolerance 
level.
If the loss distribution, that is the dis-
tribution of the variable Xt =Wt+1 −Wt , 
has been determined using a known 
distribution function F, then the Value 
at Risk can be determined based 
on the formula below: 
VaR = −F −1( p) . (3)

P(X (r )
(n) ≤Qp ≤ X (s)

(n) ) = n
i

⎛

⎝⎜
⎞

⎠⎟
ip

i=r

s−1
∑ (1− p)n−i = 1−α
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This approach stems from the static 
risk management, where only uncon-
ditional distribution of the random 
variable is anlaysed. The methods of 
value at risk estimation thus defined 
have been shown, e.g. in works of: T. 
Bałamut, 2002; C. Domański, 2011, 
pp. 142-152.
In literature there are more complex 
methods of VaR estimation illustrated 
using information on the properties 
of the distribution of rates of return 
on shares, i.e. leptokurtosis, the left 
tail of the distribution is heavier than 
the right tail (which implies that the 
probability of having large, atypical 
changes of the rates is bigger than if 
the rates of return were to come from 
a normal distribution), skewness of 
the rates of return distribution (the 
distributions which are most frequent-
ly observed are right skewed), volatil-
ity aggregation effect (which means 
that both small and large shifts in rates 
occur in series), or the effect of a nega-
tive correlation between the level of 
rates and the volatility level, the so 
called leverage effect. Owing to the 
specificity of the methods examined in 
the paper, that kind of properties were 
not taken into account in the analysis.

Bootstrap Methods of 
Quantile Estimation

Bootstrap methods are applied in the 
estimation of parameters of a random 
variable’s distribution, when there is 
no information about the distribution 
class and when it is not possible to use 
the asymptotic properties of estima-
tors of the parameters which are being 
estimated.
Let X be a random variable of an un-
known distribution F with which we 
identify the population under study, 
and let X1,X2 ,...,Xn  be a simple sam-
ple drawn from this population. More-
over, let 1−α  be the likelihood coeffi-
cient determined.

One of the nonparametric bootstrap 
methods of estimating order p quan-
tile of the random variable X is the 
percentile method (C. Domański, K. 
Pruska, 2000, pp. 262-264). The meth-
od involves generating, on the basis 
of the random sample X1,X2 ,...,Xn , 
N bootstrap samples X *1,X

*
2 ,...,X

*
n , ac-

cording to the bootstrap distribution 
given by: 

P X ** = x1( ) = 1n ,  for i = 1,2,…,n,  (4)

where x1,x2 ,...,xn  are elements of the 
drawn sample.
Following that, on the basis of each 
bootstrap sample, the quantile X *p ,k  of 
order p is determined, where 
k = 1, 2,…, N. The sequence of sorted 
quantiles X *p ,1,...,X

*
p ,N  thus obtained al-

lows approximating the sample p 
quantile distribution. The quantiles of 
α
2

 order and 1− α
2

that is statistics 

X *a
2
;N

 and X *
1−a
2
;N

 are used to construct 

the confidence interval for Qp quan-
tile, given by:

P X *α
2
;N
<Q < X *

1−α
2
;N

⎛

⎝⎜
⎞

⎠⎟
≈1−α . (5)

The number of replications N is select-
ed so that Nα

2
 may be an integer, then 

the quantile X
*
a
2
;N  is the value of the 

X *p ,1,...,X
*
p ,N , whereas quantile X *

1−a
2
;N

 is 

the value of the order statistic of rank 
N − Nα

2
.

This way of estimation may not be ef-
fective when estimating Qp quantiles 
for large and small values of p because 
the bootstrap samples which are gen-
erated may not include observations 
of large and small values, respective-
ly, which will not allow obtaining 
a “good” approximation of the distri-
bution tail, and, by inference, a “good” 
estimation of the distribution of the 
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quantile considered. In those situa-
tions, the semiparametric approach 
can be of help.
The semiparametric estimation meth-
od is distinguished by double boot-
strap simulations. While estimating 
high-order quantiles, n–k bootstrap 
sample values below the fixed thresh-
old u are generated from the empiric-
al distribution Fn , whereas k values, 
which are over the threshold, from the 
distribution that takes into account 
the asymptotic properties of the tail 
distribution (M. D. Pandey et al., 2001, 
2003).
In this case the distribution function of 
the bootstrap distribution has the fol-
lowing form:

if x>u,
if x≤u, (6)

where Fn  denotes the empirical distri-
bution function, while F0  denotes the 
distribution function of the general-
ized Pareto distribution GPD(ξ ,β ) .
One usually assumes as the thresh-
old value u, the value of at least 0.9 
quantile.
Since the distribution function of the 
generalized Pareto distribution is ex-
pressed by the following formula: 

F0(x) =
1− 1+ ξx

β
⎛
⎝⎜

⎞
⎠⎟

− 1
ξ

1− exp − x
σ

⎛
⎝⎜

⎞
⎠⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

for ξ ≠ 0

for ξ = 0  (7)

then the estimated distribution func-
tion (6) is given by:
• for ξ ≠ 0

F̂ *(x |u) = 1− k
n
1+ ξ̂ x − u

β̂
⎛

⎝⎜
⎞

⎠⎟

− 1
ξ

 for x>u, (8)

• for ξ = 0 :
F̂ *(x |u) = 1− k

n
exp − x − u

β̂
⎛

⎝⎜
⎞

⎠⎟
, (9)

where k denotes the number of ele-
ments over the fixed threshold value in 
the sample consisting of n-elements, 

with ξ̂ ,β̂  being the estimators of par-
ameters  GPD(ξ ,β )  respectively.
Therefore p quantiles have the follow-
ing form:

 for ,

 (10)
 for .

The values of parameters ξ ,β  are 
estimated using the moment meth-
od or probability-weighted moment 
method, conditional on the informa-
tion on the existence of the first and 
second order- moments (D. Pekasie-
wicz, 2015, pp. 75–89). When , 
parameter ξ ,β  can be estimated using 
the maximum likelihood method.

Comparative Analysis of the 
Estimation Accuracy of the Quantiles 
Obtained Using Bootstrap Methods 

The aim of the studies conducted 
is to compare the length of confi-
dence intervals generated using the 
bootstrap methods and the classical 
nonparametric estimation method 
(formula (1)), and to compare the es-
timated probabilities of covering the 
theoretical quantile value by the inter-
vals obtained.
The at least 0.95 quantiles were esti-
mated for random variables character-
ized by heavy-tailed distributions. For 
the analyses, the following distribu-
tions have been chosen:
• Student’s t S(k), where k is the 

number of degrees of freedom, 
• Pareto Pa(θ, a), where θ, a > 0,
• Log-gamma LG( p,λ,µ) , where 

p,λ > 0,µ ∈R  
The choice of the distribution classes 
is connected with the various proper-
ties of the distributions – Student’s t 
is a symmetric distribution, whereas 
Pareto and Log-gamma distribution 
are characterized by their asymmetry. 
Moreover, in financial analyses, for 

F *(x |u) =
(1− Fn(u))F0(x)+ Fn(u),

Fn(x),

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

X p;n =
u + β̂

ξ̂
n
k
(1− p)⎛

⎝⎜
⎞
⎠⎟

−ξ̂

−1
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

u − β̂ ln n
k
(1− p)⎛

⎝⎜
⎞
⎠⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬
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⎭
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⎪
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ξ̂
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ξ̂ = 0
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example, for the approximation of 
the distributions of the rates of return 
on shares, Student’s t distribution and 
a skew- Student’s t distribution are 
applied (cf. Piontek, 2005). Thus, the 
results of the analyses focusing on the 
estimation of the quantiles of the Stu-
dent’s t distribution used to determine 
VaR are significant. Also, the results 
obtained for the asymmetric distribu-
tion quantiles are also relevant as the 
empirical distributions of logarithmic 
rates of return have precisely this kind 
of feature.
The samples comprising at least 1000 
elements were included in the analy-
ses. The size of samples must be large 
because it is necessary to estimate the 
parameters of the generalized Pare-
to distribution. For ξ ,β  parameters 
estimation, the probability-weighted 
moment method and moment meth-
od were used (J.M. Landwehr et al., 
1979). 
The construction of the nonparamet-
ric and semiparametric bootstrap con-
fidence intervals has the effect that 
these methods can be examined and 
compared only through simulation 
analyses; therefore, the confidence 
interval length and the probability 
γ that the true value of quantile is 
within the interval determined, were 
estimated by having the estimation 
procedure repeated a 1000 times. This 
probability should be roughly equal 
to the fixed likelihood coefficient 1−α .
For the classic nonparametric estima-
tion procedure, the confidence inter-
val length was determined by comput-
ing the expected values of the order 
statistics X (985)

(1000) , X (998)
(1000) , being the low-

er and upper end of the confidence 
interval, respectively. The following 
formula was used:

where g( i)
(n) (x)  is a density function of 

the order statistic X ( i)
(n) , whereas f, F 

are, respectively, the density function 
and distribution function of the vari-
able X.
The statistics ranks were determined 
such that the estimation likelihood 
was equal 0.9495.
Table 1 contains the results of the stud-
ies carried out with a view to evaluate 
the efficiency of the bootstrap estima-
tion method for 0.99 quantiles of the 
selected distributions, with the con-
fidence coefficient equal to 0.95. The 
size of the sample was 1000 elements. 
The parameters were selected in such 
a way as to include distributions which 
have and those which do not have the 
expected value. For the Pareto and 
Log-gamma distributions, the expected 
value equals 3, while for the Student’s t 
distribution 0, if, of course, it exists.
The findings of the studies show that 
for the distributions which were ana-
lysed the semiparametric estimation 
methods proved to provide the most 
accurate estimations of 0.99 quantiles. 
The confidence intervals obtained 
using the nonparametric percentile 
bootstrap method were character-
ized by having a slightly bigger span. 
Thus, for estimating 0.99 quantiles of 
the Pareto, Log-gamma or Student’s t 
distributions we may expect a much 
greater precision in estimations when 
applying bootstrap methods com-
pared to the nonparametric method 
based on order statistics determined 
on the basis of the value of the sample 
drawn. Moreover, value γ(II) proved 
to be slightly closer to the determined 
confidence coefficient than γ(I). Value 
γ(III) was not distinguished in Table 
1, for it equals exactly 0.9495, which 
results from the confidence interval 
construction.

E X ( i)
(n)( ) = xg( i)

(n)

−∞

∞

∫ (x)dx = n!
(i −1)!(n− i)!

x[F(
−∞

∞

∫ x)]i−1[1− F(x)]n−i f (x)dx,i = 985,998,n = 1000 (11)
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Table 1: The confidence interval length and estimation likelihood of 0.99 quantiles 

Distribution

Nonparametric bootstrap 
percentile method 

Semiparametric 
bootstrap method 

Classic 
method 

d (I) γ(I) d (II) γ (II) d (I)

S(3) 2.1148 0.940 1.9098 0.955 3.7491

S(3) 4.5764 0.910 4.0748 0.960 9.2162

S(3) 40.6448 0.931 29.0684 0.892 137.9481

Pa(2; 3) 3.8876 0.937 3.4622 0.949 6.9966

Pa(1.5, 2) 9.4868 0.924 8.1446 0.935 19.3847

Pa (1; 1.5) 19.0926 0.929 15.0672 0.944 41.2171

LG (1; 0.5; 2) 6.4478 0.931 5.5168 0.952 12.9231

LG (2; 0.5; 0) 19.8290 0.921 17.3168 0.939 42.8796

LG (1; 0.75; 0) 31.6229 0.924 23.6356 0.902 77.5623

Source: Author’s own study.

The problem, however, constitute 
super-heavy tailed distributions of the 
LG (1; 0.75; 0), S(1), or more gener-
ally S(k) for k ≤ 1, for which the appli-
cation of bootstrap methods increases 
the estimation accuracy, yet the esti-
mation likelihood decreases. This type 
of distributions need further investiga-
tion and modification of the estima-
tion procedures.

Bootstrap Method Application 
in VaR Estimation of the Rate of 
Returns of Selected WSE Indices

The bootstrap methods under discus-
sion were applied to estimate value at 
risk for logarithmic daily rates of re-
turn on shares of Clothing Company 
“Bytom” (Zakłady Odzieżowe Bytom) 
and Computer Works ELZAB (Zakłady 
Urządzeń Komputerowych ELZAB 
S.A.).Variable Rt = ln

Pt
Pt−1

 was analysed, 

where Pt ,Pt−1  denote share prices at 
the time t and t–1, respectively.
Fig. 1 and 2 illustrate changes in daily 
logarithmic rates of return on shares 
between 29 March 2011 and 16 Oc-
tober 2015. The data used were ob-
tained from http://stooq.pl/q/?s=btm 
oraz http://stooq.pl/q/?s=elz.
In estimating value at risk for daily 
logarithmic rates of return on shares 
traded on the WSE, the approaches 
chosen were constrained to the fol-
lowing: nonparametric and semipara-
metric, building on the logarithmic un-
conditional distributions of the rates 
of return on shares.
According to formula (3), for estimat-
ing value at risk low-order quantiles 
(order p) should be used, that is, those 
from the left tail of the empirical dis-
tribution of the logarithmic rates of 
return. In order to be able to employ 
the semiparametric bootstrap meth-
od, a variable Yt = −Rt  was introduced 
and (1-p)th quantiles were estimated, 
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Figure 1: Daily logarithmic rates of return on shares of Clothing 
Company “Bytom” between 29.03.2011 – 16.10.2015

Source: Author’s own study.

Figure 2: Daily logarithmic rates of return on shares of Computer 
Works ELZAB between 29.03.2011 – 16.10.2015

Source: Author’s own study.

that is, the quantiles from the right 
tail of the empirical distribution of 
the random variable Yt = −Rt. Introducing 
the variable Yt = −Rt allowed for using the 
generalised Pareto distribution for the 

estimation of the right tail distribution 
(over 0,9 quantile). 
In the application of a semiparamet-
ric bootstrap estimation method, it is 
necessary to decide as to the form of 
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the distribution function used for gen-
erating the bootstrap samples. Choos-
ing either (7) or (8) formula has to be 
based on the information about the 
distribution Yt = −Rt (whether it is a heavy-
tailed distribution, i.e. ξ̂ > 0 , or a thin-
tailed distribution, i.e. ξ̂ = 0 ) or it has 
to be based on the extreme index esti-
mated value ξ̂ = 0.
For the preliminary estimation of par-
ameter ξ̂ = 0 a moment estimator was ap-
plied in the form:

ξ̂ Mm,n = Mm
(1) +1− 1

2
1−

Mm
(1)( )2

Mm
(2)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−1

, (12)

where Mm
( l ) = 1

m
ln X (n)

(n−i+1) − ln X
(n)
(n−m)( )

i=1

m
∑

l

 

for l = 1, 2, whereas order statistics 
 were determined based on the 

n-elements simple sample X1,X2 ,...,Xn .
For the variable Yt  determined on the 
basis of the daily logarithmic rates of 
return on shares of Clothing Company 
“Bytom”, ξ̂ = 0=0.1832 was obtained, 
while for the variable associated with 
the rates of return of shares of Com-
puter Works ELZAB, it was ξ̂ = 0=0.2639. 
Since ξ̂ = 0<0.5, for the estimation of the 
parameters of the generalized Pareto 
distribution the moment method was 
used. 

The confidence intervals for value at 
risk of investing in the shares of the 
companies under discussion at the tol-
erance level of 0.01, and the interval 
lengths obtained have been included 
in Table 2.

Conclusion 

The application of bootstrap methods 
allows obtaining the interval estima-
tion of quantiles which are used to de-
termine value at risk. The simulation 
analysis refer to the situation when 
the random variables specifying the 
amount of losses are characterized 
by distributions which belong to the 
distribution group with heavy tails. In 
the majority of cases analysed, the 
bootstrap estimation methods are 
more effective compared to the clas-
sic nonparametric method, for the 
confidence intervals obtained have 
much smaller span while having sim-
ilar estimation likelihood. The appli-
cation of the semiparametric boot-
strap method proved to be the most 
effective, for the confidence intervals 
which were obtained had the smallest 
span. Moreover, the probabilities with 
which the intervals, obtained through 
the semiparametric method, covered 

Table 2. Confidence intervals for VaR of the selected WSE shares

Type of shares Estimation method Confidence interval Confidence 
interval length 

Clothing Com-
pany „Bytom”

Bootstrap percentile (0.0984; 0.1591) 0.0607

semiparametric (0.1064; 0.1515) 0.0451

classic (0.1161; 0.2183) 0.1022

Computer Works 
ELZAB S.A.

Bootstrap percentile (0.0733; 0.1068) 0.0335

semiparametric (0.0785; 0.1058) 0.0273

classic (0.0995; 0.1517) 0.0722

Source: Author’s own study 

X (n)
(n−i)
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the estimated value of the quantile 
were closer to the likelihood coeffi-
cient determined than the equiva-
lent probabilities for the percentile 
method. The only thing that is need-
ed is to choose properly the thresh-
old value for a given sample size. The 
number of elements in excess of the 
threshold cannot be too small for then 
large errors occur, associated with the 
estimation of parameters of the gen-
eralized Pareto distribution, which is 
used to estimate the distribution tail 
of the variable anlaysed. In the cases 
demonstrated, this number was 100, 
since the threshold was determined at 
the level of 0.9 quantile, proving to be 
sufficient in size.
In some situations the increase in 
the estimation accuracy as the result 
of the bootstrap method application 
involved the decrease in the estima-
tion likelihood, e.g. for the analyses of 

random variables with very heavy dis-
tributions, e.g. Cauchy (S(1)), or other 
Student’s t distributions with the 
number of freedom degrees being not 
more than 1, and thus extreme index  
ξ  being bigger than 1.
The results of the empirical tests are 
consistent with the results of the 
simulation analyses. The accuracy 
of the interval estimation of value at 
risk for daily logarithmic rates of re-
turn on shares of Clothing Company 
“Bytom” and Computer Works ELZAB 
is the greatest if the semiparamet-
ric bootstrap method is applied. For 
other stocks quoted on the Warsaw 
Stock Exchange the distributions of 
their daily logarithmic rates of return 
are not characterized by high values 
of index ξ , thus, it appears advisable 
to apply the bootstrap methods out-
lined in the paper for the estimation 
of value at risk.
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Bootstrapowe metody estymacji wartości zagrożonej ryzykiem

Abstrakt
Przedziałowe metody bootstrapowe mogą być stosowane do sza-
cowania wartości zagrożonej ryzykiem, definiowanej jako kwan-
tyl ustalonego rzędu rozkładu zmiennej losowej określającej wielkość 
strat z inwestycji. Zaletą tych metod jest możliwość ich zastosowania  
w przypadku braku informacji o klasie rozkładu badanej zmiennej. Szczególne 
znaczenie ma semiparametryczna procedura estymacji wykorzystywana do 
estymacji kwantyli o wysokich rzędach. Gwarantuje ona pojawienie się w ge-
nerowanych próbach bootstrapowych dużych wartości. W artykule zaprezen-
towane zostały nieparametryczne i semiparametryczne bootstrapowe meto-
dy estymacji wraz z wynikami badań symulacyjnych dotyczących szacowania 
kwantyli wyższych rzędów rozkładów o grubych ogonach. Analizowane me-
tody prowadzą do uzyskania oszacowań o większej dokładności w porówna-
niu z klasyczną nieparametryczną procedurą estymacji. Rozważane procedury 
zostały wykorzystane do szacowania VaR dziennych stóp zwrotu wybranych 
akcji notowanych na Giełdzie Papierów Wartościowych w Warszawie.

Słowa kluczowe: estymacja bootstrapowa, dokładność oszacowania, wartość zag-
rożona ryzykiem
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Abstract

For a random variable with bounded support, the kernel estimation of func-
tional characteristics may lead to the occurrence of the so-called boundary 
effect. In the case of the kernel density estimation it can mean an increase 
of the estimator bias in the areas near the ends of the support, and can lead 
to a situation where the estimator is not a density function in the support 
of a random variable. In the paper the procedures for reducing boundary 
effect for kernel estimators of density function, distribution function and 
regression function are analyzed. Modifications of the classical kernel esti-
mators and examples of applications of these procedures in the analysis of 
the functional characteristics relating to gross national product per capita are 
presented. The advantages of procedures are indicated taking into account 
the reduction of the bias in the boundary region of the support of the ran-
dom variable considered.

Introduction

In statistical analyses concerned with 
economic, medical, social or technic-
al issues the random variables under 
discussion may be characterized by 
having a bounded support. Bound-
ing the support of a random variable 
to specified intervals, for example: 
[a;∞),  (-∞;b],  [a;b] results from the 
specificity of those variables. What fol-
lows is that some economic indicators, 

while describing relationships be-
tween economic sizes and being wide-
ly used in economic situation analyses 
and in predictions of future economic 
changes, are characterized by having 
bounded support type [0;1]  (Gini co-
efficient, corruption perception index) 
or [0;∞)  (research and development 
expenditures of companies, the num-
ber of dwellings completed).
Other examples of indicators used in 
statistical analyses of random variables 
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with bounded support include: dis-
ease entity duration, diagnostic indi-
cators for specific disease entities, so-
cial indicators of marginalization and 
social exclusion and efficiency index of 
technical equipment.
Classical procedures which take into 
account the assumption that the form 
of the functional characteristics is 
known, being defined as parametric 
procedures, are fairly often applied 
in practice mainly on account of their 
theoretical and computational simpli-
city and availability through suitable 
tools in statistics and econometrics 
packages. However, in many research 
situations risk associated with adopt-
ing the assumption on the specified 
form of the characteristics analyzed 
constitutes a serious argument in the 
decision-making process on the nature 
of statistical procedures for the bene-
fit of the nonparametric procedures.
The estimation of functional char-
acteristics of random variables with 
bounded support can lead to the oc-
currence of the so called boundary 
effect, specified as the lack of esti-
mation consistency for x  which are 
near the ends of the support, that 
is for x  belonging to the so called 
boundary region. In the boundary 
region there are fewer observations 
subject to averaging, which has an 
impact on the variance and estimator 
bias. The boundary effect plays a par-
ticularly important role for small and 
medium-sized samples, for then a sig-
nificant part of observations may be 
influenced by the boundary effect (cf. 
Härdle, 1994, pp. 159-162). This prob-
lem concerns, in general, the group 
of estimation methods described as 
smoothing methods, and, especially, 
nonparametric methods, including the 
kernel ones applied in the estimation 
of such functional characteristics like 
density function, distribution function 
and regression function.
The approach presented here of the 
kernel estimation of density function 

and distribution function of random 
variables with bounded support fo-
cuses on one-dimensional random 
variable while a multi-dimensional 
analysis is a natural extension of those 
procedures.
If we determine kernel estimator 
with an unknown density function 
of the population from which the 
sample x1,x2 ,...,xn  is drawn, we need 
to adopt the assumption on appro-
priate smoothness degree of the un-
known density function, at the least 
the existence of a second continuous 
derivative of that function. In the ker-
nel density estimation, the occurrence 
of the boundary effect can lead to the 
discordance between the support of 
the random variable and that of the 
density estimator, which has large 
practical implications, particularly for 
graphical presentation of the non-
parametric estimation results. This 
discordance may result in mistaken 
interpretation of a specific estimator 
of the functional characteristics of 
the random variable. For random vari-
ables which are economic in nature 
and which often take on only non-
negative values ([0;∞))  even a properly 
constructed kernel density estimator 
can take on values other than zero, 
also on (−∞;0) . Not only is this pos-
sible when the kernel function with an 
unbounded support is applied in the 
construction of the kernel density esti-
mator, but even when the kernel func-
tion support is bounded (cf. Kulczycki, 
2005, pp. 94-97). The approach in-
volving cutting the estimator at point 
0 and assuming that f̂ (x) = 0  for x < 0  
has the effect that the estimator does 
not satisfy the condition of integrabil-
ity to unity in the support of the ran-
dom variable.
Point consistence for the kernel density 
estimation for one-dimensional ran-
dom variable X  with support [0;1]  is 
discussed, for example, in the work of 
Qi Li and Jeffrey Scott Racine (Li, Racine, 
2007, pp. 30-32). It can be shown that 
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for x ∈[0;1]  there is f̂ (x)− f (x) = op (1) 1, 
whereas for x belonging to the bound-
ary region of the support of the random 
variable the mean squared error of the 
kernel density estimator does not satis-
fy the condition MSE f̂ (x)⎡⎣ ⎤⎦ = op (1) . For 
x = 0  and for f (0) > 0  the expected 
value and the kernel density estimator 
bias are as follows:

E f̂ (0)⎡⎣ ⎤⎦ =
f (0)
2

+ο(h) 2,

B f̂ (0)⎡⎣ ⎤⎦ = E f̂ (0)⎡⎣ ⎤⎦ − f (0) =
− f (0)
2

+ο(h) ,

where h  is a smoothing parameter in 
the kernel density estimator.
It is therefore necessary to introduce 
suitable modifications to the classical 
kernel methods in the nonparametric 
estimation, so that the kernel estima-
tor is consistent.
The modifications of the classical ker-
nel method may involve data trans-
formation, and the application of 
a pseudo-data method, local linear 
method or jackknife method. How-
ever, the most frequently used meth-
ods are those consisting in employing 
the so called boundary functions of 
the kernel and the reflection method.
The kernel density estimator with the 
boundary kernel function is of the 
form (assuming that x ∈[0;1] ):

f̂ (x) = 1
n

Kh(x,xi )
i=1

n
∑ ,  (1)

where x1,x2 ,...,xn  is a random sample 
chosen from the population with an 
unknown density function f (x) , h is 
a smoothing parameter, while Kh(x,xi )  
a boundary kernel function of the 
form:

1 For a sequence of real random variables 
n=1
∞{xn}  Xn = ο p (1) if Xn

p⎯ →⎯ 0 .
2 For a nonnegative constant 
n,  an = ο(bn ) if 

an
bn

= ο(1)(an ≤Cbn  for a cer-
tain constant C  and for all sufficiently 
large n .

Kh(x,xi ) =

1
h
K
xi − x
h

K (u)du
− x
h

∞

∫
     for x ∈[0;h),

1
h
K
xi − x
h

for x ∈[h;1− h],

1
h
K
xi − x
h

K (u)du
−∞

1−x
h

∫

     for x ∈(1− h;1],

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

 

(2)

where K (•)  is the kernel function of 
a second-order, that is, satisfying the 
following conditions:

K (u)du
−∞

∞

∫ = 1

uK (u)du
−∞

∞

∫ = 0

u2K (u)du
−∞

∞

∫ =κ 2 > 0

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 

 (3)

It can be shown that for the random 
variable with support [0;1]  and for x  
from the boundary region x ∈[0;h]  the 
expected value and kernel density es-
timator bias (1) are as follows:
E[ f̂ (x)]= f (x)+O(h) , 
B[ f̂ (x)]= O(h) .
The bias of the kernel estimator (1) 
approaches zero for n→∞ . Unfortu-
nately, applying the density function 
estimator with boundary kernel func-
tion (2) may lead to situations where 
the density estimator takes on nega-
tive values.
The reflection method is one of the 
fairly frequently methods applied in 
practice of bias reduction in the kernel 
estimation of functional characteris-
tics. The modification of the classical 
kernel density estimator consists in 
isolating that part of the kernel func-
tion which is outside the interval of 
the support of the random variable 
and then on its symmetrical reflec-
tion. This reflection is done in relation 
to the boundary of the support a  (in 
the case of the left-hand boundary of 

{Xn}

O

O

Kh(x,x1)

1
h
K
xi − x
h

⎛
⎝⎜

⎞
⎠⎟

K (u)du
− x
h

∞

∫

1
h
K
xi − x
h

⎛
⎝⎜

⎞
⎠⎟

1
h
K
xi − x
h

⎛
⎝⎜

⎞
⎠⎟

K (u)du
−∞

1−x
h

∫

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
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1
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K
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∞
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1
h
K
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h
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the support of the random variable 
[a;∞))  or b  (in the case of the right-
hand boundary of the support (−∞;b]) .
It can be shown (Kulczycki, 2005, pp. 
94-97) that the estimator taking into 
account the reflection method of the 
kernel function has a support which is 
the same as the support of the random 
variable. After having complemented 
any derivative at point a  (for the left-
hand boundary of the support of the 
random variable [a;∞) ) or b  (for the 
right-hand boundary of the support 
(−∞;b])  with the null value, the deriva-
tive becomes continuous. The estima-
tor taking into account the reflection 
method has a continuous derivative of 
a specific order, if the kernel function 
has a continuous derivative of a specif-
ic order.
The data transformation method, 
pseudo-data method and local linear 
method have been outlined in the 
works of, for example: Bernard Silver-
man (Silverman, 1986, pp. 29-32), 
Matt Wand and Chris Jones (Wand, 
Jones, 1995, pp. 46-49), Chris Jones 
(Jones, 1993), Chris Jones and P. Fos-
ter (Jones, Foster, 1996) and Ivanka 
Horova, Jan Koláčk and Jiři Zelinka 
(Horová, Koláček, Zelinka, 2012, pp. 
39-41). The application of the jack-
knife method in the nonparametric 
kernel estimation of regression func-
tion has been demonstrated, among 
others, by Wolfgang Härdle (Härdle 
1994, pp. 159-162) and Herman Bier-
ens (Bierens, 1987, pp. 99-144). 

Estimation of Density Function

The Rosenblatt-Parzen’s classical ker-
nel density estimator based on a ran-
dom sample x1,x2 ,...,xn  drawn from the 
population with an unknown density 
function f (x)  is given by the form 
(Silverman, 1996, pp. 13-19; Wand, 
Jones, 1995, pp. 11-14):

f̂ (x) = 1
nh

K
x − xi
h

⎛
⎝⎜

⎞
⎠⎟i=1

n
∑

where h  is a smoothing parameter 
such that for n→∞ , h = h(n)→ 0  and 
nh→∞ , while K (•)  is the kernel func-
tion having the properties (3). If the 
kernel function is, in addition, non-
negative and symmetric about zero, 
then: f̂ (x) ≥ 0  and f̂ (x)dx

−∞

∞

∫ = 1 . The 

properties and the procedures as re-
gards the choice of the smoothing par-
ameter and kernel function are pre-
sented, for example, in the work of 
Czesław Domański, Dorota Pekasie-
wicz, Aleksandra Baszczyńska and 
Anna Witaszczyk (Domański et al., 
2014).
The kernel density estimator with the 
reflection kernel function for a ran-
dom variable with the support [0;∞)  is 
of the form:

f̂R (x) =
1
nh

K
x − xi
h

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

i=1

n
∑ + K

x + xi
h

⎛
⎝⎜

⎞
⎠⎟
⎤

⎦
⎥ . (5)

The generalization of the kernel es-
timator which takes into account the 
reflection of the kernel function (5) 
proposed by Rohan Karunamuni and 
Tom Alberts (Karunamuni, Alberts, 
2005) for a random variable with the 
support [0;∞)  is defined as:

,
 (6)

where gi ,  i = 1,2  are nonnegative, 
continuous and increasing functions 
on the interval [0;∞)  (cf. Karunamuni, 
Zhang, 2005).
It can be noticed that the gener-
alization (6) may be viewed simul-
taneously as a generalization of the 
reflection method and of the data 
transformation method, as the ker-
nel estimator is applied to the set 
{g(x1),g(x2 ),...,g(xn )} , and transforma-
tion g  is so selected that the bias in 
boundary area is of the order O(h2 ) .
Estimator (6) is a consistent estima-
tor of density function f , having 
the bias of the order O(h2 ) . The an-
alysis of the properties of the kernel 
density estimator taking into account 

f̂GR (x) =
1
nh

K
x − g1(xi )

h
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

i=1

n
∑ + K

x + g2(xi )
h

⎛
⎝⎜

⎞
⎠⎟
⎤

⎦
⎥
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the reflection method is illustrated in 
the works of, for example, Matt Jones 
(Jones, 1993), Matt Jones and Foster 
(Jones, Foster, 1996), Martina Albers 
(Albers, 2012) and Aleksandra Baszc-
zyńska (Baszczyńska 2015).

Distribution Function Estimation

Let X1,X2 ,...,Xn  be independent ran-
dom variables with a distribution func-
tion F  and density function f . Let 
x1,x2 ,...,xn  be a random sample drawn 
from the population having the distri-
bution function F .
The kernel estimator of the distribu-
tion function is of the form:

F̂(x) = 1
n
W

x − xi
h

⎛
⎝⎜

⎞
⎠⎟i=1

n
∑ , (7)

where the smoothing parameter is 
specified in the same way as in the 
kernel density estimation, whereas  
W (x) = K (t)dt

−1

x

∫  for K (t) ≥ 0 , being a un-

imodal and symmetric second-order 
kernel function having the support 
[−1;1] .
The kernel distribution function esti-
mator taking into account the reflec-
tion of the kernel function for the ran-
dom variable with support [0;∞)  and 
the generalized distribution function 
estimator are as follows (cf. Koláček, 
Karunamuni, 2009, 2012): 

F̂R (x) =
1
n

W
x − xi
h

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

i=1

n
∑ −W

x + xi
h

⎛
⎝⎜

⎞
⎠⎟
⎤

⎦
⎥ , (8)

F̂GR (x) =
1
n

W
x − g1(xi )

h
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

i=1

n
∑ +W

x + g2(xi )
h

⎛
⎝⎜

⎞
⎠⎟
⎤

⎦
⎥

where the smoothing parameter and 
the distribution function W (x)  are 
specified, as is the case for estima-
tor (7), whereas the functions gi  for 
i = 1,2  are nonnegative, continuous 
and increasing functions determined 
on [0;∞) .
It can be shown that the variances of 
estimators (7) and (9) are of the same 
order, whereas the bias of estimator 

(9) is of order O(h2 ) , which implies 
that estimator (9) reduces the bias 
effect in the kernel estimation of the 
distribution function, while the bias in 
the boundary region is of the same or-
der as the bias of the estimator in the 
internal region.

Regression Function Estimation

In the regression model being of the 
form:
Yi = m(xi )+ ε i , for i = 1,...,n , n∈N , 
E(ε i ) = 0 , D2(ε i ) =σ

2 > 0 , 
the approximation of an unknown 
function m  can be carried out using 
the kernel estimation with a smooth-
ing parameter h  and kernel function 
K .
Let xi =

i −1
n

 for i = 1,...,n  on [0;1] .

Kernel regression estimators are, 
among others:
a) Nadaraya-Watson estimator:

m̂NW (x) =

1
h

K
x − Xi
h

⎛
⎝⎜

⎞
⎠⎟
Yi

i=1

n
∑

1
h

K
x − Xi
h

⎛
⎝⎜

⎞
⎠⎟i=1

n
∑

, (10)

b) Gasser-Müller estimator:

m̂GM (x) = Yi
1
hsi−1

si

∫ K t − x
h

⎛
⎝⎜

⎞
⎠⎟i=1

n
∑ dt , (11)

where:

si =
xi + xi+1
2 , i = 1,...,n−1 , s0 = 0 , sn = 1 , 

moreover, the smoothing parameter 
h  and kernel function K  are speci-
fied in the same way as for the kernel 
density function estimation.
The kernel regression estimator tak-
ing into account the reflection of the 
kernel at points xi , i = 0,...,n+1  for the 
random variable having the support 
[0;1]  is of the form:

m̂GMR (x) =
1
h

Y j K x − u
h

⎛
⎝⎜

⎞
⎠⎟
du

sj−1

s j

∫
j=1

3n
∑ , (12)

where:

s j =
xi + xi+1
2

, j = 1,...,3n−1 , s0 = −1 , s3n = 2 . 

, (9)

s j =
xi + xi+1
2
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The analysis of the properties of estima-
tor (12) along with the proposal of the 
optimum smoothing parameter is pre-
sented in the works of, among others, 
Jan Koláček and Jitka Poměnkova 
(Koláček, Poměnková, 2006). 

The Example of the Boundary 
Reduction Method Application 
in the Kernel Estimation of 
Chosen Functional Characteristics 
of Random Variable

In order to compare the classical pro-
cedures with the procedures taking 
into consideration the reflection meth-
od, estimators of the selected function-
al characteristics of a random variable 
were determined for the data on gross 
national product per capita converted 
to U.S. dollars, which made it possible 
to make comparisons between a var-
iety of economies. To smooth fluctua-
tions in prices and exchange rates, Atlas 
method of conversion was employed.
The data stem from the records of the 
World Bank (http://www.worldbank.
org, [10.10.2015]).
In the kernel estimation concerned 
with the density function, distribution 
function and regression function (in the 
classical approach and estimation with 
reflection) the second-order kernel 

functions were used – the Gaussian, 
Epanechnikov and quartic. The 
smoothing parameter was determined 
using the Silverman and cross-valida-
tion method. Choosing precisely those 
parameters of the kernel method (ker-
nel function and smoothing parameter) 
had its reason in the fact that those are 
the kernel method parameters which 
are most frequently used in practice 
while ensuring that proper results of 
the kernel estimation procedures are 
obtained. The application of different 
parameters of the kernel method pro-
vided the opportunity to choose the 
best method for specific data.
The use of data on gross national prod-
uct per capita, both cross-sectional 
for countries across the world and 
time-based for Poland, may constitute 
a procedure applied at the preliminary 
stage of the statistical analysis, form-
ing a starting point for further in-depth 
studies employing, for example, econo-
metric models.
At the first stage, the kernel density 
estimators of the gross national prod-
uct per capita were determined for the 
year 2014, encompassing 180 coun-
tries worldwide. The sample results 
for Epanecznikov kernel function and 
Silverman method are illustrated in Fig-
ure 1.

Fig. 1 Kernel density estimators of gross national product per 
capita in 2014 for 180 countries worldwide

Classical estimator Estimator with reflection

Source: Author’s own study



Aleksandra Baszczyńska | Boundary Effect Reduction in Kernel Estimation of Chosen Functional Characteristics of Random Variable

117

Fig. 2 Kernel estimators of the distribution function of gross national 
product per capita in 2014 for 180 countries worldwide

Classical estimator Estimator with reflection

Source: Author’s own study

The second stage involved determin-
ing the distribution function estima-
tors for gross national product per cap-
ita in 2014 for 180 countries across the 
world. The sample results for Epanec-
znikov kernel function and Silverman 
method are illustrated in Figure 2.
Classical kernel estimators, both of 
density function and distribution func-
tion, are characterized by some draw-
backs. It can be easily inferred that 
their support is not consistent with 

the support of the random variable 
(estimators on the left-hand side). 
Introducing a modification consisting 
in reflecting the kernel function elim-
inates this drawback to a considerable 
degree.
At the third stage, the kernel regres-
sion estimators were determined. The 
sample results of the estimation for 
the kernel method parameters, the 
same as in the first and second stage, 
are shown in Figure 3-4.

Fig. 3 Kernel regression estimators of gross national product per capita for Poland in 1990-2014

Source: Author’s own study
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Fig. 4 Kernel distribution function estimators of gross national 
product per capita worldwide in 1962-2014

Source: Author’s own study

Introducing the modification of the 
classical regression estimator con-
sisting in reflecting the kernel function 
has the effect that the kernel estimator 
has a different form, which ensures the 
bias reduction in the region near zero.
In order to assess the impact of the 
sample size on the results of the 

kernel estimation, at the fourth stage, 
the samples comprising 10 elements 
were drawn providing the basis for 
determining kernel density estimators 
for gross national product per capita 
in 2014 for the countries worldwide. 
The results of the kernel density esti-
mation are demonstrated in Figure 5.

Fig. 5 Kernel density estimators of gross national product per capita in 2014 for a 10-element- 
sample, Epanecznikov kernel function, Silverman method for choosing smoothing parameter.

Source: Author’s own study

The impact of the modification taking 
into account the kernel function reflec-
tion is easier to notice in small-sized 
samples. For small-sized samples, the 

contribution of observations for which 
the kernel functions are reflected in 
the boundary region is relatively larger 
than for large samples. Hence, there 
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are such big changes in the estimator’s 
shape after having introduced the ker-
nel function reflection.

Summary

Every smoothing method used near 
the ends of the support of the ran-
dom variable with bounded support 
becomes less accurate. In the case of 
the kernel estimation there is a con-
siderable worsening of the statistical 
properties of the estimator, which is 
caused by cutting off the kernel func-
tion at the boundary point.
In constructing the modification of 
the classical estimator consisting in 
taking into account the reflection of 
this part of the kernel function which 
is not in the support of the random 
variable leads to a considerable 
improvement of the properties of the 
estimator. It is of particular relevance 
for the analyses carried out based 
on the graphic representation of es-
timators obtained. The concordance 
between the support of the estima-
tor and that of the random variable is 
then provided.

The comparative analysis between the 
classical estimators and the kernel es-
timators with reflection clearly shows 
that it is the modified procedures that 
should be commonly applied in prac-
tical studies in the situation when 
a random variable has a bounded 
support.
However, no unequivocal conclusions 
can be made as to the impact of the 
parameters of the kernel method 
(smoothing parameter and kernel 
function) on the form of the estimator. 
The Gaussian kernel function, even 
though being the kernel function with 
unbounded support, yields similar ef-
fects to those of the kernel function 
with bounded support.
The size of a sample is the factor which 
has a large impact on the final form of 
the estimator.
Therefore further investigation ap-
pears necessary, including simulation 
tests allowing one to indicate what 
type of random variable distribution 
and what distribution parameters can 
influence the estimator to the greatest 
extent in the analyses of random vari-
ables with bounded support.
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Redukcja efektu brzegowego w estymacji jądrowej wybranych charakterystyk 
funkcyjnych zmiennej losowej

Abstrakt
Dla zmiennej losowej o ograniczonym nośniku estymacja jądrowa charaktery-
styki funkcyjnej może oznaczać wystąpienie tzw. efektu brzegowego. W przy-
padku estymacji funkcji gęstości oznacza to zwiększenie obciążenia estymato-
ra w obszarze blisko krańców nośnika, jak również prowadzić może do sytuacji, 
że estymator nie posiada pożądanych własności dla funkcji gęstości w nośni-
ku zmiennej losowej. W pracy poddano analizie procedury redukujące efekt 
brzegowy estymatora jądrowego funkcji gęstości, dystrybuanty oraz funkcji 
regresji. Przedstawiono modyfikacje klasycznych estymatorów jądrowych 
oraz zaproponowano zastosowanie tych procedur w analizie charakterystyk 
funkcyjnych dotyczących dochodu narodowego brutto na mieszkańca. Wyka-
zano zalety procedur uwzględniających redukcję obciążenia w obszarze brze-
gowym nośnika rozważanej zmiennej losowej. 

Słowa kluczowe: estymacja jądrowa, efekt brzegowy, metoda odbicia, dochód na-
rodowy brutto na mieszkańca
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Abstract

This paper makes an attempt to identify demographic threats facing Poland 
based on the polls taken among students of a higher education institution 
specialized in economics. For the purpose of the study conducted among 
the students of the Poznań University of Economics and Business on young 
people’s attitudes, including their system of values, the empirical data ob-
tained using a questionnaire were gathered and aggregated. As the result, 
factors exerting influence on the demographic attitudes of academic youth 
were assessed. This provided the basis for formulating recommendations 
with respect to the state’s demographic policy.

Introduction

While examining some aspects of 
the demographic situation in Poland 
on the grounds of economic sciences 
its negative features are being indicat-
ed with increased frequency. In enum-
erating those features, one usually 
points out the rise in unemployment 
and fall in births, particularly in the 
context of the declining standard of 
living. This refers predominantly to the 
young generation who faces having 
to turn to migration when looking for 

growth opportunities. The declining 
number of men and women who de-
cide to legalize their relationship and 
start a family leads to a completely 
new and unique social situation. One 
of the reasons of this development is 
a shortage of decent work for decent 
wages providing young people with 
at least a minimum subsistence. Con-
sequently, their dilemmas emerge: 
whether to follow one’s natural desire 
to marry and have a family, or whether, 
being guided by cool rationalism, make 
an attempt at attaining professional 
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self-actualisation no matter at what 
cost, thus postponing family plans 
until some indefinite distant future? 
Viewing the situation in this light, the 
identification of students’ attitudes 
towards family life and professional 
career, that is, programming their per-
sonal future is no longer a theoretical 
and Abstract issue. It seems that the 
demographic situation in Poland is 
turning into one of the key problems 
whose impact on economic and social 
development calls for a genuine scien-
tific debate.
The demographic threats facing to-
day’s Poland do not represent merely 
a popular topic for media-networks 
journalism. This is social reality re-
sulting from the state’s policies. After 
1989 the birth rates in Poland have 
been characterized by a steady trend 
which does not guarantee a basic re-
placement rate. The new generation 
forms communities which are smaller 
by nearly one third than those creat-
ed by their immediate ancestors, and 
this situation is by no means offset by 
people’s longer lifespan. Aging of soci-
eties is not without consequences for 
the economies and budgets of individ-
ual countries. It leads to shortages in 
labour market and explosion of migra-
tion from different countries, environ-
ments and cultures. All this generates 
entirely new problems which have 
so far been poorly identified, posing 
a direct threat to sustainable econom-
ic and social development.
The present paper makes an attempt 
to answer the question what fac-
tors underlie the behaviour of young 
people forming the academic en-
vironment who do not choose to start 
a family or enlarge it. We propose 
to verify the hypothesis which as-
sumes that the main reasons behind 
the youth attitudes against family is 
lack of job and housing security, as well 
as the weakness of the government’s 
family policy. The next step involved 
designing and conducting a study 

employing the authors’ own question-
naire. For the data analysis, certain 
methods of descriptive statistics were 
used. In addition, a comparative analy-
sis of some legislative measures affect-
ing the demographic processes was 
conducted1. As the result, conclusions 
and recommendation were formulat-
ed using the descriptive analysis.

Poland’s Demographic Situation 
and its Potential Threats

As science, demography formulates 
patterns pertaining to the population 
development in specific social and 
economic conditions on the territory 
under consideration. The term does 
not mainly refer to a statistical and 
analytical description of the popu-
lation’s state and structure. It is also 
concerned with investigating and as-
sessing the changes which have oc-
curred as the result of peoples’ migra-
tion so far (Holzer, 2003, p. 12). The 
consistency between the paradigms of 
demography and the strategies of de-
velopment of the European Union, in-
cluding Poland, appears self-evident. 
Yet, far from being self-evident are the 
practical instruments supporting the 
demographic policy, which, by the very 
definition, should aim at sustaining 
demographic balance in the European 
Community; however, this is not re-
flected in reality. Amongst the factors 
which are characteristic for Poland’s 
demographic situation, the following 
have been distinguished: population 
growth, fertility rate and average life 
expectancy for people over 60 years 
old.
The relationship between the popula-
tion growth and the number of people, 

1 Sometimes legislative practices can 
completely determine students’ attitudes. 
Still, some attitudes of young people 
against family should come as no surprise 
considering that a single mother comes 
first before a married mother, when en-
rolling the child in a nursery.
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usually given per 1000 population, is 
described by rate of natural increase. 
The population growth is the differ-
ence between birth rate and death 
rate in a given period. This indicator 
is one of the tools used for monitor-
ing demographic processes of a coun-
try under study. The identification of 
these processes allows the program-
ming of actions which aim at adjusting 
social policy to the effects brought by 
social and economic changes and at 
countering the adverse phenomena 
(GUS [Central Statistical Office], 2011). 
The variation in the rate of natural 
increase, determined for Poland in 
2004-2014, is illustrated in Table 1.
According to the data of the Central 
Statistical Office, Poland’s population 
at the end of 2011 was equal to 38 
538 447, showing an increase by 8581 
population. At the end of 2010, this in-
crease, compared to the previous year, 
was almost 33 thousand people. The 
positive population increase in 2010 
is characterized by 0,9 value of the 
rate of natural increase, which means 
that there were additional 9 people 
per 10 000 population (in 2009, there 
were 8 people, and in the early 90’ of 
the last century, there were over 40 
people per every 10 000 population). 
Since 2004 there was an increase in 
the number of births. The positive 
rate of natural increase was sustained 
between 2006 and 2012. Moreover, 
in 2013 a negative rate of natural in-
crease was recorded (it reached -0,5 
value), which implies that there were 
5 fewer people per 10 000 population. 
It is worth noting that the rate of nat-
ural increase results from the fact that 

the “baby-boom” generation from 
the early 80’ entered their adult stage 
of life (the trend of the demograph-
ic boom was estimated up to 1988, 
included). From the perspective of 
international comparisons, it is worth 
pointing out that the rate of natural 
increase recorded for 2010 at the level 
of 0,9 reflects Poland’s persistent place 
in the group of the EU aging countries 
(CSO, 2011). Then, at the end of 2014, 
Polish rate of natural increase reached 
0,00 level. The spatial diversity of the 
rate of natural increase in Poland by 
voivodships – from the point of view 
of the value of the rate of natural in-
crease – is presented in Figure 1 and 
Table 2, showing values for both .
Pomorskie voivodship is charac-
terised by the highest rate of natural 
increase in Poland, where the value 
of the rate in 2014 equalled +2,00. It 
means that there were 2 people more 
per 1000 population in this region. 
Satisfactory values of the rate were 
recorded in Wielkopolskie voivodship 
(Greater Poland) (+1,7), where the 
Poznań University of Economics and 
Business is located, being the object 
of the study presented in this paper, 
and also in Małopolskie voivodship 
(+1,4). We have a different situation 
in Świętokrzyskie voivodship (-2,3) 
and Łódzkie voivodship (-2,8), where 
per 1000 population there are nearly 
3 fewer people. Analysing the spatial 
diversity of the rate values across Po-
land’s voivodships, it is not possible 
to indicate one general and clear 
relationship. The demographic situ-
ation is affected by certain trends: 
the positive values of the rate under 

Table 1. Rate of natural increase in Poland in 2004-2014

2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

-0,2 -0,1  0,1 0,3 0,9 0,8 0,9 0,3 0  -0,5 0

Source: http://www.stat.gov.pl [accessed on 14.02.2016].
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discussion are more likely to be re-
corded in voivodships with a relatively 
high rate of economic development. 
A similar trend can be observed in 
voivodships where conservative social 
and economic attitudes dominate, 
and where traditions of the organic 
work, influenced by history and cul-
ture, are still present (Wielkopolska). 
Moreover, a low or negative rate of 
natural increase was recorded in the 
voivodships on the border with Ger-
many (Dolnośląskie, Zachodniopo-
morskie and Lubuskie), as well as 
those which are in the sphere of in-
fluence of our Western neighbour 

(Opolskie and Śląskie voivodships). 
On the other hand, in the voivodships 
bordering with Slovakia (Małopolskie 
and Podkarpackie) positive values of 
the rate of natural increase were re-
corded. Furthermore, it was observed 
that the demographic situation in Ku-
jawsko-Pomorskie voivodship corres-
ponds to the average rate recorded 
for Poland (0,00). The classification 
of the voivodships according to the 
competitive position of the rate of 
natural increase is shown in Table 2, 
with Wielkopolskie voivodship being 
distinguished against the background 
of the rest of the voivodships.

> +1,0
<+1,0; 0,1>
0,0
<-0,1; -2,0>
< -2,0

Figure 1. Spatial diversity of the demographic situation in Poland 
based on the value of the rate of natural increase (2014)

Source: Authors’ own study based on the CSO data, according to 
http://www.stat.gov.pl [accessed on 14.02.2016].
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Table 2. Natural population increase in Poland per 1000 
population by voivodships (as of 31.12.2014)

POLAND (average value) 0,00

Position Voivodships Value of the rate of 
natural increase

1 pomorskie 2,00

2 wielkopolskie 1,70

3 małopolskie 1,40

4 podkarpackie 0,70

5 mazowieckie 0,70

6 warmińsko-mazurskie 0,60

7 lubuskie 0,20

8 kujawsko-pomorskie 0,00

9 zachodniopomorskie -0,40

10 podlaskie -0,70

11 dolnośląskie -0,90

12 śląskie -1,10

13 lubelskie -1,10

14 opolskie -1,20

15 świętokrzyskie -2,30

16 łódzkie -2,80

Source: Authors’ own study based on http://www.stat.gov.pl [accessed on 14.02.2016].

Another indicator of demograph-
ic situation is total fertility rate. The 
value of the total fertility rate corres-
ponds to an average number of chil-
dren that would be born to a woman 
over her reproductive life time (15-49 
years old), assuming that she would 
give birth with the intensity observed 
for the year under consideration, i.e. 
assuming that partial fertility rates in 

this time are constant [CSO 2011, CSO, 
3015]. This index provides indirect in-
formation as to the demographic risks 
arising, among other things, from the 
declining total rate of fertility, low 
natural population increase and ag-
ing process of the society. The values 
of the total fertility rate for Poland in 
the years 2004-2014, are presented in 
Table 3.

Table 3. Total fertility rate in Poland in 2004-2014

2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

1,23 1,24 1,27 1,31 1,39 1,4 1,38 1,3 1,3  1,26 1,33

Source: http://www.stat.gov.pl [accessed on 14.02.2016].
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In the early 21st century changes have 
been observed in Poland with respect 
to the model of family and procre-
ation attitudes bringing decline in the 
total fertility rate. These trends may 
lead to an irreversible aging of soci-
ety. In spite of the growing number 
of births in the years 2004-2009, the 
level of reproduction does not guaran-
tee the basic replacement rate. Ultim-
ately, the number of the working-age 
population is declining. The implica-
tions of such demographic situation 
for the macro-economic condition of 
the country, including its budget, may 
prove to be considerable in the future. 
Therefore, one searches for an opti-
mum value for the total fertility rate. 
It appears that the total fertility rate 
ranging between 2,10 and 2,15 would 
reflect a favourable demographic situ-
ation. This represents a situation in 
which a woman in the reproductive 
age group would give birth on average 
to two and more children.
Analysing the data on total fertility 
rate in Poland, it was noticed that in 
the years 2004-2010 the value of the 
indicator under discussion was grow-
ing. For example, in 2010 (value of 
+1,38), compared to 2003, there was 
an increase of 0,16 percentage point. 
At the same time, 2003 saw the low-
est total fertility rate for over 50 years 
(+1,22). Although it is true that in the 
first half of 2014 there was a signifi-
cant increase in the total fertility rate, 
the first increase in six years (there 

were 186 900 children born, which is 
5 400 more than in the same period 
of the previous year), that does not 
mean that the trend is sustainable.
The indicator describing average fur-
ther life expectancy of people who 
are 60 is also employed when analyz-
ing Poland’s demographic situation. 
This parameter shows the number of 
years people who are 60 years old are 
still to live, assuming the unchanged 
level of mortality from the period for 
which the life expectancy tables were 
drawn up. The rate of the average 
further life expectancy is determined 
both for men and women. Longer life 
expectancy of the population is a rela-
tive indicator of the improvement of 
life quality, being as such the reflec-
tion of the society’s state of health. 
This trend is also a challenge for the 
government’s policy on financial sta-
bility of pension systems, labour mar-
ket and social care [CSO, 2011, CSO, 
2015]. The changes pertaining to the 
average further life expectancy of men 
and women in Poland at the age of 60, 
for the years 2004-2014 are presented 
in Table 4.
While analysing the values of the indi-
cator accounting for average further 
life expectancy the observation made 
was that in the years 2004-2014 there 
was a systematic increase in the life 
expectancy of Poland’s population. 
This trend appears durable in its na-
ture. This indicator provides informa-
tion that the average further life span 

Table 4. Average further life expectancy of people who are 60 
years old, by gender (in years) for Poland in 2004-2014

GENDER/
year 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

Woman 22,5 22,7 22,8 22,9 23,1 23,2 23,5 23,8  23,8 23,9 24,3

Man 17,4 17,5 17,7 17,7 17,9 17,9 18,3 18,5  18,6 18,7 19,2

Source: http://www.stat.gov.pl [accessed on 14.02.2016].
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of the man who in 2014 was 60 years 
old will be by roughly 1,8 years longer 
than the life expectancy of the man 
who turned 60 in 2004. It was also 
recorded that the average further life 
expectancy for women was extended 
in the last decade by a similar period 
of 1,8 years. In Poland we encounter 
the phenomenon of excess mortality 
among men. This implies a significant 
difference between women’s aver-
age further life expectancy and that 
of men (for 60-year olds). This dif-
ference, both in 2004 and 2014, was 
over 5 years (5,1). Despite the positive 
trends being observed in connection 
with the longer life expectancy re-
corded for the Polish population, it 
still lags considerably behind the val-
ues recorded for the European Union. 
The average further life expectancy 
in Poland is presented in Figure 2. It 
seems that the average life expect-
ancy of men and women will continue 
to grow, which will ultimately lead 
to a greater number of elderly people 

in our society. This situation would 
certainly pose no demographic threat 
were it not for the sustainable decline 
of the overall Poland’s population 
[CSO, 2015].
The phenomenon of men’s excessive 
mortality belongs to the demographic 
factors which are marginalised. This 
view is still held although excessive 
mortality has been observed in all age 
groups whereas the differences which 
have been identified are growing 
along with age. This trend, however, 
cannot be disregarded when assess-
ing the threats to Polish families being 
created, developed, and in particular 
made stable and enduring.
A further indicator of potential demo-
graphic risks is natural mobility of 
population. This indicator is illustrated 
in Figure 3 for the years 1990-2012. It 
has been observed that there was 
a significant decline in the number of 
Poland’s population, which over two 
decades was reduced by nearly 179 
000 population. 

Figure 2. Average life expectancy in Poland in the years 1960-2011

Source: http://www.stat.gov.pl/cps/rde/xbcr/gus/L_podst_inf_ov_
rozwoju_dem_pl_do_2012.pdf [accessed on 14.02.2016].
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Based on the analysis of natural mobil-
ity in Poland, it was found that in 2012 
the number of births and deaths was 
nearly equal. However, the years 2002-
2005 saw a strong negative trend, for 
the number of children being born 
was significantly smaller than that of 
deaths. If such situation persists over 
a longer period of time, it can lead 
to a demographic disaster. What may 
prove to act as counterbalance would 
be favourable changes in the quality 
of life, improving the society’s overall 
state of health (CSO, 2015).. 

Demographic Forecasts vs. Threats 
from an Ex-Ante Perspective

One cannot conclude on the basis of 
the available demographic analyses 
that the decline in the total fertility 
rate that is being observed is a com-
pleted process. Exploring the attitudes 
displayed by the contemporary youth 
who find increasingly less interest in 
forming endurable and formal mari-
tal and family bonds seems to suggest 
the opposite trend, conducive to fur-
ther reduction in the number of births. 

The factors determining the attitudes 
of the procreation generation, iden-
tified by scholars on the socio-eco-
nomic plane, comprise, among others, 
professional career (including edu-
cation), housing conditions, employ-
ment conditions and wages, which 
are generally referred to as the con-
cept of socio-economic security. Even 
optimistic forecasts of an increase of 
the total fertility rate in Poland do not 
seem to ensure the basic replacement 
rate (Kotowska, 2008). A medium term 
perspective for total fertility rate is 
presented in Table 5.
The analysis of the CSO forecast allows 
the observation that for the year 2010 
it was underestimated (actually total 
fertility rate was +1,38). Furthermore, 
all the forecasts presented are opti-
mistic, showing a small and steady in-
crease of the rate up to 2030 (second 
average variant according to CSO), 
or a very dynamic increase (Eurostat 
forecast). But do actual prerequisites 
exist for making only positive fore-
casts of the fertility rate in Poland? It 
seems that their correction is not to be 
avoided. It appears necessary to take 

Figure 3. Natural mobility of Poland’s population in the years 1990-2012.

Source: http://www.stat.gov.pl/cps/rde/xbcr/gus/L_podst_inf_o_
rozwoju_dem_pl_do_2012.pdf [accessed on 14.02.2016]
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into consideration the changes in the 
political and macroeconomic situa-
tion, and, in particular, the increased 
migration in Europe, which reduces 
the actual level of life quality and its 
socio-economic security.
Figure 4 shows the forecast of the Cen-
tral Statistical Office pertaining to the 
number of births and deaths. Accord-
ing to CSO experts, the number of 
births may be subject to minor chan-
ges up to the year 2020 (approximate-
ly 340 000 a year). After that, the 

prediction is that there will be a steady 
decline up to 315 500 population in 
2020 and 232 700 in the year 2030. 
The decline in the number of births is 
justified by the fact that the genera-
tion of women from the demographic 
decline will enter the age of the great-
est fertility, and whose number will 
be reduced comparably. For the years 
2016-2020 the forecast for natural 
population increase is negative, which 
is only to get worse in Poland after the 
year 2020.

Figure 4. Relation of births to deaths in Poland in the years 1990-
2012 against the background of the forecast up to 2035.

Source: http://www.stat.gov.pl/cps/rde/xbcr/gus/L_podst_inf_o_
rozwoju_dem_pl_do_2012.pdf [accessed on 14.02.2016].

Table 5. Total fertility rate – an analysis of some forecasts 
of the demographic perspective 2020-2030.

Years

Total fertility rate
CSO 

Second average 
variant year 2007 

Eurostat  
2004 – 2050

CSO 
2003 – 2030

2005 1,24 1,19 -
2010 1,32 1,19 1,10
2020 1,37 1,42 1,20
2030 1,39 1,58 1,20

Source: E. Kotowska, Analiza płodności oraz założenia prognostyczne, Warszawa, January 2008. 
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Demographic Profile of the Student 
Population of Poznań University 
of Economics and Business 

In referring to Poland’s demograph-
ic situation thus identified, a study 
was devised and carried out on the 
attitudes of academic youth towards 
family life. An attempt was made 
to identify demographic risks arising 
from the students’ diverse attitudes. 
It was assumed that the micro-com-
munity of the students at Poznań Uni-
versity of Economics and Business, 
located in Wielkopolskie voivodship, 
which by attracting young people 
from a variety of regions in Poland 
and thus being characterized by the 
positive demographic indicators, may 
provide a relatively coherent picture 
of the overall demographic situation. 
The personal scope of the study is fur-
ther justified by a particular role of 
university as a community which ag-
gregates leading trends in economic, 
entrepreneurial and social attitudes, 
and behaviours evinced by the young 
generation of Poles (Rosa and Wanat, 
2013, pp. 13-23).
The evaluation of students’ attitudes is 
not an easy task, indisputably defined 
in the methodology. The diversity of 
attitudes and values, their relativism 
and freedom in providing a definition 
pose a challenge to the research pro-
cess. In sociology the term value ap-
plies to an idea or institution, a real 
or imaginary object towards which 
individuals or communities adopt an 
attitude of respect, endowing it with 
an important role in their life, and 
possibly feeling a sort of compulsion 
when striving for it (Szczepański, 1967, 
p. 58). The paradigm of the value en-
compasses the systems of human 
cognitive categories which human be-
ings employ to describe and evaluate 
the world, providing a basis for the 
choices they make. These systems are 
not of a universal category. Specific 
goals do not carry the same weight in 

every environment (subpopulation). 
The system of values is largely shaped 
by individualized needs, attitudes and 
even aspirations of the individual (Ig-
natczyk, 2002, pp. 17-22).
Young people were chosen for this 
study, for they have been considered 
one of the main social groups shaping 
the demographic situation of the ter-
ritory under consideration2 A particu-
lar role of young university students 
is defined by: “process correlates of 
their functioning – […] a seeming in-
dependence (adulthood) still unbur-
dened by broader responsibilities and 
the psychology of students’ omnipres-
ence which does not force one to sta-
bilisation, relatively big mobility, the 
presence of strong social role models, 
a characteristic openness to new ideas 
and social, cultural and ideologic-
al proposals” (Piechnik-Borusowska, 
1998). Individuals who are still in the 
process of learning represent a natural 
capital of every society, albeit not al-
ways sufficiently recognised, with the 
academic youth being a sort of a so-
cial barometer playing an important 
role of voicing the views entertained 
by a considerable portion of the public 
(Wawro, 2014, p. 7)
The distinctiveness of the population 
of the university students and the po-
tential they have at hand in the pro-
cess of creating and passing on the ci-
vilisational and cultural heritage make 
them a valid subject for the research 
on attitudes and ultimately the demo-
graphic explorations on the grounds of 
economic sciences (Klaus and Wanat, 
2013, pp. 40-58). Therefore the at-
tempt to identify the values which the 
university students follow and ultim-
ately apply leads to the establishing 
of the key factors affecting pro-family 
or anti-family stances. This is also of 
2 The personal scope of the study com-
prised youth who are at the last stage of 
the education process, that is academic 
youth.
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no little significance for the overall 
society.
The survey was conducted on the popu-
lation of students attending Poznań 
University of Economics and Business 
(N=2000), in March 2014, using the au-
thors’ questionnaire3. Women made 

3 In 2014 the number of students attend-
ing Poznań University of Economics 
and Business was 8107 (including 4938 
women, making up 61% of the popula-
tion). The survey under discussion com-
prised a sample of 2000 students (includ-
ing 1400 women, making up 70% of the 
population). Respondents were chosen 
randomly. In determining the minimum 
size of the sample by using the method 
proposed by Steczkowski, the number 
thus obtained was 367 persons (estima-
tion error 5%) (cf. Steczkowski, J., 1995, 
Metoda reprezentacyjna w badaniu zjaw-
isk ekonomiczno społecznych, PWN, 
Warszawa – Kraków). By adopting the 
sample of 2000 students the error of es-
timate was at the level of 2%. We refer 
to the sample as representative when the 
relationships occurring within the sam-
ple between variables correspond to the 
same relationships in the general popula-
tion. In the survey, a significant feature, 
under correct drawing of the sample, 
proved to be gender (age differentiation 
has a small significance owing to the fact 
that the majority of students are at the 
age typical for higher education). In this 
case every element of the general popu-
lation shows a similar likelihood of en-
tering the sample. This criterion decides 
on the correctness of sample selection 
(cf. Sokołowski A. (2004): O niewłaści-
wym stosowaniu metod statystycznych. 
StatSoft Polska, Kraków, http://www.stat-
soft.pl/portals/0/Downloads/Naukowe1.
pdf accessed on 31.08.2016]. The survey 
presented in this paper is distinguished 
by the representative sample because of 
its socio-demographic features (including 
gender, age, place of residence). Correct 
selection and representativeness were ver-
ified for the feature “gender”, which key 
in the analysis of answers, In the designed 
survey, gender does not constitute a crite-
rion determining the answers given by the 
students surveyed. The feature functions 
in the survey scenario as one of the criteria 

up 70% of respondents and men 30%. 
The study covered both full-time stu-
dents (83% of the surveyed) and extra-
mural students (17% of the surveyed). 
Respondents were asked, among 
other things, whether they wanted 
to have children and if so, than how 
many. Next they were asked in what 
conditions would prevent them from 
having children, and what conditions 
would be conducive to procreation, 
that is, in what conditions they would 
make a positive decision as to the en-
largement of family.
The age structure of respondents is 
presented according to the year of 
birth in Table 6, and in addition in 
graph 5. Students born in the years 
191-1994 made up the majority of 
respondents, representing a typical 
age group for the studying youth (in 
the course of subsequent levels of 
education).
When asked about the factors which 
should be considered, after getting 
married, as coming before having chil-
dren, preceding the procreation deci-
sion or even excluding it, the majority 
of respondents indicated in the first 
place career (60%) or obtaining a high 
professional position (30%). Every 
tenth respondent reported prosper-
ity to be more important than having 
children. The large majority of young 
people would be willing to give up 
having children just to ensure an ad-
equate social and material position. 
These attitudes are illustrated in Fig-
ure 6. 

which are informative in nature (cf. Popek 
and Wanat 2014). In the surveyed group, 
the majority was made up of students born 
in the years 1991-1994 (the interval of 5 
years, the usual age group of academic 
youth in the time frame considered). The 
adopted statistical criteria allow inductive 
conclusion, made on the basis of the re-
sults produced by the empirical study – in 
relation to the factors which are identified. 
The work did not explore forecasts and 
the likelihood of changes occurring in the 
demographic situation in Poland. 
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Figure 5. Number of respondents by date of birth

Source: Authors’ own study

Table 6. Birth year

birth year percentage of 
respondents

1997 27

1996 50

1995 200

1994 350

1993 410

1992 400

1991 560

1987 3

Source: Authors’ own study

Figure 6. What goals or values would make you, after getting married, give up having children?

30% - obtaining a high professional position
10%-attaining prosperity
60%- career development

Source: Authors’ own study 

When asked what conditions would 
have to be fulfilled for them to decide 
to have their first or another child, in 
the first place respondents reported 
the income criterion (50% of the sur-
veyed), explaining that what they had 
in mind was to see their income rise. 

Besides, the following was also men-
tioned: family’s help in raising children 
(30%), easier access to nursery and 
pre-school (15%). These responses 
show that as many as 45% of students 
expect help in the functioning and de-
velopment of the family, both from 
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1-a bigger flat
2-change of the place of residence
3-income rise
4-easy access to nurseries and 
pre-schools 
5-family’s help in raising children 

Figure 7. What conditions do you consider to be necessary for you to decide to have the first or another child?

Source: Authors’ own study 

the state and from their family. The 
determinants of students’ positive at-
titudes towards procreation are illus-
trated in Figure 7.
It appears that the answers of the 
academic youth thus illustrated are 
determined by fear of responsibility 
and having to make a personal effort 
in order to face the challenge of tak-
ing care of family in terms of its func-
tioning and development. The anxiety 
of not being able to cope with this 
challenge makes students adopt their 
careful and at times negative attitudes 
towards family life. The change of the 
state’s family policy aimed at eliminat-
ing the potential barriers of students 
in terms of their procreation attitudes 
may ultimately affect the attitude 
change by building public trust.
The verifier of the reliability of the 
survey were the questions posed 
purposefully in the final stage of the 
questionnaire. Respondents, who pre-
viously characterized their attitudes 
toward family life, later provided an-
swers to the question whether they 
would like to have children, and if so, 
how many. The answers are presented 
in Figures 8 and 9, respectively. 

Notwithstanding the answers identi-
fied in the previous group of answers 
indicating the range of students’ pro-
creation barriers, their potential es-
cape from responsibility, cult of ma-
terialism and of the easy way, still, it 
was shown that a clear majority want 
to have offspring (80%), of whom as 
many as 70% want to have two chil-
dren, 15% three and 5% even more. 
Likewise, only 5% of respondents say 
that they do not desire to have chil-
dren in future.
The aggregation of the results ob-
tained allows one to make, at least, 
a preliminary observation that the 
anti-family attitudes of the academic 
youth depicted as allegedly prevailing 
are not true. The survey conducted 
at the Poznań University of Econom-
ics and Business suggests that in the 
vast majority students’ attitudes are 
characterized by the traditional sys-
tem of values in which the priority of 
marriage and family in one’s person-
al and social life is recognised. Every 
seventh person in the survey wishes 
to have two children, which, provid-
ed appropriate conditions are creat-
ed, seems to postpone the risk of the 
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demographic threats. But is that real-
ly the case? To what extent will stu-
dents’ attitudes be conditional on the 
government’s family-friendly policy 
on development? The analysis of stu-
dents’ answers allows a selection of 
the priorities to be made as regards 
the socio-economic security for the 
new families. Those include: finan-
cial security (decent job and wages 
– 60% of respondents), multi-genera-
tional security (family’s help in raising 
children, that is, financial security of 
grandparents in the form of decent 
social security – 30% of respondents), 
security in terms of children care (easy 
access to nurseries and pre-schools, 
parent-friendly employment, a high 
quality of public services, includ-
ing pre-school education – 15% of 
respondents).
To conclude, the findings lead us 
to confirm the thesis formulated at 
the beginning of the paper, where it 
was assumed that the main reason 
behind the anti-family attitudes of 
the young people is the lack of job 
and housing stabilization. This situ-
ation is linked directly to the lack of 
financial security, being one of the 
consequences of the weakness of the 
state’s policies on family. Moreover, 

it is possible to deny the opposite hy-
pothesis, which appears to suggest 
that academic youth do not want 
to get married, start family and have 
children, they espouse only anti-family 
attitudes and those concerned with 
consumption of goods. If 80% of re-
spondents who are students of Poznań 
University of Economics and Business 
report that they want to have children 
and wish to raise them as a married 
couple in a family, it is hard to ignore 
this finding as accidental or tenden-
tious. Young people are trying to ex-
plain this certain distance towards ac-
tive procreation attitudes by referring 
to their disappointment with the gov-
ernment’s ineffective family policy, 
which is inadequate considering the 
needs and the demographic situa-
tion. Furthermore, the links between 
students’ views and political prefer-
ences have not been demonstrated. 
The issue of the model of the state’s 
pro-family and demographic policy 
should be the object of the on-going 
studies, also those on the grounds of 
economic sciences, and yet above all, 
it should be the object of active and 
free of demagogy actions undertaken 
by the competent government depart-
ments responsible for those policies, 

Figure 8. Would you like to have children? Figure 9. How many children 
would you like to have?

 Source: Authors’own study  Source: Authors’own study
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as well as local government units and 
non-governmental organizations4. 
While drawing up development poli-

4 It appears that only sound and honest re-
search in the field of demography and an 
on-going monitoring of the demographic 
situation together with its economic and 
social context has a chance to free the so-
cially sensitive subject from demagogy, 
political manipulation and pseudo-sci-
entific investigations. Interdisciplinary 
research provides the opportunity for 
eliminating the alleged near return of the 
“tribal” concept of the development of 
civilization which questions the rationale 
behind the model of a state which is based 
on natural development of family. A simi-
lar empirical explanation is demanded by 
the fear that one’s basic needs will not be 
met, as experienced by the ever growing 
human population in the face of the short-
age of resources and lack of possibilities 
to satisfy people’s basic needs here on 
earth. Those doubts are further strength-
ened by the concepts of “labour-saving 
scientific and technological progress” 
and “anthropogenic burden on the natu-
ral environment”. Those paradigms are 
accompanied by a vision of societies as 
living solely from social welfare. Critics 
of the pro-family development policy 
seem to be giving up too easily on his-
torical experience and perspective. In the 
last century similar theses were formu-
lated by theoreticians of diverse totali-
tarian systems attempting to implement 
them in practice. The real consequences 
of the totalitarianisms of the XX centu-
ry should provide a counterbalance to so 
called “modern” ideas (cf.: Alex Callini-
cos, Justin Rosenberg, Uneven and com-
bined development: the social-relational 
substratum of „the international”? An 
exchange of letters, „Cambridge Review 
of International Affairs”, 2008, vol. 21, 
no. 1, sp 81). This by no means excuses 
scientists from monitoring and evaluat-
ing the demographic situation. Research 
methodology should additionally be 
strengthened by the “grammar of the uni-
versal moral law” whose Advocate said, 
“a nation that kills its own children has no 
future” (cf. John Paul II, Przemówienie 
do Zgromadzenia Ogólnego Organizacji 
Narodów Zjednoczonych w 50-lecie jej 

cies, it appears necessary to create 
a Polish model of the demographic 
leadership, based on the paradigms of 
the new institutional economics (Wa-
nat and Potkański, 2010, pp.182-185), 
whose weakness, which may come as 
a surprise, has even been detected by 
the new National Urban Policy (2015, 
pp. 95-101)

Summary

One of the most basic, if not the most 
important, questions addressing 
young people today is the issue of the 
future. In the centre stage of students’ 
dilemmas is the decision whether or 
not to marry and have a family. Not 
only does total fertility rate depend 
on those choices, but also Poland’s 
demographic security. Albeit research 
has shown a far-reaching relaxation 
of moral norms among young people, 
marriage, family and the willingness 
to have children still belong to those life 
values which are strongly pronounced 
and openly declared. If it were to de-
pend only on declarations, the future 
and stability of marital bonds and thus 
formed families would be quite safe, 
along with Poland’s demographic fu-
ture. Next to the personal desire of 
family happiness as expressed by the 
country’s young citizens, what is also 
necessary is a similar respect shown 
by the state for the family and mar-
riage institution and for the children 
who are being planned and brought 
into this world, and ultimately for the 
durability and future of the Polish 
families. From the economic point of 
view, apart from the numerous other 
aspects, the well-functioning families 
ensure a sustainable and balanced 
development, and economic stabil-
ity of the country. For it seems that 
this is precisely the family, making up 
a household, sometimes described as 
an exemplary nano-enterprise, which 

powstania, 5 October 1995, 3: Insegna-
menti XVIII/2, 1995, 732].
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in the first place contributes, at least 
on a nano-scale, to the country’s com-
petitive potential, with the family’s 
development and efficiency being 
what decides on the country’s econ-
omy competitive place (Lis and Wa-
nat 2014, p. 79). In this context, dis-
regarding pro-family policies is a trap 
for the economic policy which, while 
implementing long-term macro-eco-
nomic objectives, seems to be forget-
ting about the foundations of develop-
ment, thus risking not only the onset 
of potential crisis, but even long-term 
failure.
The government can use, and occa-
sionally does so, various tools of sup-
port for family policies which tend 
to depend on the political situation. 
Amongst those tools it is worth men-
tioning, for example, longer parental 
leave (the most recent regulations 
refer to the changes which have been 
in force since 2 January 2016; see 
http://www.rodzicielski.gov.pl/ ac-
cessed on 14 February 2016), Large 
Family Card (operating as a discount 
scheme with further allowances for 
families 3+; see: https://rodzina.gov.
pl/duza-rodzina, accessed on 14 Feb-
ruary 2016), benefits for parents with 
a newly born child in its first year of 
life, applying above all to uninsured 
persons, including students, the un-
employed and those working on the 
basis of service contracts (effective 
since the beginning of 2016, named 
“kosinakowe” after minister Walde-
mar Kosiniak-Kamysz, or new “beci-
kowe” [one-off payment to which 
every family with a newly-born child 
is entitled]), as well as a long-term 
child-support benefit offered to par-
ents under “Program Rodzina 500 plus” 
(a support scheme introduced on 1 
April 2016, on the basis of the Act of 
11 February 2016 on State Aid for 
Child-Support, see http://www.mpips.
gov.pl/wsparcie-dla-rodzin-z-dziecmi/
rodzina-500-plus/, accessed on 3 May 
2016).

Those instruments have been oper-
ating too shortly yet to allow for an 
ex post assessment of their econom-
ic effectiveness. In particular, apart 
from the optimistic forecasts, no as-
sessment is available for the most 
recent from the support tools offered 
to Polish families, which is “Program 
Rodzina 500 plus”. The programme 
exemplifies a systemic multi-year 
child-support benefit (it covers every 
second and subsequent child up 
to the age of 18, or sometimes even 
up to 25) which, however, does not 
cover all pro-demographic factors. 
The weaknesses of the programme, 
which can be identified already at its 
early stage, pertain, above all, to the 
fact that the support is not directed at 
children at the moment of their con-
ception. Based on medical science, 
it has clearly been demonstrated 
that the prenatal period is what has 
a decisive impact on child’s health and 
development. A possible extension 
of the the time frame of this bene-
fit, starting with the first days of the 
child’s life seems neither impossible 
nor exceedingly difficult in formal 
terms. It is likely that the introduction 
of the abovementioned regulation 
would affect the focus of the pro-
gramme, moving it more towards the 
pro-demographic function and away 
from its dominant consumption-ori-
ented function. Moreover, it is difficult 
to explain the rationale behind the 
programme’s covering families with 
the highest income. The child-support 
benefit proposed by the government 
is irrelevant to those families in terms 
of motivation – from the point of view 
of the development of the family, nor 
does it represent any kind of sup-
port tool, for the money proposed 
under the programme has absolutely 
no affect on the budgets of the most 
affluent families, thus quite unneces-
sary burdening the state budget. The 
arguments in support of this situation 
based on the principle of social equity 
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are also mistaken. This issue can be 
solved using a straightforward pro-
cedure for determining a fair income 
threshold which all those applying for 
the benefit should meet, submitting 
their intention merely in a declarative 
form (a declaration), which the gov-
ernment can easily verify on a random 
basis through its financial and tax 
services. The Act “One zloty for one 
złoty”, which has been in force since 1 
January 2016, is an example of a mid-
dle-way solution. Under the act, fam-
ilies who are in excess of the thresh-
old do not lose the government’s 
financial support, and according 
to the rule “one złoty for one złoty”, 
their benefits will be gradually re-
duced corresponding to the increase 
of their income (see: https://rodzina.
gov.pl/swiadczenia/zasilek-rodzinny, 
accessed on 3 May 2016).
In order for the measures of pro-
family policies to be efficient, they 
should be comprehensible to their 
addressees, easily accessible, us-
er-friendly, free of excessive red tape, 
just and, above all, effective, that is, 
directed at where they will fulfil their 
objectives. Furthermore, the mechan-
isms of development policies should 
be focused on solving the key family 
problems which have been identified 
and not to strengthen them by occa-
sionally supporting various patholo-
gies “alongside” (such as, for example, 

the one-off payment child-support, 
or the single mother support for get-
ting a place in a nursery or pre-school 
while discriminating against married 
couples).
The identification of the demographic 
threats in light of the poll of students 
of the Poznań University of Econom-
ics and Business leads to the obser-
vation that the attitudes of academic 
youth towards family life are largely 
shaped by the state’s social and eco-
nomic policies. In terms of the family 
policies, respondents’ assessment 
was negative. To sum it up, it is neces-
sary to emphasise that Polish policies 
directed towards changing the demo-
graphic situation should, above all, be 
characterized by quality and efficiency. 
Therefore they cannot be based 
on ad hoc and short-term measures, 
or merely represent the institution-
al reflection of election promises. An 
indispensible requirement for the Pol-
ish family policies to succeed appears 
public trust, for only in such climate 
can Polish families be formed and 
flourish, thus creating the elements 
of the country’s well-being. Reversing 
Poland’s demographic deficit is in itself 
obviously not enough to prevent the 
demographic threats which have been 
identified. Still, it is a necessary step 
in the socio-economic process of the 
country’s development to the benefit 
of the future generations of Poles.
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Zagrożenia demograficzne Polski w perspektywie opinii studentów Uniwersytetu 
Ekonomicznego w Poznaniu

Abstrakt
W pracy podjęto próbę identyfikacji zagrożeń demograficznych w Pol-
sce w świetle opinii studentów wybranej uczelni wyższej o profilu ekono-
micznym. Do badań postaw młodzieży i ich systemu wartości, przeprowa-
dzonych w środowisku studentów Uniwersytetu Ekonomicznego w Poznaniu, 
zgromadzono i zagregowano dane empiryczne, uzyskane przy pomocy kwe-
stionariusza ankiety. W rezultacie dokonano oceny czynników, wywierających 
wpływ na postawy demograficzne młodzieży akademickiej. Na tej podstawie 
sformułowano rekomendacje dla polityki demograficznej państwa.

Słowa kluczowe: demografia, polityka rodzinna, system wartości, postawy 
studentów
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Abstract
 
Merger and acquisition activity is very important economic phenomenon 
often leading to a permanent organizational changes of single industries or 
even entire economies. Theoretical part of this article is an attempt to de-
fine aggregate size measures which allow gaining quantitative view on its di-
mensions. Four measures are proposed to assess the size of a merger and 
acquisition market, namely: announced, backlog, completed and withdrawn 
volumes. Relationship between these measures is introduced. Their accur-
acy is dependent on assumed transaction and registration announcement 
definitions. Limitations of the research based on the commercial vendors’ 
datasets (for example Thomson Reuters) are presented. In order to overcome 
these limitations, alternative data collection methodology for merger trans-
actions is derived from legal consolidation procedure defined in The Code 
of Commercial Partnerships and Companies. This approach allows collecting 
the information about 3870 merger transactions which have taken place in 
the period between 1st January 2002 and 31st December 2013 in Poland. An-
nounced, backlog and completed volumes are calculated quarterly. All these 
quantitative measure exhibit strong seasonality. Besides, their stable growth 
on Polish market was observed from 2002 till 2011. After 2011 this trend 
has reverted, but rebound of the backlog volume in the second quarter of 
2013 suggests that at least completed volume levels should be higher in the 
upcoming quarters.

Introduction

Development strategy of every com-
pany is always a combination of both 

internal and external growth strat-
egies. Internal growth concentrates 
on investments into company’s hu-
man capital, infrastructure or research 
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and development activities. In turn, 
external growth aims to gain control 
over other companies which possess 
unique resources giving competitive 
advantage on the market. This latter 
strategy may be executed as a merger 
or acquisition transaction.
Across the years, these merger and 
acquisition transactions became more 
and more important economic phe-
nomenon often leading to a perma-
nent organizational changes of the 
single industries or even entire econ-
omies. Pryor (2001: 825) states that it 
is hard to assess the magnitude of this 
phenomenon without an aggregate 
quantitative view of its dimensions. 
This article is an attempt to provide 
aggregate size measures which allows 
gaining such quantitative perspective 
mentioned by Pryor. 
The article is set up as follows. The 
next section defines various mar-
ket size measures in the context of 
merger and acquisition transaction 
process. The significance of its in-
itialization and termination events is 
highlighted. As the empirical part con-
centrates solely on the Polish merger 
market, legal consolidation procedure 
is described in section 2. This section 
also presents collected data about 
merger transactions executed on Pol-
ish market and results of the volume 
trend analysis. The article ends with 
some conclusions and suggestions for 
future research.

Aggregate size measures of 
merger and acquisition market

Every single merger and acquisition 
deal consists of the recurrent steps 
which should be always executed in 
order to maximize the probability 
that expected financial and oper-
ational synergies will emerge and the 
entire transaction will be recognized 
as successful. 
Many authors like DePamphlis (2005: 
131-252), Frąckowiak (2009: 49-51), 

Herdan (2008: 29-46), Iannotta (2010: 
121-126) or Zadora (2011: 217-263) 
group all these steps into prelimin-
ary, transaction and integration phas-
es. Preliminary phase can be under-
stood as the stage when the potential 
counterpart is found and the formal 
contacts are established. Negotia-
tions and legal consolidation form 
transaction phase. Once the deal is 
registered, integration activities start 
which initiate the synchronization and 
optimization of the organizational and 
business processes of the counter-
parts involved in the deal.
Furthermore, Boone and Mulherin 
(2007: 848-850; 2009: 28-30) as well 
as Denis and Macias (2013: 822-824) 
divide additionally the merger or ac-
quisition sale process into the private 
and public phase. Following their 
terminology, the private merger and 
acquisition process can be defined 
as the period from the private initia-
tion to the first public announcement 
of the transaction. Analogically, the 
public merger and acquisition pro-
cess is the period from the first public 
announcement to the resolution of 
the merger. Figure 1 illustrates this 
division. 
Boone and Mulherin (2007: 848-
850; 2009: 30) and Denis and Macias 
(2013: 822-824) mention that the cut-
off date between both phases is de-
fined as the day when the draft terms 
of merger (or the definite agreement 
in case of the acquisition) is publicly 
announced. This allows assigning the 
preliminary phase and negotiation 
sub-phase to the private part of the 
merger and acquisition process and 
limiting its public part to the legal 
consolidation sub-phase. The integra-
tion phase is not included because it 
starts right after the resolution of the 
deal. 
Figure 2 summarizes phases mapping 
between both definitions of the mer-
ger and acquisition process. The pro-
posed mapping holds in the situation 
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when the stipulation of the final 
agreement and its public announce-
ment happen in the short timeframe. 
Additionally, Boone and Mulherin 
(2007: 848-850) highlight that some-
times the potential transaction is 
mentioned in the financial media be-
fore the final agreement is signed (so 
called rumor day). In this situation 
the negotiation sub-phase cannot be 
classified as a fully private part of the 
merger process.
Public merger and acquisition pro-
cess together with its initialization, 
completion or withdrawal announce-
ment events allows defining the fol-
lowing merger and acquisition market 
measures:
• Announced Volume (AV) – num-

ber or monetary value of trans-
actions publicly announced in 

a predefined time interval (e.g. 
month, quarter or year) in a given 
geographical territory.

• Completed Volume (CV) – number 
or monetary value of transactions 
officially finalized in a predefined 
time interval in a given geograph-
ical territory.

• Backlog Volume (BV) – number or 
monetary value of transactions 
publicly announced in the past and 
still not completed. This measure 
is often calculated as of given day.

• Withdrawn Volume (WV) – num-
ber or monetary value of trans-
actions which were withdrawn 
in a predefined time interval in 
a given geographical territory.

These four merger and acquisition 
measures are interconnected with 
each other with the following relation:

Fig 1. Merger and acquisition process diagram.

Source: authors’ study.

Fig 2. Merger and acquisition process definitions mapping.

Source: authors’ study.
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Δ𝐵𝑉𝑡=𝐴𝑉Δ𝑡−𝐶𝑉Δ𝑡−𝑊𝑉Δ𝑡 (1)

Equation (1) states that in the given 
time period the difference between 
backlog volumes measured at the be-
ginning and ending of this time range 
is equal to the announced volume 
lessened by the completed and with-
drawn volumes reported during this 
time range.
Merger and acquisition market size 
measures are often used to charac-
terize market for corporate control 
in a given country or region. When 
they are calculated on large historical 
datasets covering vast span of time, 
it is possible to see that this market 
is clearly not constant in time as the 
periods with intense merger and ac-
quisition activity are followed by the 
ones with rather moderate activity. In 
literature this economic phenomenon 
is widely investigated and known as 
merger and acquisition waves1. 
Pryor (2001: 825-840) and Perepec-
zo (2010: 21-36) analyze these waves 
on global markets across all indus-
tries while Brakman et al. (2006: 
4-28) narrow their research to global 
cross border merger and acquisi-
tion transactions. Netter et al. (2011: 
2316-2357) and Brealey et al. (2011: 
814-815) investigate merger and ac-
quisition historical patterns in United 
States. Similar research for European 
region is performed by Campa and 
Moschieri (2008: 1-33; 2009: 74-84).
Above authors make an attempt 
to provide a synthetic view on mer-
ger and acquisition waves as they 
do not concentrate on smaller re-
gions or single industries. More 
granular industry-specific articles 
are written for example by Jaworska 
(2013: 58-69), Lemkowska (2009: 
3-16) and Walter (2004: 42-47). They 
concentrate on agriculture industry, 

1 Author of this article has decided to 
present a literature review which consists 
of the articles published in year 2000 or 
later.

insurance sector and financial servi-
ces, respectively.
From the other hand, country-specific 
research is performed by Cernat-Gru-
ici et al. (2010: 167-178) who decide 
to look solely at Romanian merger 
and acquisition market. Filipovic et al. 
(2012: 34-39) extend the geographic-
al range to southeast Europe by ana-
lyzing not only Romania, but Croatia 
and Bulgaria as well. Halmos (2008: 
65-69) shows current trends present 
on Hungarian market and compares 
them with the situation in Central Eur-
ope and entire world. In turn, Polish 
market for corporate control is a main 
research scope for Bącal and Bem 
(2014: 726-729), Frąckowiak (2009: 
52-66), Janowicz (2012: 67-86) and 
Lewandowski (2001: 12-54).
Completed volume is used as main 
merger and acquisition market size 
measure by nearly all the authors 
mentioned in the previous four para-
graphs. Only Brakman et al. (2006: 5) 
rely on announced volume instead 
of completed volume while Campa 
and Moschieri (2008: 17; 2009: 75-
76) apply both measures for Euro-
pean merger and acquisition market. 
In turn, Cernat-Gruici et al. (2010: 
169-171) calculate additionally back-
log and withdrawn volumes and as 
a consequence provide a complete 
size overview of Romanian merger 
and acquisition market.
Apart from the literature, merger and 
acquisition market size measures are 
vastly used in commercial research 
done by investment banks and con-
sultancy companies. The level of mer-
ger and acquisition activity is often 
assessed by equity research teams 
specializing in capital markets as it 
gives a good indication about the ex-
pected revenues of the bulge bracket 
and boutique advisory firms which 
participate in the majority of trans-
actions (Credit Suisse (2010: 3-11) 
and J.P. Morgan (2009: 3-16)). What is 
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more, the Big Four companies2 issue 
reports in which they summarize the 
current situation on the merger and 
acquisition market (often narrowed 
to a given industry or region) and 
present their outlook for the short-
term future. In the past Polish merger 
and acquisition market was assessed 
in such a way by EY (2013: 1-4) and 
KPMG (2010: 9-18; 2010a: 6-10).

Announcement, completion 
and withdrawn events

All the authors except Campa and 
Moschieri (2008: 36-37; 2009: 86) 
mentioned in the previous litera-
ture review do not provide at all any 

2 The Big Four is formed by Deloitte, EY, 
PwC and KPMG companies which are the 
four largest international professional ser-
vices networks. They offer audit, assur-
ance, tax, consulting, advisory, actuarial, 
corporate finance and legal services.

definitions of the announcement, 
completion and withdrawn dates. 
However, majority of them (Brakman 
et al. (2006: 3-4), Cernat-Gruici et al. 
(2010: 169-177), Frąckowiak (2009: 
56-58), Lewandowski (2001: 15), Net-
ter et al. (2011: 2320-2324), Pryor 
(2001: 826-827), Walter (2004: 42-
47)), rely on the datasets provided by 
Thomson Reuters which is the global 
commercial data vendor. That is the 
reason why such definitions can be 
deducted from the database fields’ 
descriptions. 
Table 1 summarizes the most import-
ant date fields available in Thomson 
Reuters database and compares them 
with the analogical ones from two dif-
ferent commercial databases owned 
by Dealogic and EMIS3 data providers.

3 EMIS (formerly known as ISI Emerg-
ing Markets) concentrates on provid-
ing critical information and research on 
emerging markets. That is why scientific 
and commercial merger and acquisition 

Table 1 Comparison of the events definitions.

Date Type Thomson Reuters Dealogic EMIS

Announcement

The date when one or 
more parties involved 

in the transaction 
makes the first public 
disclosure of common 
or unilateral intent to 

pursue the transaction 
(no formal agree-
ment is required).

The first date on 
which the full terms 
of a transaction are 

officially announced, 
or a price, price 

range, or valuation, is 
announced by one of 

the parties concerned.

The earliest date 
in which the trans-
action was publicly 

announced.

Completion
The date when the en-
tire transaction is com-

pleted and effective.

The date on 
which a transaction is 
completed or declared 
wholly unconditional 

by one of the principal 
parties involved.

A transaction is offi-
cially announced as 
finalized and com-
pleted by either of 
the party involved.

Withdrawn (Failed)

The date when 
the transaction is 
terminated, with-
drawn, expires or 

becomes otherwise 
unsuccessful.

The date when the 
transaction takeover 

bid is withdrawn, 
rejected or the 

offer has expired.

The date when the 
transaction is can-
celled or called off.

Source: DealWatch Documentation, Official M&A Ranking Criteria 2013, Thomson Reuters Definitions.
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The presented date definitions are 
very general in order to cover the wide 
universe of the merger and acquisition 
transaction techniques. They are pre-
dominantly based on the public disclo-
sure (foreign language news media, fil-
ings at the US Securities and Exchange 
Commission and its international 
counterparts or trade publications) 
of the information by the entities in-
volved in the transaction. 
Using broad date definitions from 
commercial data vendors has sig-
nificant drawbacks. All the events 
associated with these dates happen 
shortly before or during the second 
transaction phase of the merger and 
acquisition process (please refer to fig. 
2). However, it is possible that for one 
deal the public announcement of the 
intent to pursue the transaction may 
take place with the stipulation of letter 
of intent (the whole phase is covered), 
for the other transaction it could be 
the day when the draft terms of mer-
ger (definitive agreement in case of 
acquisitions) is approved and signed 
(only legal consolidation sub-phase 
is covered then). In the extreme case 
when the transaction had been kept 
secret and not publicly announced till 
the time it was completed, announce-
ment and completion dates are the 
same. Actually, it is the case reported 
by Campa and Moschieri (2008: 3, 
22; 2009: 77). They mentioned that 
around 33% of the analyzed sample 
of European mergers and acquisition 
was announced on the completion 
date4. Similar sample percentage 
(38%) of such transactions was re-

research focusing on Central and Eastern 
Europe (Halmos (2008: 67), EY (2013: 1), 
KPMG (2010: 7, 2010a: 11)) is based on 
its datasets.
4 Their research reveals that completion 
upon announcement occurs mainly in 
smaller deals. This announcement strat-
egy is also much more likely in open 
market purchases and in private deals 
than in public offers. It is also more 

ported by Brakman et al. (2006: 5). 
Shifts of the public announcement 
event within transaction phase of the 
merger and acquisition process cause 
that reported announced and backlog 
volumes may be inaccurate. 
What is more, adopted commercial 
vendor definitions often do not com-
ply with scientific research assump-
tions. Netter et al. (2011: 2320-2323) 
highlight that the type of transaction 
of research interest may not match 
with the definitions in a data source 
and that in general the data providers 
do not reveal in what way the data is 
collected causing that the researcher 
cannot determine if their classification 
is suitable for his or her research. 
Additionally, Netter et al. (2011: 2320-
2323) point out that it is little certainty 
on the degree to which Thomson 
Reuters database is complete. They 
refer to several works which show 
the data inconsistencies in the do-
mestic (United States) transactions. 
Also, they state that they cannot sug-
gest anything about the complete-
ness of the data regarding the foreign 
transactions. Similar concerns were 
addressed by Pryor (2001: 826-827) 
and Halmos (2008: 67). The latter 
one draws such conclusions after the 
comparison of two databases, namely 
EMIS and UNCTAD FDI.

Polish merger market case study

Previous section was an attempt to de-
fine various merger and acquisition 
measures. They can be understood as 
an aggregation statistics applied on the 
single transaction level in a given time 
period. Their accuracy and consistency 
is assured when the public announce-
ment of the deal, its completion or 
withdrawal happen in the same stage 
of the merger and acquisition pro-
cess for every considered transaction. 

popular in continental Europe, especially 
in Germany.
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Literature review revealed that this 
is not possible when the research is 
based on the data coming from the 
commercial providers as their date 
definitions are too generic.
The main scope of the empirical part 
of this article is to analyze solely Polish 
merger market. Acquisitions are inten-
tionally excluded. The main difference 
between both transaction types can 
be seen in their legal consolidation 
phase (Buczek and Mercik 2015: 599). 
In case of the merger, the company 
which is taken over will cease to exist 
at the end so all its assets and liabil-
ities are transferred to the acquiring 
company or newly formed one. From 
the other hand, acquisition does not 
have such significant impact on the 
legal existence of the company being 
acquired as only its ownership struc-
ture changes depending on the per-
centage stake bought – the company 
itself still exists, at least from the legal 
point of view.
The cessation of company being ac-
quired in the merger transaction caus-
es that its legal consolidation phase 
needs to be more formalized com-
pared to the acquisition transaction.
European Union legislation consists of 
two separate directives which regu-
late transaction counterparts’ legal 
consolidation. Domestic legal mer-
gers are considered in the directive 
2011/35/EU of 5th April 2011 (2011: 
1-11) while cross-border legal mergers 
are the main subject of the directive 
2005/56/EC of 26th October 2005 
(2005: 1-9). The first directive super-
seded the initial directive 78/855/EEC 
of 9th October 1978 (1978: 36-43), in 
order to ensure the clarity and ration-
ality of the legislation, which has been 
amended substantially several times 
over the years.
These two directives formed one gen-
eral framework for legal merger con-
solidation for every European Union 
member country. Their provisions 
are present in Polish legislation in 

The Code of Commercial Partnerships 
and Companies (Kodeks Spółek Hand-
lowych 2000: 127-144) in the articles 
491-527.

Legal merger framework

Legal merger consolidation can be exe-
cuted as a merger by takeover or mer-
ger by formation of a new company 
(Kodeks Spółek Handlowych 2000: 
128). The former approach should be 
understood as transfer of all assets of 
a company or partnership (the target 
one) to another company (the bidding 
one) in exchange for the shares that 
the bidding company issues to the 
shareholders or partners of the target 
company or partnership. In turn, the 
latter one assumes the formation of 
a company to which the assets of all 
merging companies or partnerships 
devolve in exchange for shares of the 
new company.
Both procedures differ in the way the 
assets are exchanged for the shares 
but they still have many common ele-
ments which are presented in the or-
der of appearance in fig. 3.
Detailed description of the consecu-
tive procedure stages can be found in 
Buczek and Mercik (2015: 599-600). 
However, it is clearly visible that an-
nouncement events (elements 2 and 
8 from fig. 3) are the most important 
elements present in this consolidation 
procedure in the context of merger 
market size measurement. 
These obligatory announcements are 
almost always5 posted in The Journal 
of the Ministry of Justice (Monitor 
Sądowy i Gospodarczy 1995: 3). They 
allow redefining market size measures 
in the following way:
• Announced Merger Volume (AMV) 

– number or monetary value of 

5 Please refer to The Code of Commer-
cial Partnerships and Companies (Kodeks 
Spółek Handlowych 2000: 131, 135-136, 
142) for the announcement exceptions.
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merger transactions which draft 
terms of merger was announced in 
The Journal of the Ministry of Jus-
tice in a predefined time interval 
(e.g. month, quarter or year).

• Completed Merger Volume (CMV) 
– number or monetary value of 
merger transactions which regis-
tration was announced in The 
Journal of the Ministry of Justice in 
a predefined time interval.

• Backlog Merger Volume (BMV) – 
number or monetary value of mer-
ger transactions which draft terms 
of merger was announced in The 
Journal of the Ministry of Justice 
in the past but its registration has 
still not been announced in this 
journal.

Above market size measures adopt 
the same procedure elements which 
are used by Buczek and Mercik (2015: 
600) to measure public legal merger 
time to completion.
Unfortunately, legal merger consolida-
tion framework presented in fig. 3 and 
introduced by The Code of Commercial 
Partnerships and Companies (Kodeks 
Spółek Handlowych 2000: 127-144) 
does not impose any announcement 

obligation in the situation when the 
transaction is cancelled and not re-
corded in the National Court Register. 
Thus, this legal construction has two-
fold negative consequences on meas-
uring merger market size. Firstly, it 
is impossible to define withdrawn 
merger volume (WMV) because with-
drawal announcement event is not 
defined. Secondly, failed transactions 
for which draft terms of merger was 
already announced will be always clas-
sified as pending transactions and will 
be taken into consideration while cal-
culating merger backlog volume. For-
tunately, announced and completed 
merger volumes are not affected by 
this legal definition shortage.

Dataset description

As mentioned before, the draft terms 
of merger and registration announce-
ments are always posted in The Jour-
nal of the Ministry of Justice (Monitor 
Sądowy i Gospodarczy 1995: 3). That 
is the reason why this journal should 
be seen as the most complete and re-
liable source of the information about 
Polish merger market.

Fig 3. Legal merger procedure.

Source: Buczek and Mercik 2015: 599.
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The journal allowed collecting the in-
formation about 3870 merger trans-
actions which have taken place in the 
period between 1st January 2002 and 
31st December 2013.
Draft terms of merger announcement 
date, merger registration date as 
well as its announcement, number of 
counterparts and transaction status 
are all transaction specific information 
which has been collected.
National Court Register contains 3571 
completed transactions while for 299 
transactions registration event was 
not reported till 31st December 2013. 
Among 3870 transactions, 85 percent 
consists of only two counterparts – ac-
quiring company and company being 
acquired. At least one additional com-
pany being acquired participates in the 
remaining 15 percent of transactions.
The dataset was enhanced with the 
merging companies’ characteristics: 

KRS identification number6, com-
pany name, legal form and initial cap-
ital level. Additionally, the presence 
on the Warsaw Stock Exchange (WSE) 
and NewConnect7 at the time of the 
draft terms of merger announcement 
was verified for every counterpart in-
volved in a given transaction.
Table 3 reveals that collected sample 
is diversified and contains different 
types of companies. The prevailing 
majority of companies (97%) are pri-
vate companies which are not present 
on any stock exchange. If the company 
is public, it is more probable that it 
acts as an acquiring company in the 

6 National Court Register (pol. Krajowy 
Rejestr Sądowy – KRS).
7 It is an alternative stock exchange in 
Poland designated for smaller companies 
with simplified entrance criteria and limit-
ed reporting requirements.

Table 2 Transaction specific information.

Transaction Status Number of counterparts

Announced Pending Completed Two More than two

3870 299 3571 3271 599

Source: authors’ study.

Table 3 Counterpart specific information.

Counterpart

Legal form Stock market

Total
Joint-
stock

Limited 
liability Other Listed Unlisted

Acquiring 
company 1230 2639 1 268 3602 3870

Company being 
acquired 772 4306 63 30 5111 5141

Source: authors’ study.



WSB University in Wroclaw Research Journal I ISSN 1643-7772 I eISSN 2392-1153 I Vol. 16 I No. 3

82

transaction. There are 268 acquir-
ing companies and only 30 compan-
ies being acquired which are listed 
on a stock exchange.
Limited liability company is the most 
common legal form for both types of 
counterparts taking part in the deal 
as 2639 acquiring companies have 
such legal construction against 4306 
companies being acquired. Joint-
stock companies are more often 
on the buy side than on the sell side 
of the transaction. General partner-
ships, limited partnerships, limited 
joint-stock companies and foreign 
enterprise branches are other legal 
forms of companies which appeared 
in the sample8. Their legal construc-
tion is more simple and general in 
comparison with limited liability and 
joint-stock companies and intended 
for running smaller scale businesses. 

8 In general joint-stock and limited lia-
bility companies are the most popular en-
terprise legal forms to run a business in 
Poland.

That is the reason why these kinds of 
companies do not merge often, their 
share in the sample is marginal and 
well below 0.01 percent. And even if 
they do, they are nearly always tar-
get counterparts in the transaction.
The prevalence of private enterprises 
cause that the market value of the 
majority of transactions cannot be 
determined. For this reason, the au-
thor of this article has decided to ex-
press transaction size as the sum of 
the initial capital of merging compan-
ies at the time when the draft terms 
of merger was announced. Initial 
capital level is always disclosed in 
the National Court Register for joint-
stock and limited liability companies. 
By definition initial capital is not es-
tablished in other considered legal 
forms of companies. Author of this 
article has assumed in these cases 
that initial capital is equal to 0.
Figure 4 displays initial capital distri-
bution of all merging entities in the 
sample. It is clearly visible that in gen-
eral acquiring companies are bigger 

Fig 4. Merging companies initial capital levels.

Source: authors’ study.
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than companies being acquired as 
the former ones dominate in high-
er level ranges of the initial capital 
while the latter ones have a stronger 
footprint in respective lower ranges.
The dataset quality is very high be-
cause announcement obligations 
imposed by Polish legislation guar-
antee the every merger transaction 
is recorded. Moreover, the draft 
terms of merger and registration an-
nouncements definitions are well de-
fined and concordant with research 
assumptions. Announcement events 
take place at the same merger phase 
of every transaction causing that 
the dataset is consistent – for every 
completed transaction draft terms 
of merger announcement happen 
at least couple of weeks earlier than 
registration announcement. Thus, 
the choice of The Journal of the Min-
istry of Justice as a main information 
source about Polish merger market 
eliminates research limitations asso-
ciated with the datasets provided by 
the commercial vendors (please refer 
to the subsection 1.1).

Merger volumes in Poland

Figure 5 presents announced, back-
log and completed merger volumes 
calculated by the calendar quarters 
between first quarter of 2002 and 
fourth quarter of 2013. Potential 
withdrawn volume is included in the 
backlog volume (please refer to the 
subsection 2.1 for the explanation). 
Volumes are expressed as deal count 
or total value (mln zl) being merging 
companies’ initial capital sum.
It is worth nothing that deal count is 
more stable measure in comparison 
with total value as it is not influenced 
strongly by so called mega deals. For 
example, the biggest peaks which 
appeared in first, second and third 
quarter of 2010 for announced, back-
log and completed merger volumes 

are the result of increased consoli-
dation activity in Polish energy sec-
tor. In 2010, PGE Polska Grupa Ener-
getyczna and Tauron Polska Energia 
were consolidating their holding 
structure. 
Moreover, quarterly peak shift be-
tween announced and completed 
volume is directly related to the legal 
merger time to completion analyzed 
by Buczek and Mercik (2015: 602-
606). They state that on average it 
takes 4.5 month to complete the 
consolidation procedure from the 
draft terms of merger stipulation 
to the registration announcement. 
This time to completion corresponds 
well with observed peak shifts even 
though announced volume is meas-
ured at the draft terms of merger an-
nouncement, not its stipulation.
Starting from 2002 both announced 
and completed merger volumes were 
steadily improving in Poland to reach 
their global peaks in the fourth quar-
ter of 2010 and 2011, respectively. 
In the next quarters merger activity 
has weakened. When looking at the 
merger backlog volume, it can be ob-
served that its erosion started after 
third quarter of 2011 and was the 
most intensive in 2012. This process 
reverted in the second quarter of 
2013. This rebound suggests that in 
the upcoming year 2014 completed 
merger volume levels should be high-
er than in 2013.

Conclusions

Announced, backlog, completed and 
withdrawn volumes are four quanti-
tative measures which allow assess-
ing the size of a given merger and 
acquisition market. All these meas-
ures are based on the announce-
ment events which initialize and ter-
minate public phase of the merger 
and acquisition process. Thus, all the 
transactions which are not publicly 
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Fig 5. Announced, completed and backlog merger volume by quarter.

Source: authors’ study
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announced are not taken into the 
consideration.
The authors of the scientific and 
commercial publications reviewed in 
the section 1 of this article assess the 
size of a chosen merger and acquisi-
tion market by calculating respective 
volumes on the datasets which are 
provided by commercial data vend-
ors like Thomson Reuters, EMIS or 
Dealogic. This approach has its limit-
ations as it does not guarantee that 
required announcements happen at 
the same stage of the merger and 
acquisitions process for every single 
transaction, research assumption 
may not comply with commercial 
vendors’ data collection methodol-
ogy or some transactions may not be 
recorded at all in their databases.
In order to overcome these limita-
tions, the author of this article de-
cided to construct his research as-
sumptions in concordance with legal 
merger consolidation procedure 
defined in The Code of Commercial 
Partnerships and Companies (Kodeks 
Spółek Handlowych 2000: 127-144). 
This approach allowed creating mer-
ger transactions dataset consisting 
of 3870 domestic mergers in Poland 
completed between 2002 and 2013. 
This dataset is not biased with limita-
tions described in the previous para-
graph. Moreover, it is well diversified 
as it consists of public and private 
companies which have different legal 
forms. 
Announced, backlog and completed 
volumes have been calculated quar-
terly on the collected data for Polish 
merger market. All these quantitative 
measure exhibit strong seasonality. 
Besides, their stable growth on Pol-
ish market was observed from 2002 
till 2011. After 2011 this trend has 
reverted, but rebound of the back-
log volume in the second quarter of 
2013 suggests that at least complet-
ed volume levels should be higher in 
the upcoming quarters.

At this point, future research should 
be concentrated on finding the cause 
of the observed fluctuation of mer-
ger activity in Poland. Following Har-
ford (2005: 532-536) two research 
streams should be considered, name-
ly: neoclassical and behavioral view. 
The former one assumes that mer-
ger waves are driven by an econom-
ic disturbance that leads to industry 
reorganization while the latter states 
that strong correlation exists between 
stock valuation and merger activity. 
Theoretical model which reflect neo-
classical assumptions is built by Jovan-
ovic and Rousseau (2002: 198-203). 
In turn, proposal of behavioral model 
can be found in Shleifer and Vishny 
(2002: 297-304) and Rhodes-Kropf 
and Viswanathan (2004: 2690-2709). 
Moreover, empirical econometrics 
models combining both views are de-
veloped for example by Choi and Jeon 
(2011: 241-247), Gugler et al. (2012: 
6-14) or Harford (2005: 544-547).
This article was an attempt to char-
acterize domestic Polish merger mar-
ket. However, international research 
scope should be still possible as mer-
ger market size measures are based 
on the definitions concordant with 
European Union legislation. Legal 
consolidation procedure in Polish law 
is a direct transposition of the direc-
tives 2011/35/EU and 2005/56/EC of 
the European Parliament. Additional-
ly, potential research in this domain 
should also concentrate on improving 
merger backlog volume calculation 
as it currently contains all the trans-
actions which have been withdrawn 
in the past. In this case confidence 
intervals calculated on legal merger 
time to completion could be a good 
statistical approach to separate these 
withdrawn transactions from the 
pending ones as the legal consolida-
tion procedure itself does not impose 
any announcement obligation in the 
situation when the transaction will not 
be completed.
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Zagregowane miary wielkości rynku fuzji: charakterystyka rynku 
polskiego w latach 2002-2013

Abstrakt
Transakcje fuzji i przejęć są bardzo ważnym zjawiskiem ekonomicznym, które 
często prowadzi do trwałych zmian w strukturze poszczególnych sektorów go-
spodarki. Część teoretyczna artykułu definiuje zagregowane miary wielkości 
pozwalające spojrzeć w sposób ilościowy na rynek fuzji i przejęć. Zapropo-
nowano następujące cztery miary: wolumeny transakcji ogłoszonych, ukoń-
czonych, anulowanych i trwających oraz ustalono zależności między nimi. 
Ograniczenia badań opartych na komercyjnych bazach danych (na przykład 
Thomson Reuters) zostały również przedstawione w tej części artykułu. Alter-
natywna metoda zbierania danych została zaproponowana. Jest ona oparta 
na Kodeksie Spółek Handlowych i zapewnia wykonanie pełnowartościowych 
badań na temat rynku fuzji. Zgodnie z tym podejściem zebrano informacje na 
temat 3870 transakcji fuzji, które zostały przeprowadzone od 1 stycznia 2002 
do 31 grudnia 2013 w Polsce. Kwartalne wolumeny transakcji ogłoszonych, 
trwających i ukończonych były podstawowymi miarami wykorzystywanymi 
podczas analizy. Wszystkie te miary wykazują mocną sezonowość. Ich stabilny 
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wzrost zaobserwowano w latach 2002-2011. Po 2011 ten trend się odwrócił. 
Jednakże odbicie wolumenu transakcji trwających w drugim kwartale 2013 
sugeruje, iż przynajmniej wolumen transakcji ukończonych powinien być 
większy w nadchodzących kwartałach.
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Abstract

The reflections included in this paper show the imperfections of human know-
ledge when it comes to predicting the socio-economic situation of a mod-
ern democratic state, and their consequences resulting in that those who 
develop the forecast have to direct their attention to the following issues in 
their exploration:
• list of important features characterizing well-being of the state and its cit-

izens’ condition;
• credibility of the information on the value of the selected characteristics 

(data);
• adequate methods outlining the history of how those characteristics were 

shaped in the past (trends);
• methods of shaping causal relationships between these characteristics;
• effective methods of forecasting socio-economic situation in future.

Introduction

Although there is a complete con-
sensus that we do not know the fu-
ture, we are still supposed to be able 
to make short or long-term predic-
tions and, on top of that, to make 
them relatively accurate, according 
to our dreams of having our well-be-
ing improved or at least maintained. 
Making predictions, called by schol-
ars a forecast, pertains to everyone, 

as an individual or as a member of 
a herd (of a family, inhabitants of 
a town or village, municipality, coun-
ty, voivodship, country, associations 
of states and the whole community 
on our planet).
Every forecaster, as an individual or 
leader of a herd of individuals, needs 
supporting tools. Firstly – to identify 
their current well-being – secondly 
– to look into the history of how the 
level of well-being has been evolving, 
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and thirdly – to have an idea of how 
to use thus acquired knowledge in 
order to make the dreams about 
the future come true. Moreover, 
this person should be aware of the 
fact that any tools he/she is about 
to use for this purpose are marked 
by imperfection, that actions based 
on knowledge do not have the prop-
erty of the holy truth, that they are 
subject to risks. The risk results from 
the fact that our insight into the cur-
rent well-being and the history of its 
development is also flawed. We will 
elaborate on why it is so further on in 
the paper.
At this point we should provide our 
readers with the following informa-
tion: our attention will be focused 
on forecasting future in a modern 
democratic state.

Description of the modern 
democratic state 

In the countries indicated in the very 
title of this section, what we encoun-
ter is a civil society, which means 
that its vast majority understand that 
electoral slogans are in general uto-
pian, so therefore one should vote 
for electoral bodies which are guid-
ed by realism, that is, by taking into 
account economic capacities. This 
majority also understands that un-
justified demands can be harmful for 
the herd for in order to give some-
thing, you need to have it first. This 
kind of society consists, in large part, 
of people who are aware that it is ne-
cessary to give up on some of one’s 
inherent egoism for the benefit of 
the herd, that is, for all citizens of the 
state. Hence, in such countries, there 
usually are two strong and to reckon 
with political parties: the rational left 
and rational right which tend to take 
power alternately (provided that the 
unrest occurring in their surround-
ings has hardly any impact on their 
work). Their rationalism brings their 

actions closer to each other, to the 
centre. The minor differences be-
tween them are the result of the 
existence of the two categories of 
citizens, or actually of those citizens’ 
income distribution. Those two so-
cietal strata include:
a) emplovyed workers, who for the 
most part do not possess any signifi-
cant property, and
b) entrepreneurs (some of them 
are employers) along with the 
self-employed.
The shape of the income distribution 
of those groups, which has been as-
sumed hypothetically by intuition, is 
demonstrated in Fig. 1
Both distributions are skewed to the 
right, whereby the income distribu-
tion of the stratum b), owing to a large 
number of the self-employed with 
low earnings, shifts the mode of dis-
tribution to its left edge. Assuming 
that the society made a good ideo-
logical choice when voting for a rul-
ing party, the rational left will devote 
somewhat more attention to the 
poorer citizens coming from both of 
the societal strata, while the ration-
al right will concentrate primarily 
on entrepreneurs from the middle 
class, without vexing too much the 
citizens located at the long tails of the 
income distributions. And we should 
remember that such governments 
ensure social peace and do not em-
bark on revolutionary actions for we 
know particularly well that revolu-
tions mainly destroy merely to either 
rebuild the new afterwards, with 
much hardship and for a long time, or 
to do it fast, but irresponsibly, which 
on the whole does not advance the 
society’s well-being, at least not at 
the beginning.
Even when the state exists in the 
aforementioned conditions, albeit 
exceedingly optimistic from the point 
of view of the practice, forecasting 
socio-economic future is still at the 
risk of being flawed.
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Main reasons for the risk 
involved in forecasting

The primary reason behind the in-
accuracy of predictions is the imper-
fection of our human knowledge with 
respect to the laws ruling our earthly 
realm, which determine our current 
existence, and of the laws shaping its 
behavior over time. Inadequate know-
ledge of these laws is clearly demon-
strated by the impact of natural disas-
ters: earthquakes, volcanic eruptions, 
tsunamis, cyclones and other similar 
disasters impossible to foresee, al-
though they hinder precise forecasts 

which are necessary for running 
a country.
Another important reason causing the 
imperfection of the socio-econom-
ic forecasts for a given country is the 
globalization of international social 
and economic relationships. The im-
pact of globalization, which is hard 
to predict, brings the risk of errors for 
the country’s forecasts.
Even setting aside the unpredictable 
natural disasters and the globalization 
impact, we are still lacking a thorough 
knowledge of the laws ruling the econ-
omy and social situation of the coun-
try considered to be a separate unit. 

Liczba pracowników – number of employees
Pracownicy - employees
Pracodawcy – employers

Dochody - income

Fig 1. The author’s hypothetical drawing of the income distribution 
of entrepreneurs and employed workers in the state.

Source: Author’s own study
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We need to accept this for despite our 
evolving knowledge we will never be 
able to enjoy the “holy truth”, not even 
until the end of the world, as the high-
lander theory of cognition developed 
by Father Tischner1 asserts. However, 
we – the people - should not therefore 
be shrouded in pessimism. 
Let us imagine that we knew every-
thing. We would then create a world 
full of robots which would take all 
the useful work we would perform of 
arranging our well-being, thus turn-
ing homo sapiens into homo ludens, 
and depriving the human mind of its 
need of creating, along with the need 
of constantly seeking the truth. That 
would indeed be dreadful.
With imprecise knowledge – mainly 
with respect to the list of character-
istics of the country’s socio-economic 
situation– the door opens to subject-
ive ideas of how to improve the fore-
cast accuracy (Bartosiewicz 2011a, 
2011b, 2012a). Those ideas stem from 
the world of scholars who, drawing 
on the knowledge already gained, are 
striving to make their knowledge more 
complete by discovering new and, in 
their view, important features (charac-
teristics or, in other words, indicators 
or variables) measuring the state and 
history of the socio-economic well-be-
ing of the country’s citizens, as well as 
the causal links occurring between the 
selected characteristics. At the same 
time, while entering new features into 
the list with the already applied char-
acteristics (possibly removing, from 
time to time, some deemed no longer 
of key value), they create networks of 
causal links of those characteristics, 
building the so called macro models 
of the country’s economy. A well-
known designer of such macro models 
is the late professor Władsław Welfe, 
who perfected this idea together with 
his team several times (Welfe 1992, 
Welfe, ed. 2001, 2005, 2009; Welfe 

1 Józef Tischner - an eminent Polish 
priest and philosopher. 

2010 et al., 1996; Welfe, Świerczew-
ska, ed., 2013). The University of Łódź 
has been continuing his work.
Of course, in order to build networks 
of causal links, it is necessary to know 
the history (of trends) of particular 
characteristics and their causal rela-
tionships. Again, we face the problem 
of how far to look into the past. It is 
likely to depend on the time frame 
of our forecast. The longer the time 
frame, the further back in time we 
need to go to capture the nature of 
the historic process of a particular 
characteristic. What lies before us 
now is to search for historical infor-
mation on the value of the character-
istic and, if it is measured in numbers2 
in the form of time series, we need 
to look for an appropriate function of 
the trend, the application of a certain 
method of estimating trend param-
eters and the way of formulating fore-
casts, for example, through a point-
based or interval-based extrapolation. 
Other proposals also include forecast-
ing through the construction of scen-
arios based on estimating the value of 
risk to be expected during the period 
we make forecast for3. Every step in 
the forecast formulation procedure is 
subject to some errors. The reasons 
for that are as follows:
• we do not know the credibility 

of the values we found for the 
characteristics4,

2 Some characteristics can be measured 
using ordinal or nominal scales, which 
causes additional problems referring to 
having to convert them into time series 
which tend to be of little credibility.
3 Constructing scenarios requires from 
the person making the forecast to use 
special methods of estimating risk value.
4 One should be aware of the fact that 
all figures are estimated in partial studies 
and if they are not conducted according 
to the principles of the representative 
method, they may be affected by system-
atic errors (see here – my paper, “Dane 
– dylemat ilościowców” (Bartosiewicz S. 
2012b))
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• even if the adjustment of the 
function of the trend is of a good 
quality, we do not know wheth-
er the method of estimating the 
trend parameters is adequate,

• and finally, whether we have 
chosen an adequate forecast 
method.

The difficulties of the a), b) and c) 
types also occur in determining the 
causal links in macro models. A stat-
ic (taking no account of the passage 
of time) diagram of the macro mod-
el is displayed in fig. 2 in the form of 
a graph in which the knots represent 

the selected characteristics, and 
directed edges – causal relationships.
If the graph construction does not 
undergo changes over time, the evo-
lution of the state’s well-being can 
be depicted graphically in that the 
size of the knots in the graph which 
emerged on the basis of historical 
data is being increased proportion-
ally to the increase of the values of 
the characteristics. In fig. 3, it was 
assumed that the “historical” graph 
stems from fig. 2, and the second 
graph is the forecast of well being in 
the next period.

Fig.2 Example of macro-economic model graph

Source: Author’s own study

Fig 3. Example of a graph of the macro-economic model along with the well being forecast

Source: Author’s own study
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Every change in a), b) and c) points of 
the procedure results in starting the 
procedure all over again. A new “his-
torical” graph must emerge providing 
a new basis for the forecast.
As the state government is divided 
into departments, with each depart-
ment being an agenda for a specific 
fragment of the macro model, the de-
partments, with the view to formulate 
the development forecast for the frag-
ment they are responsible for, create 
or deploy scientifically devised pro-
cedures concerned with the method 
which will allow them to perform the 
task. However, they will, while going 
through the available research, come 
across numerous subjective ideas 
within this scope (see for example, 
Cieślak 2004, 2006; Pawełek ed. 2012 
and Pociecha ed. 2014). Then, even if 
the procedure has been chosen with 
the support of an expert team, they 
will have no guarantee that the risk 
of forecast errors will be avoided. 
Also, one needs to bear in mind that, 
apart from the government’s agendas, 
very diverse scientific, education, cul-
tural associations deal with the frag-
ments of macro models, including, in 
particular, scholars who create and 
publish their subjective ideas. Thus, 
a huge collection of methods emer-
ges through which just to navigate is 
difficult enough. Moreover, a substan-
tially correct choice which minimizes 
forecast errors tends to be extremely 
troublesome. 

Summary

Predicting the unknown socio-eco-
nomic future of a state along and of 
its citizens compels us to forgive those 

who run the country their subjective 
forecast errors, provided that one 
minimizes errors in the implementa-
tion of the following issues:
• searching for the list of important 

characteristics of the socio-eco-
nomic well being of the state and 
its citizens;

• credible information on the val-
ues of the selected characteristics 
(data);

• adequate adequate methods out-
lining the history of how those 
characteristics were shaped in the 
past (trends);

• methods of shaping causal rela-
tionships between characteristics;

• effective methods of forecasting 
the socio-economic situation in the 
future.

In order for the tasks listed above 
to be completed, those who perform 
them must also use their ingenuity 
and – most likely – intuition, beside 
the knowledge they possess.
The entire message conveyed in the 
paper is an optimistic fairy tale that 
people so much need at the time of 
“the third world war in fragments”5 
which began immediately after the 
second one ended (Korea, Vietnam, 
wars in Africa during the decoloniza-
tion process, continuous armed con-
flict between Israeli and Palestine, 
bloody disintegration of Yugoslavia, 
two Iraqi wars, Afghanistan, Arab 
Spring in North Africa and its tragic 
outcome and finally Syria and the so 
called Islamic State, as well as the ter-
rorism oppressing humanity).
5 The author heard the quoted excerpt on 
the Tok fm radio, yet, unfortunately, she 
does not know who said it.
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Garść refleksji na temat przewidywania społeczno-gospodarczej przyszłości

Abstrakt
Refleksje w artykule wskazują niedoskonałości wiedzy ludzkiej w prognozo-
waniu sytuacji społeczno-gospodarczej nowoczesnego, demokratycznego 
państwa oraz ich skutki, powodujące, że opracowujący prognozę muszą kie-
rować swoją uwagę na następujące problemy w poszukiwaniach: 
a) spisu ważnych cech charakteryzujących stan dobrostanu państwa i jego 
obywateli; 
b) wiarygodności informacji o wartościach wybranych cech (danych); 
c) właściwych metod dla opisu historii kształtowania się cech w przeszłości 
(trendów); 
d) metod kształtowania relacji przyczynowo-skutkowych między cechami; 
e) skutecznych metod prognozowania sytuacji społeczno-gospodar-
czej w przyszłości.

Słowa kluczowe: społeczno-gospodarcza sytuacja państwa, stan wiedzy, ryzyko błę-
dów, rola subiektywizmu, modelowanie, prognozowanie
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Abstract

A great diversity characterizes economic dynamics of Germany over a long per-
iod of time. This refers to many time series: in some periods, they show large 
volatility which then moves into stability and stagnation phase, generating 
specific difficulties in a long-term forecasting of economic dynamics. The aim 
of the research is the attempt to determine the prognostic efficiency of condi-
tional modelling and to answer the question whether or not conditional errors 
are significantly smaller than the unconditional ones in long-term forecasting. 
The research showed that conditional errors (root mean square errors RMSE) 
of an ex- post forecast did not differ significantly from the unconditional 
RMSE. The decreasing RMSE of the ex-post forecast for Germany’s individ-
ual economic processes (with the assumption that an intercept occurs in 
the ARMA procedure) was correlated more strongly with the procedure of 
filtering economic time series than with the application of the conditional 
maximum likelihood method (ML) and robust procedures. The relationship 
between a decreasing RMSE of the ex-post forecast and the application of 
conditional ML methods occurs in ARMAX forecasts (with exogenous pro-
cesses) for data filtered with Hodrick - Prescott (HP) filter. It is worth pointing 
out that a relatively high prognostic efficiency of the robust (resistant) esti-
mation of quantile regression occurs for the economic series linearized with 
the help of the TRAMO/SEATS method.

Introduction

Defining the conditional expectation 
of data-generating random process-
es whose conditional variance does 

not vary over time boils down to the 
issue of the mean squared error1. The 

1 See: (Athreya, Lahiri, 2006), (Kosio-
rowski, 2012)
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regression analysis for random vari-
ables (X, Y) consists in predicting Y 
based on the observations of X. There-
fore, one should find function f, such 
that Y = f(X). The mean squared error 
is usually assumed to be the criterion 
which is the measure of the accuracy 
of estimation Y. Assuming that the 
expected value of the prediction Y 
is finite, one proves that there exists 
function f0 which minimises the mean 
squared prediction error2.
It seems prima facie reasonable to as-
sume that the volatility of econom-
ic dynamics of time series over long 
periods of time increases the uncon-
ditional mean squared errors of their 
prediction. However, economic time 
series are not generated solely by ran-
dom processes. Were it the case, any 
attempts at making predictions would 
prove futile, for random processes 
cannot be predicted. That does not 
mean that an appropriately employed 
“reception strategy” may consider 
a meaningless, “random” communica-
tion to be “relevant” and “structured”. 
In this case, however, the organiza-
tion of the communication, which has 
been imposed by the reception strat-
egy, emerges only “on the side” of the 
receiver who somewhat succumbs 
to the “hallucination” ..... of “informa-
tion” 3 Yet, economic processes are not 
random isolates as they are inter-con-
nected through a variety of relations 
(causal, probabilistic, fuzzy, reflexive, 
etc.). Moreover, it appears that the 
efficiency of predictions is to some ex-
tent conditional on applying the pro-
cedures of pre-whitening data.
The size of the mean squared predic-
tion errors may also be affected by out-
liers occurring in the time series con-
sidered. This kind of data may occur 
in individual time series. One can also 
view an entire time series as an out-
lier in a given set (family) of the time 

2 Althreya, Lahiri, 2006
3 Lem, 2009, p. 269

series4. Their impact on the results 
of a regression analysis is to a large 
extent conditional on the computa-
tion procedures employed. In order 
to remove the impact of the outliers 
on the computation results, they are 
frequently removed from the time ser-
ies. Furthermore, the procedures cor-
recting outliers are used (averaging, 
filtration, etc.). In the processes which 
generate a high percentage of outliers 
in all observations in the period con-
sidered, such interference is very like-
ly to result in seeming regressions. In 
literature, attention is therefore paid 
to the application of resistant statis-
tical procedures in economic studies 
minimizing mean squared errors5.
The aim of the study on economic dy-
namics of Germany presented below 
is the verification of the hypotheses 
asserting that variance and deviating 
observations significantly change the 
mean squared errors of forecasting 
the dynamics of economic time series.

Research methods

In a preliminary pre-whitening of 
monthly data (270 data covering the 
period between April 1992 and Sep-
tember 2014, 23 time series of Ger-
many, calculated as a month corres-
ponding to the month of the previous 
year) - in order to remove a seasonal 
component from the original data, 
the X-12-ARIMA procedure was used 
in gretl software 1.10.2 (MS Windows 
x86_64). In the result, a component 
adjusted seasonally (nazwa [name]_s) 
was obtained. The seasonally adjusted 
time series were then subject to aug-
mented Dickey-Fuller unit-root test in 

4 Lopez - Pintado, Romo 2006; Lopez - 
Pintado, Romo 2009
5 See: Brandt, 1999; Chow, 1995; Chuk-
wu, 2003; DeLurgio, 1998; Edgeworth, 
1888; Ekonometria, 2003; Greene 2000; 
Jajuga, 1993; Kosiorowski ,2012; Mad-
dala, 2006); Statystyczna analiza danych, 
2009; Studenmund, 2001.
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gretl software. The test showed that 
there were no grounds to reject the 
null hypothesis: “a unit-root is present” 
for all the time series adjusted season-
ally. In order to remove the stochastic 
trend, the Hodrick-Prescott filter was 
used in gretl software (the lambda co-
efficient for monthly data = 14400). 
The cyclical component obtained was 
recorded as hp_nazwa_s. The season-
ally adjusted data were subject to the 
TRAMO/SEATS analysis using gretl 
software. As a result, adjusted data 
nazwa_s_xl and deviating values IO 
(innovational outliers), additive out-
liers AO, LS (level shift) and TC (tem-
porary changes) were obtained6.
For the thus obtained time series, the 
ARMA forecasting model was used 
(assuming that only intercept and co-
variance matrix parameter via Hessian 
will be included). The accuracy of the 
quantitative forecasts was assessed 
using the ex post mean squared error 
in the verification interval. The inter-
val of the empirical verification of the 
forecasting was determined for the 
period February 2014 –October 2014 
(eight months)7. As a non-seasonal 
order AR and non-seasonal order MA 
in the ARMA model (for data nazwa_s 
and hp_nazwa_s), the quantities set 
out in armax package 0.92 (author: 
Yi - Nung Yang) of gretl software were 
adopted. For data nazwa_s_xl, the 
non-seasonal and seasonal order AR 
and MA were employed, determined 
automatically in the TRAMO/SEATS 
procedure of gretl software. Next, for 
individual data sets (cleared of sea-
sonal variations, with Hodrick-Prescott 
stochastic trend being removed, and 
cleared of linearised series), the fore-
casts for the industry production dy-
namics of Germany were determined 
with the help of the ARMAX models 
(applying exogenous process), using 

6 See: Marona, Martin, Yohai 2006.
7 See: Prognozowanie gospodarcze, 
2001; Clements, Hendry, 2001; Clements, 
Hendry, 2004; Chatfield 2000.

the appropriate and conditional max-
imum likelihood method8 and quantile 
regression models. Similar to fore-
casting time series, an ex post mean 
squared error was computed in the 
verification interval February-October 
2014. Deviations were computed for 
all the time series9.
Subject to the analysis were the fol-
lowing time series of the German 
economy (the period = 1992-2014, 
the number of data = 270; the data 
have been presented as chain indices: 
month related to the month of the 
previous year):
The data were obtained from the 
monthly magazine Statistisches 
Bundesamt „Wirtschaft und Statis-
tik” and the publications of the tests 
of the economic situation in industry 
and construction by Ifo-Institut für 
Wirtschaftsforschung in Munich.

Empirical Studies

The standard deviations of the time 
series with Hodrick-Prescott stochas-
tic trend being removed are smaller 
than the standard deviations of the 
data after having used the X-12 ARIMA 
procedure. Moreover, the standard 
deviations of the time series obtained 
in the TRAMO/SEATS analysis are 
smaller than the data with seasonality 
removed in 16 cases, and for the data 
which were filtered with Hodrick-Pres-
cott filter only in 8 cases (the data 
used in the graph below have been 
included in Table 1 of the Statistical 
Attachment).
The level of the standard deviations of 
the time series does not seem to be 
related to the occurrence of outliers 

8 The appropriate method of maximum 
likelihood uses Kalman filter algorithm, 
whereas the conditional method of max-
imum likelihood uses BHHH algorithm 
((E. R. Berndt, B. H. Hall, R. E. Hall, J.A. 
Hausman; Kufel ,2007; Maddala, 2006; 
Berndt, Hall, Hall, Hausman, 1974).
9 Kufel, 2007.
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Table 1. Selected monthly time series of German economy (April 1992 – September 2014)

No Time series Symbol

1 DAX stock index dax 

2 Hard coal mining coal

3 Steel production steel

4 Cement production cement

5 Electricity production electri

6 Production of passenger cars cars

7 Total industrial production prod

8 Production of capital goods inv

9 Production of raw materials row

10 Production of consumer goods consum

11 Industry turnover (in nominal terms) turn_n

12 Industry turnover (in real terms) turn_r

13 Price dynamics of industrial goods cen_dyn

14 Job vacancy vacan

15 Industrial employment employ

16 Total unemployment unemploy

17 Export export

18 Import import

19 Economic situation forecast for industry pr_prz

20 Diagnosis of economic situation in industry d_prz

21 Industrial goods price forecast pr_cen

22 Economic situation forecast for construction pr_bud

23 Diagnosis of economic situation in construction d_bud

Source: Author’s own study 

in these time series. For example, the 
high variance (standard deviation = 
28,043) of the dynamics of forecast 
indicators for economic activity of 
German industry is not related to the 
occurrence of a great number of out-
liers in a given time series (IO in Janu-
ary 2009 and in October 2008)10:

10 See Table 2 of the Statistical 
Attachment

Moreover, for the industrial goods 
price dynamics showing the smallest 
standard deviation in the period con-
sidered, the TRAMO/SEATS analysis 
determined seven outliers (IO in Nov-
ember 2008, in January and May 2014; 
AO in July 2009; LS in January 2009; TC 
in April 2003 and April 2014)11

11 See Table 2 of the Statistical 
Attachment
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Fig. 1. Time series standard deviations after removing seasonality 
(name_s), after applying Hodrick-Prescott filter (hp_nazwa_s) and after 

being subject to the TRAMO/SEATS analysis (04/1992 - 09/2014).

Source: Wirtschaft und Statistik, Ifo-Institut, www.borse.de (accessed on 30 June 2015)

Fig. 2. The dynamics of the 
German economic situation 

forecast for industrial production 
(monthly data 1992/04 – 2014/09) 

smoothed in the X-12 ARIMA 
and TRAMO/SEATS analyses.

Source: Author’s own study

Fig. 3. Germany’s industrial 
goods price dynamics (monthly 

data 1992/04 – 2014/09 
smoothed in the X-12 ARIMA 
and TRAMO/SEATS analyses.

Source: Author’s own study 
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The ex post root mean squared error of 
the forecast (RMSE) in the verification 
interval (02-09/2014) of the time ser-
ies of economic dynamics of Germany 
after removing from them the season-
al component (X-12 ARIMA)12 did not 
show large differences with respect 
to the forecasts obtained using the 
appropriate (ordinary) and conditional 
method of the maximum likelihood of 
the ARMA model. Only for eight time 
series (per 23 in total) did the RMSE of 
the “conditional” forecasts prove to be 
smaller than the RMSE of the “ordin-
ary” forecasts (coal, cement, electri, 
prod, row, consum, unemploy, vacan). 
For the industrial goods price dynam-
ics and industrial goods price forecast, 
the RMSE was computed additionally 
for a static (and not dynamic) forecast 
outside the sample range (cen_dyn_s_
stat, pr_cen_s_stat). The dynamic 
forecasts for those time series ap-
peared to have little likelihood in the 
verification interval: 
The mean squared error of the forecast 
for the time series of Germany’s eco-
nomic dynamics, after having removed 
the seasonal component and stochas-
tic trend (using Hodrick-Prescott filter), 

12 See Table 3 of the Statistical 
Attachment

showed relatively bigger differences 
with respect to the “conditional” and 
“ordinary” forecasts for the time ser-
ies of the steel production dynamics, 
the industry economic situation fore-
cast and the DAX stock exchange:
The RMSE of the conditional forecasts 
proved to be smaller than the RMSE of 
the ordinary forecasts for ten time ser-
ies of the economic dynamics of Ger-
many (steel, electri, cars, prod, row, 
pr_prz, d_prz, pr_bud, d_bud, dax).
The ex post mean squared errors of 
the forecast of the economic dynam-
ics time series of Germany (after being 
transformed using the TRAMO/SEATS 
method) obtained using the ARMA 
model13 are smaller (than the “or-
dinary” forecasts errors) for 14 time 
series when applying the conditional 
maximum likelihood method: coal, 
cement, electri, prod, inv, row, unem-
ploy, vacan, turn_r, cen_dyn, export, 
import, pr_prz, pr_cen. While remov-
ing the seasonal component and sto-
chastic trend from the time series con-
sidered, we can observe an increase 
in the number of the time series 
whose “conditional” forecasts show 
smaller mean squared errors than 

13 See Table 5 of the Statistical 
Attachment

Fig. 4 - 5. The dynamic (the left graph) and static forecast (the right graph) in the verification 
interval 02 – 09/2014 of the industrial goods price dynamics after removing the seasonal 

component in the X-12 ARIMA analysis (using the appropriate maximum likelihood method)

Source: Author’s own study 
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Fig. 6 - 11. The ARMA dynamic forecast in the verification interval 02 – 09/2014 of 
the steel production dynamics, the economic situation forecast for German industry 

and the DAX index, after removing stochastic trend using the appropriate (the 
left graph) and conditional (the right graph) maximum likelihood method.

Source: Author’s own study
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the “ordinary” forecasts. Although 
the average level of those errors is re-
duced, the mean squared errors using 
the conditional maximum likelihood 
method were smaller on average than 
the errors of the forecast using the 
appropriate ML method only for the 
data subject to transformation by the 
TRAMO/SEATS method.
The forecasts of the time series dy-
namics of the raw material production 
in Germany are a good illustration of 
how an ex post forecast error gets re-
duced when moving from the appro-
priate to the conditional ML method, 

together with the series transforma-
tions by the X-12 ARIMA method, Ho-
drick-Prescott filter and the TRAMO/
SEATS method. The forecasts of the 
time series dynamics of industrial 
production and electricity production 
(showing a relatively smaller error 
for the conditional ML method) have 
minimal errors for the data with the 
cyclical component being removed 
and without the trend (hp_nazwa_s).
The estimation of the ARMAX predic-
tion models and quantile regression is 
only partially consistent with the re-
sults achieved so far.

Table. 2 Ex post root mean squared errors of forecast using the appropriate (ordinary) 
and conditional maximum likelihood method (February 2014 – September 2014)

Time series
ex post root mean squared error of forecast

Appropriate ML method Conditional ML method 

nazwa_s 4,908724 5,127520

hp_nazwa_s 4,544892 4,609084

nazwa_s_xl 4,094528 4,034166

Source: Author’s own study

Table 3. Ex post mean squared error of forecast using the appropriate (ordinary) and 
conditional maximum likelihood method (February 2014 – September 2014)

ARMAX models RMSE (appropriate) RMSE (conditional) Time series

Model 1 1,7838 1,6121 nazwa_s

Model 2 1,7183 1,5154 hp_nazwa_s

Model 3 1,8353 1,7797 nazwa_s_xl

Quantile regression RMSE

Model 4 2,0079 nazwa_s

Model 5 1.8246 hp_nazwa_s

Model 6 1,7927 nazwa_s_xl

Source: Author’s own study
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Fig. 12 - 17. Ex post ARMA forecasts of the raw material production dynamics in Germany 
(02-09/2014) after having removed seasonal fluctuations, stochastic trend and after 

linearization using the TRAMO/SEATS method and the application of the appropriate 
(the left graph) and conditional (the right graph) maximum likelihood method.

Source: Author’s own study 
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In the ARMAX models and quantile re-
gression, the endogenous variable was 
the industrial production dynamics of 
Germany, whereas 22 variables were 
exogenous variables (processes linked 
to industrial production, employment, 
sale, international exchange, econom-
ic situation forecasting and stock ex-
change cycles, see Table 1). An ex post 
minimum forecasting error occurred 

in Model 2 (data with seasonality and 
stochastic trend removed):

Function evaluations: 104
Evaluation of gradient: 38

Model 2: ARMAX estimation, using ob-
servations 1992-06-2014:01 (N=260)
Estimation using BHHH method (con-
ditional ML)
Dependent variable (Y): hp_prod_s

Table 4. ARMAX estimation of independent variables hp_variable_s.

coefficient standard error z p value 

const 0,007311 0,140263 0,05212 0,9584

phi_1 0,048957 0,05295 0,9246 0,3552

phi_2 0,058898 0,063205 0,9318 0,3514

theta_1 0,07785 0,102854 0,7569 0,4491

theta_2 0,086456 0,10729 0,8058 0,4204

hp_steel_s 0,038826 0,020052 1,936 0,0528 *

hp_coal_s −0,0161641 0,014449 −1,119 0,2633

hp_cement_s 0,048616 0,011135 4,366 1,26E-05 ***

hp_electri_s 0,051306 0,021425 2,395 0,0166 **

hp_cars_s 0,036776 0,011687 3,147 0,0017 ***

hp_inv_s 0,278991 0,024701 11,29 1,39E-29 ***

hp_row_s 0,046506 0,027397 1,698 0,0896 *

hp_consum_s 0,118566 0,044674 2,654 0,008 ***

hp_employ_s −0,0600114 0,071695 −0,8370 0,4026

hp_unempl_s −0,00183356 0,034713 −0,05282 0,9579

hp_vacan_s 0,016234 0,014933 1,087 0,277

hp_turn_n_s −0,574603 0,457011 −1,257 0,2086

hp_turn_r_s 0,686252 0,46274 1,483 0,1381

hp_cen_dyn_s 0,717697 0,506308 1,418 0,1563

hp_export_s −0,0324103 0,020998 −1,543 0,1227

hp_import_s 0,003727 0,021088 0,1767 0,8597

hp_pr_prz_s 0,002578 0,012675 0,2034 0,8388

hp_d_prz_s −0,00279557 0,01001 −0,2793 0,78

hp_pr_cen_s 0,062655 0,025979 2,412 0,0159 **

hp_pr_bud_s 0,035397 0,01715 2,064 0,039 **

hp_d_bud_s −0,00786290 0,012528 −0,6276 0,5303

hp_dax_s 0,006406 0,011791 0,5433 0,5869

Source: Author’s own study 
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Dependent variable’s arithmetic mean  0,045066
Dependent variable’s standard deviation   5,064565
The mean of random errors  0,000585
Standard deviation of random errors  1,333011
Likelihood logarithm 443,6584
Akaike information criterion  943,3169
Schwarz bayesian criterion  1043,016
Hannan-Quinn criterion   983,3972

Table 5 ARMAX estimation of dependent variable hp_prod_s (Model 2)

part real imaginary module frequency
 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 
AR
Root 1 3,7258 0,0000 3,7258 0,0000
Root 2 -4,5570 0,0000 4,5570 0,5000
MA
Root 1 -0,4502 -3,3710 3,4010 -0,2711
Root 2 -0,4502 3,3710 3,4010 0,2711
 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

Source: Author’s own study 

Fig. 18. Ex post ARMAX forecast of the industrial production dynamics 
of Germany (02-09/2014), after having removed seasonal fluctuations 

and stochastic trend using the conditional ML method.

Źródło: opracowanie własne
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The models obtained were tested for 
normality of residual distribution and 
residual graphs Q– Q (quantile- quan-
tile) were generated. In none of the 
models were there any grounds for 
rejecting the null hypothesis: “the em-
pirical distribution function has a nor-
mal distribution”;

Frequency distribution for uhat2, ob-
servations 3-262
Interval number = 17, the mean = 
0,000585178, standard deviation = 
1,40813

Null hypothesis: the empirical dis-
tribution function has a normal 

distribution. Doornik-Hansen test 
(1994) – transformed skewness and 
kurtosis: Chi-square (2) = 196,805 with 
p value 0,00000

In the quantile regression models 
(Model 4 – Model 6) the minimum ex 
post error occurred in Model 6 (data 
linearised using the TRAMO/SEATS 
procedure):

Model 6: Estimation quantile Esti-
mator, using observations 1992:04-
2014:01 (N = 262)
Dependent variable(Y): prod_s_xl, tau 
= 0,5 
Asymptotic standard errors (IID errors)

Table 6 Frequency distribution for Model 2

intervals mean number frequency cumulative

< -3,1314 -3,577 7 2,69% 2,69%

-3,13140 ÷ -2,24030 -2,6859 6 2,31% 5,00%

-2,24030 ÷ -1,34910 -1,7947 12 4,62% 9,62% *

-1,34910 ÷ -0,45792 -0,90351 55 21,15% 30,77% *******

-0,45792 ÷ 0,43326 -0,01233 86 33,08% 63,85% ***********

0,43326 ÷ 1,32440 0,87884 67 25,77% 89,62% *********

1,32440 ÷ 2,21560 1,77 20 7,69% 97,31% **

2,21560 ÷ 3,10680 2,6612 4 1,54% 98,85%

3,10680 ÷ 3,99800 3,5524 2 0,77% 99,62%

3,99800 ÷ 4,88910 4,4435 0 0,00% 99,62%

4,88910 ÷ 5,78030 5,3347 0 0,00% 99,62%

5,78030 ÷ 6,67150 6,2259 0 0,00% 99,62%

6,67150 ÷ 7,56270 7,1171 0 0,00% 99,62%

7,56270 ÷ 8,45380 8,0082 0 0,00% 99,62%

8,45380 ÷ 9,34500 8,8994 0 0,00% 99,62%

9,34500 ÷ 10,2360 9,7906 0 0,00% 99,62%

>=10,2360 10,682 1 0,38% 100,00%

Source: Author’s own study
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Fig. 19-20. Distribution normality test and Q-Q chart for 
Model 2 using the conditional ML method.

Source: Author’s own study

Table 7. The results of the quantile regression of the dependent variable prod_s_xl (Model 6)

nazwa_s_xl coefficient standard error Student’s t p value

steel_s_xl 0,079088 0,011419 6,926 3,94e-011 ***

coal_s_xl −0,0101808 0,00957 −1,064 0,2885

cement_s_xl 0,084524 0,014294 5,913 1,15e-08 ***

electri__xl 0,052285 0,020676 2,529 0,0121 **

cars_s_xl 0,013057 0,009256 1,411 0,1597

inv_s_xl 0,253775 0,02177 11,66 3,53e-025 ***

row_s_xl 0,069733 0,020355 3,426 0,0007 ***

consum_s_xl 0,124415 0,039321 3,164 0,0018 ***

unempl_s_xl −0,00814542 0,013022 −0,6255 0,5322

employ_s_xl 0,224689 0,056453 3,98 9,13e-05 ***

vacan_s_xl 0,021406 0,005542 3,863 0,0001 ***

turn_n_s_xl 0,000391 0,01355 0,02885 0,9770

turn_r_s_xl 0,057217 0,020122 2,843 0,0048 ***

cen_dyn__xl 0,036413 0,066361 0,5487 0,5837

export_s_xl 0,009736 0,015596 0,6243 0,5330

import_s_xl −0,0699114 0,015211 −4,596 6,96e-06 ***

pr_prz_s_xl 0,010845 0,005201 2,085 0,0381 **

d_prz_s_xl 0,019162 0,006001 3,193 0,0016 ***

pr_cen_s_xl 0,030599 0,013152 2,327 0,0208 **

pr_bud_s_xl 0,022208 0,010807 2,055 0,0410 **

d_bud_s_xl −0,00535156 0,005482 −0,9762 0,3300

dax_s_xl −0,00115374 0,004629 −0,2492 0,8034

Source: Author’s own study
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Median of dependent variable    101,3516  
Standard deviation of dependent variable  4,594462
Absolute sum of squares    238,2022  
Residual sum of squares     474,3636
Likelihood logarithm  −   418,6557  
Akaike information criterion     881,3114
Schwarz bayesian criterion    959,8150  
Hannan-Quinn criterion      912,8637
Frequency distribution for uhat3, observations 1-262
Interval number = 17, the mean = -0,115469, standard deviation = 1,4007

Fig. 21. Ex post forecast of industrial 
production dynamics of Germany 

(02-09/2014) obtained using quantile 
regression for data linearised by 

the TRAMO/SEATS method.

Source: Author’s own study

Table 8 Frequency distribution for Model 6

 intervals mean number frequency cumulative

< -6,2404 -6,62 1 0,38% 0,38%
-6,2403 - -5,4810 -5,8607 0 0,00% 0,38%
-5,4810 - -4,7217 -5,1014 1 0,8% 0,76%

-4,7217 - -3,96124 -4,3421 2 0,76% 1,53%
-3,9624 - -3,2031 -3,5827 2 0,76% 2,29%
-3,2031 - -2,4438 -2,8234 4 1,53% 3,82%
-2,4438 - -1,6844 -2,0641 13 4,96% 8,78% *

-1,6844 - -0,92511 -1,3048 25 9,54% 18,32% ***
-0,92511 - -0,16579 -0,54545 60 22,90% 41,22% ********
-0,16579 - 0,59353 0,21387 94 35,88% 77,10% ************
0,59353 - 1,3529 0,97319 40 15,27% 92,37% *****
1,3529 - 2,1122 1,7325 9 3,44% 95,80% *
2,1122 - 2,8715 2,4918 8 3,05% 98,85% *
2,8715 - 3,6308 3,2512 0 0,00% 98,85%
3,6308 - 4,3901 4,0105 2 0,76% 99,62%
4,3901 - 5,1495 4,7698 0 0,00% 99,62%

>= 5,1495 5,5291 1 0,38% 100,00%

Source: Author’s own study 
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Null hypothesis: the empirical distri-
bution function has a normal distri-
bution. Doornik-Hansen test (1994) 
– transformed skewness and kurtosis: 
Chi-square (2) = 79,574 with p value 
0,00000

Conlusions

The comparative analysis of the ex 
post mean squared forecast errors has 
showed that conditional errors do not 
differ significantly from the uncon-
ditional ones. The ex-post decreasing 
forecast error for Germany’s individual 
economic processes (assuming that 
intercept occurs in the ARMA proced-
ure) is correlated more strongly with 

the procedure of filtering economic 
time series than with the application 
of the conditional maximum likeli-
hood method and robust procedures. 
The relationship between the decreas-
ing ex post mean squared error and 
the application of the conditional ML 
method occurs in the ARMAX pro-
cedure (with exogenous processes) 
with the minimum conditional fore-
cast error occurring for data filtered 
using Hodrick - Prescott (HP) filter. It 
is worth pointing out that a relatively 
high prognostic efficiency of the ro-
bust estimation procedure of quantile 
regression occurs for the data linear-
ized with the help of the TRAMO/
SEATS method.

Fig. 22-23. Distribution normality test and chart Q - Q for Model 6.

Source: Author’s own study
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Table. 1. Standard deviations of time series after removing seasonality 
(nazwa_s), after using Hodrick-Prescott filter (hp_nazwa_s) and after 

being subject to the TRAMO/SEATS analysis (04/1992 - 09/2014)

nazwa_s standard 
deviation hp_nazwa_s standard 

deviation nazwa_s_xl standard 
deviation

steel 11,097 hp_steel_s 10,025 steel_s_xl 12,189

coal 9,7615 hp_coal_s 9,1053 coal_s_xl 8,4709

cement 11,865 hp_cement_s 11,193 cement_s_xl 7,0549

electri 5,2875 hp_electri_s 4,8831 electri__xl 4,9216

cars 14,114 hp_cars_s 12,22 cars_s_xl 12,993

prod 6,0316 hp_prod_s 4,9964 prod_s_xl 4,6041

inv 9,196 hp_inv_s 7,4278 inv_s_xl 7,0891

row 8,1494 hp_row_s 6,7741 row_s_xl 7,2948

consum 3,1664 hp_consum_s 2,6303 consum_s_xl 2,7462

employ 3,5138 hp_employ_s 2,2892 unempl_s_xl 7,9275

unempl 8,6298 hp_unempl_s 5,2648 employ_s_xl 1,6796

vacan 20,968 hp_vacan_s 13,797 vacan_s_xl 21,95

turn_n 7,8783 hp_turn_n_s 6,7376 turn_n_s_xl 10,721

turn_r 6,7794 hp_turn_r_s 5,832 turn_r_s_xl 7,1342

cen_dyn 2,2975 hp_cen_
dyn_s

1,7925 cen_dyn__xl 2,0088

export 10,644 hp_export_s 9,3094 export_s_xl 9,1425

import 10,283 hp_import_s 8,8655 import_s_xl 7,2283

pr_prz 28,043 hp_pr_prz_s 24,88 pr_prz_s_xl 25,432

d_prz 36,944 hp_d_prz_s 30,051 d_prz_s_xl 23,114

pr_cen 11,523 hp_pr_cen_s 10,443 pr_cen_s_xl 11,442

pr_bud 12,015 hp_pr_bud_s 9,6355 pr_bud_s_xl 11,995

d_bud 23,934 hp_d_bud_s 15,469 d_bud_s_xl 23,919

dax 23,947 hp_dax_s 17,65 dax_s_xl 23,502

Source: Author’s own study

Statistical Attachment
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Table. 3. Ex post mean squared forecast error in the verification interval (02 - 09/2014) of the 
time series of economic dynamics of Germany, after removing from them a seasonal component.

nazwa_s p, q RMSE (appropriate) RMSE 
(conditional)

steel_s 2, 2 1,2262 1,3123

coal_s 1, 0 15,578 15,567

cement_s 1, 1 4,1014 4,0934

electri_s 3, 3 7,4173 7,3284

cars_s 1, 1 11,983 12,074

prod_s 2, 2 4,4589 4,4557

inv_s 2, 2 5,7825 4,8233

row_s 2, 2 3,3283 2,9179

consum_s 1, 1 2,7032 2,6430

employ_s 3, 2 1,1236 1,1543

unemploy_s 3, 3 1,0041 1,0000

vacan_s 1, 0 10,853 10,792

turn_n_s 2, 3 2,5178 2,5435

turn_r_s 3, 3 4,9520 5,1338

cen_dyn_s 3, 2 7,8634 8,2474

cen_dyn_s_stat 3, 2 2,4739 2,5207

export_s 3, 3 4,8491 5,1191

import_s 3, 3 3,3552 4,3137

pr_prz_s 2, 2 5,4730 8,1967

d_prz_s 2, 2 5,8822 6,0190

pr_cen_s 3, 1 3,0159 4,3318

pr_cen_s_stat 3, 1 1,3009 1,6024

pr_bud_s 3, 2 5,1142 5,4118

d_bud_s 3, 3 3,7736 3,9567

dax_s 2, 0 2,5874 2,6301

Source: Author’s own study
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Table 4. Ex post mean squared forecast error in verification interval (02 - 09/2014) of the 
time series of economic dynamics of Germany after using Hodrick – Prescott filter.

nazwa_s p, q RMSE (appropriate) RMSE (conditional)

hp_steel_s 2, 2 3,2923 1,6622

hp_coal_s 2, 3 12,151 13,107

hp_cement_s 1, 0 4,4766 6,2968

hp_electri_s 1, 1 4,5644 4,5584

hp_cars_s 1, 2 11,283 11,269

hp_prod_s 2, 2 3,0343 2,8196

hp_inv_s 3, 3 4,1427 4,4994

hp_row_s 2, 2 2,5543 2,0521

hp_consum_s 1, 1 1,8406 1,8730

hp_employ_s 1, 0 0,2937 0,3637

hp_unemploy_s 1, 1 1,6468 1,8400

hp_vacan_s 1, 0 11,279 11,659

hp_vacan_s_stat 1, 0 4,0848 4,1560

hp_turn_n_s 3, 3 4,0832 4,3251

hp_turn_r_s 3, 3 6,1971 6,4223

hp_cen_dyn_s 2, 1 4,4671 6,2968

hp_cen_dyn_s_stat 2, 1 2,0756 2,2253

hp_export_s 2, 2 2,8215 2,9591

hp_import_s 2, 2 3,1495 3,5864

hp_pr_prz_s 2, 2 8,5057 6,6401

hp_d_prz_s 2, 2 3,3024 3,2857

hp_pr_cen_s 3, 1 2,0915 2,3037

hp_pr_bud_s 1, 0 5,2911 5,2786

hp_d_bud_s 3,3 2,9493 2,8094

hp_dax_s 2,1 4,0448 2,9384

Source: Author’s own study
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Table 5. Ex post mean squared forecast error in verification interval (02 - 09/2014) of the 
time series of economic dynamics of Germany after using the TRAMO/SEATS method.

nazwa_s_xl (p, d, q) (ps, ds, qs) RMSE (appropriate) RMSE 
(conditional)

steel_s_xl (0, 1, 1) (0, 0, 1) 2,6386 2,86

coal_s_xl (0, 1, 2) (0, 0, 1) 11,938 11,777

cement_s_xl (2, 2, 1) (0, 0, 1) 4,3302 3,7176

electri_s_xl (1, 0, 1) (0, 0, 1) 7,3385 7,3278

cars_s_xl (2, 1, 0) (0, 0, 1) 4,4626 4,4628

prod_s_xl (1, 1, 0) (0, 0, 1) 3,8221 3,7634

inv_s_xl (0, 1, 1) (0, 0, 1) 4,8696 4,8566

row_s_xl (0, 1, 1) (0, 0, 1) 1,689 1,6845

consum_s_xl (2, 2, 1) (0, 0, 1) 1,6857 1,7002

employ_s_xl (0, 1, 0) (0, 0, 1) 0,1377 0,17834

unemploy_s_xl (1, 1, 0) (0, 0, 1) 1,8383 1,5736

vacan_s_xl (0, 1, 3) (0, 0, 1) 3,1774 3,0923

turn_n_s_xl (2, 1, 0) (1, 0, 1) 3,9358 4,0596

turn_r_s_xl (2, 1, 0) (0, 0, 1) 3,5976 3,5921

cen_dyn_s_xl (1, 1, 1) (0, 0, 1) 3,132 3,1295

cen_dyn_s_xl_stat (1, 1, 1) (0, 0, 1) 0,68968 0,69174

export_s_xl (3, 1, 1) (1, 0, 1) 3,8862 3,2973

import_s_xl (3, 1, 1) (0, 0, 1) 2,4307 2,4108

pr_prz_s_xl (2, 1, 0) (0, 0, 1) 6,0316 5,7823

d_prz_s_xl (2, 2, 0) (0, 0, 1) 2,7366 2,8219

pr_cen_s_xl (3, 1, 1) (0, 0, 1) 4,7979 4,78

pr_bud_s_xl (0, 1, 0) (0, 0, 1) 5,7237 5,8048

d_bud_s_xl (0, 1, 1) (0, 0, 1) 9,0827 9,154

dax_s_xl (0, 1, 1) (0, 0, 1) 4,2965 4,3018

Source: Author’s own study



WSB University in Wroclaw Research Journal I ISSN 1643-7772 I eISSN 2392-1153 I Vol. 16 I No. 3

62

Bibliography

Athreya K. B., Lahiri S. N. (2006), Meas-
ure Theory and Probability Theory, 
Springer Science + Business Media 
LLC, New York.

Berndt E. R., Hall B. H., Hall R. E., Haus-
man J.A., (1974), Estimation and Infer-
ence in Non-Linear Structural Models, 
„Annals of Economic and Social Meas-
urement”, vol. 3.

Brandt S., (1999), Analiza danych. Me-
tody statystyczne i obliczeniowe (tłu-
maczenie L. Szmanowski), wyd. dru-
gie zmienione, Wyd. Naukowe PWN, 
Warszawa.

Chatfield Ch., (2000), Time-series fore-
casting, Chapman & Hall/CRC, London.

Clements M. P., Hendry D. F., (2004), 
Forecasting economic time ser-
ies, Cambridge University Press, 
Cambridge.

Clements M. P., Hendry D. F., (2001), 
Forecasting Non-stationary Eco-
nomic Time Series, The MIT Press, 
Cambridge.

Chow G. C., (1995), Ekonometria (prze-
kład W. Jurek), Wyd. Naukowe PWN, 
Warszawa.

Chukwu E., N., (2003), Optimal Control 
of the Growth of Wealth of Nations, 
Taylor & Francis, London and New 
York.

DeLurgio S., A., (1998) Forecasting 
Principles and Applications, Inter-
national Edition, Irwin McGraw - Hill, 
New York.

Edgeworth F., Y., (1888), On a New 
Method of Reducing Observations 
Relating to Several Quantities, „Philo-
sophical Magazine”, vol. 25.

Ekonometria, (Pod red. M. Gruszczyń-
skiego i M. Podgórskiej), (2003), SGH, 
Warszawa.

Green W., H., (2000), Econometric 
Analysis, Fourth Editon, Prentice Hall 
International, Inc, New Jersey.

Jajuga K., (1993), Statystyczna analiza 
wielowymiarowa, PWN, Warszawa.

Kosiorowski D., (2012a), Statystyczne 
funkcje głębi w odpornej analizie eko-
nomicznej, Wydawnictwo UE w Krako-
wie, Kraków.

Kosiorowski D., (2012b), Wstęp do sta-
tystyki odpornej. Kurs z wykorzysta-
niem środowiska R, Wydawnictwo UE 
w Krakowie, Kraków.

Kufel T., (2007), Ekonometria. Roz-
wiązywanie problemów z wykorzysta-
niem programu GRETL, Wyd. Naukowe 
PWN, Warszawa.

Lem S., (2010), Filozofia przypadku. Li-
teratura w świetle empirii, Dzieła tom 
XXVI, Biblioteka Gazety Wyborczej, 
Warszawa.

Lopez - Pintado S., Romo J., (2006), 
Depth-Based Classification for Func-
tional Data [in:] Series in Discrete 
Mathematics and Theoretical Com-
puter Science, Liu R. Y., Serfling R., 
Souvaine D. L. (eds.), vol. 72, AMS.

Lopez - Pintado S., Romo J., (2009), 
On the Concept of Depth for Function-
al Data, „Journal of the American Sta-
tistical Association”, vol. 104(486).

Maddala G., S., (2006), Ekonome-
tria (Red. naukowy przekładu M. 
Gruszczyński), Wyd. Naukowe PWN, 
Warszawa.

Maronna R. A., Martin R., D., Yohai V., 
J., (2006), Robust Statistics - Theory 
and Methods, John Willey & Sons 
Chichester.

Prognozowanie gospodarcze. Meto-
dy i zastosowanie, (2001), (Pod red. 



Wiesław Edward Łuczyński | Forecasting economic dynamics of Germany using conditional models (1992-2014) 

63

M. Cieślak), Wyd. Naukowe PWN, 
Warszawa.

Statystyczna analiza danych z wykorzy-
staniem programu R, (2009), (Red. na-
ukowa M. Walesiak, E. Gatnar), Wyd. 
Naukowe PWN, Warszawa.

Studemundt A. H., (2001), Using 
Econometrics. A Practical Guide, 
Fourth Edition, Addison Wesley Long-
man, Inc., New York.

Prognozowanie dynamiki gospodarczej Niemiec z pomocą modeli warunkowych 
(1992-2014)

Abstrakt
Dynamikę gospodarczą Niemiec w długich okresach czasu cechuje duże 
zróżnicowanie. Dotyczy to wielu szeregów czasowych: w pewnych okresach 
wykazują one dużą zmienność, która następnie przechodzi w fazę stabiliza-
cji i zastoju. Stwarza to określone trudności w długookresowym prognozo-
waniu dynamiki gospodarczej. Celem podjętych badań była próba ustalenia 
efektywności prognostycznej modelowania warunkowego, próba odpowie-
dzi na pytanie czy warunkowe błędy prognoz długoterminowych są znacząco 
mniejsze od błędów bezwarunkowych.
Badanie pokazało, że warunkowe błędy prognozy ex post nie różnią się zna-
cząco od błędów bezwarunkowych. Zmniejszający się błąd prognozy ex post 
dla poszczególnych procesów gospodarczych Niemiec (przy założeniu wystę-
powania tylko wyrazu wolnego w procedurze ARMA) jest silniej skorelowa-
ny z procedurą filtrowania szeregów ekonomicznych aniżeli z zastosowaniem 
uwarunkowanej metody największej wiarygodności i procedur odpornych na 
wartości odstające. Zależność między malejącym średnim kwadratowym błę-
dem prognozy ex post i wykorzystaniem warunkowej MNW występuje nato-
miast prognozach ARMAX (z procesami egzogenicznymi), przy czym minimal-
ny warunkowy błąd prognozy wystąpił dla danych przefiltrowanych z pomocą 
filtra Hodricka - Prescotta. Na uwagę zasługuje względnie wysoka efektyw-
ność prognostyczna odpornej estymacji regresji kwantylowej dla danych zli-
nearyzowanych z pomocą metody TRAMO/SEATS.

Słowa kluczowe: procedury odporne, regresja kwantylowa, ARMA, ARMAX, filtr Ho-
dricka - Prescotta, TRAMO/SEATS
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Abstract

The main goal of people conducting tax policy in an enterprise should be 
tax optimisation. It is commonly known that entrepreneurs can legally pay 
lower taxes using the possibilities offered by tax regulations. The use of tax 
optimisation allows reduction of tax burdens, and hence leads to improve-
ments in financial results. The key, in this case, is to draw up an appropriate 
analysis and to create, on its basis, a tax strategy that will allow minimiza-
tion of the debt burdens owned to the treasury, in a legal way. It is also im-
portant to minimize the risk associated with the use of certain approaches 
– the interpretation of existing laws needs to be verified by tax authorities, 
the judiciary of administrative courts (both WSA [Voivodship Administrative 
Court] and NSA [Supreme Administrative Court]) and the Constitutional Tri-
bunal. The present article shows, in a practical way, how tax risk managers 
can take advantage of depreciation as a tax optimisation tool. Deprecia-
tion generates tax-deductible costs which are usually equal to depreciation 
deductions. Tax advantages arising from the use of depreciation are the 
result of shaping the level of the taxable income. Therefore, the condition 
for an efficient tax costs management of an enterprise is tax depreciation 
planning.

Introduction

Tax optimisation is mainly based 
on the knowledge of tax law and 
on the ability to apply it skilfully. How-
ever, besides the legal aspect, the 
choice of a specific tax strategy is also 
influenced by such elements as: ac-
cess to specific tools and methods of 

tax planning, financial barriers relat-
ed to the fact that some optimisation 
instruments deliver value for money 
only after having reached a certain 
income level, and psychological rea-
sons largely related to the propensity 
of decision-making individuals to take 
risk (Dymek, 2006, p. 9). Another 
important element is the choice of 
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appropriate moment for tax planning. 
Everybody knows that prevention is 
better than cure (Dymek, 2006, p. 10). 
It is similar in the case of tax optimis-
ation. From none of the legal norms 
can we derive the rule imposing the 
obligation on the taxpayer to under-
take actions aimed at determining the 
highest possible tax liability. 
If the legal order in force creates the 
possibility for the taxpayer to choose 
a few legal constructions, each hav-
ing a different tax assessment, so as 
to reach the intended business object-
ive, then choosing the most advan-
tageous tax arrangement cannot be 
viewed as circumvention of the law. 
This kind of action, which is legal al-
though aimed at minimizing tax liabil-
ities, is tax optimisation which needs 
to be distinguished from tax abuse or 
circumvention of tax legislation.
The aim of this paper is to show tax 
optimisation methods on the basis of 
the depreciation of an enterprise, be-
ing a corporate and personal income 
taxpayer. The studies which were car-
ried out show practical methods of the 
tax optimisation application in select-
ed enterprises. The research period 
covers the years 2009 - 2015. 
In the paper, such research methods as 
induction and deduction will be used 
on the basis of which the main conclu-
sions will be drawn, and quantitative 
methods aimed at showing the effects 
of the application of the selected tax 
optimisation methods, as exemplified 
by specific enterprises.

Description of Tax Optimisation 
through Depreciation

Tax optimisation can also be per-
formed using depreciation. This is 
because depreciation generates tax-
deductible costs which are usually 
equal to the depreciation deductions 
that are being made (Article 22 (8) of 
the Act of 26 July 1991 on Personal 
Income Tax) and (Article 15 of the Act 

of 15 February 1992 on Corporate In-
come Tax). However, it should be noted 
that the tax advantage will not always 
consist in obtaining the maximum 
depreciation, since it will sometimes 
be more advantageous to use lower 
depreciation, so as to optimize the 
deductibility of the expenditures used 
for purchasing a fixed asset. In princi-
ple, the taxpayer may choose the most 
suitable depreciation method, which, 
on the other hand, affects the amount 
of tax liabilities. Depreciations consti-
tute simultaneously tax-deductable 
costs. The tax advantages arising from 
using depreciation are the result of 
shaping the income level to be taxed 
(Poszwa, 2007, p. 170). Therefore, tax 
depreciation planning is a condition 
for an efficient tax cost management 
of the enterprise. Another important 
aspect is to decide, when budgeting fi-
nancial results, on whether the enter-
prise will seek to depreciate the invest-
ment in fixed assets possibly quickly, 
accepting smaller profits initially, or 
whether it will prefer to show greater 
profits spreading the costs over a long-
er depreciation period (Bień, 2002, p. 
151). It is not always that the tax opti-
misation is in line with the business 
plans of the enterprise. The percep-
tion of economic risk is also important 
because almost every business activity 
involves risk. More risky are those eco-
nomic activities which have not been 
dealt with yet. What is more, novelty 
is associated with the possibility of 
incurring immediate losses (Tyszka, 
2004, p. 52). Thus the psychology of 
economics plays an important role in 
choosing the staff who make financial 
decisions at the enterprise, including 
those made within the scope of tax 
optimisation. The psychology of eco-
nomics emerged together with the 
free market economy and the need for 
psychological knowledge that would 
enable one to understand people’s 
economic behaviour has been re-
cognised increasingly more frequently 
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(Sowińska, 2007, p. 25). In systemising 
the tax optimisation tools within the 
scope of depreciation, the following 
should be distinguished: (see Figure 1)

Optimisation through One-
Time Depreciation

Tax legislation provides for not one 
but several possibilities of one-time 
depreciation, and more generally – 
one-time classification of expendi-
tures used on purchasing a fixed asset 
as tax-deductable costs. One-time 
depreciation represent “de minimis” 
aid in accordance with the wording of 
the Roman maxim [„De minimis non 
curate lex”], hence the entrepreneurs 

who apply for such aid to the tax of-
fice, that is, apply for tax optimisation 
(Garzyńska, 2013, p. 99) should take 
into account the content of the Regu-
lation of the Council of Ministers of 29 
March 2010 on the scope of informa-
tion provided by an entity applying for 
de minimis aid, issued based on dele-
gated legislations, included in Article 
37 (2a) and (6) of the Act of 30 April 
2004 on the procedural issues con-
cerning public aid.
According to Article 16k (7) of the Act 
on Corporate Income Tax , 22k 
(7) of the Act on Personal Income Tax, 
taxpayers, in the year in which they 
launched their business activity, as 
well as minor taxpayers, may make 

Wyodrębnienie elementów 
złożonego składnika majątku 

Optymalizacja amortyzacji 

Jednorazowa 
amortyzacja 

Amortyzacja według stawek 
indywidualnych 

Obniżenie stawek 
amortyzacyjnych na przykładzie 

rozliczenia straty

Amortyzacja metodą 
degresywną 

Jednorazowa amortyzacja – one-time depreciation;
Amortyzacja metodą degresywną – declining balance depreciation method;

Amortyzacja według stawek indywidualnych – depreciation according to individual rates;
Wyodrębnienie elementów złożonego składnika majątku – separation 

of elements of the composite component of an asset
Obniżenie stawek amortyzacyjnych na przykładzie rozliczenia straty – the 
reduction of depreciation rates on the example of accounting for losses

Fig.1. Depreciation optimisation

Source: Author’s own study.
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one-time depreciation deductions 
on the initial value of the fixed assets 
included in group 3-8 of the Fixed 
Assets Classification, excluding per-
sonal vehicles, in the tax year in which 
those assets were entered into the 
register of fixed assets, and intangible 
and legal values up to the amount 
not exceeding a sum equal to EUR 
50.000 of the total amount of those 
depreciations.
One should remember that the form 
of one-time depreciation represents 
de minimis aid, which involves the 
usual restrictions present in this kind 
of aid, e.g. excluding entrepreneurs 
whose economic situation is difficult. 
Thus, the public aid is the transfer of 
resources imputable to public author-
ities, provided all of the following con-
ditions are met (see Figure 2):

Since the first source of internal 
funds used to finance investments in 
a given year are those coming from 
depreciation, companies, in their cash 
flow statements, indicate deprecia-
tion as one of the most important, 
if not the most important, source of 
funds (Brigham, Gapenski, 2000, p. 
60). The tax purpose the enterprise 
wants to achieve is also relevant, for 
it is the reason for which the cost of 
a fixed asset is burdened by depreci-
ation during its operational period. 
Before, the operational period of 
a fixed asset for depreciation pur-
poses was closely linked to the time 
of its commercial use. The intention 
was that the asset should completely 
be depreciated roughly at the same 
time that it should reach the end of 
its lifetime (Brighma, Gapenski, 2000: 

Fig. 2 Cumulative conditions for public aid

Source: Author’s own study

1) the transfer has the effect of an economic benefit for a specific entity 
on conditions more favourable than the market conditions,

2) the transfer is selective – it puts in a privileged position specific 
entities or the manufacture of specific goods

3) as the consequence of the transfer, distortion of competition occurs or may occur,
4) the transfer has an impact on the economic exchange between the Member States

1) transfer ten skutkuje przysporzeniem 
na rzecz określonego podmiotu, na 

warunkach korzystniejszych niż 
rynkowe,

Łączne warunki pomocy publicznej

3) w efekcie tego transferu występuje lub 
może wystąpić zakłócenie konkurencji,

2) transfer ten jest selektywny – stawia 
w pozycji uprzywilejowanej określone 
podmioty lub wytwarzanie określonych

4) transfer ten wpływa na wymianę 
gospodarczą między krajami 

członkowskimi
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pp. 345-346). However, with a rapid-
ly changing market, and therefore 
the necessity to keep higher cash 
flows which provide the possibility 
of reinvestment, enterprises start-
ed to use tax deductions on an ever 
wider scale. For this reason, a very 
important task facing the manager is 
to combine tax advantage with the fi-
nancial management of an enterprise. 
It is worth pointing out that a rela-
tively small number of entrepreneurs 
know about the possibility of using de 
minimis aid, which confirms the prin-
cipal-agent problem (the theory of 
agency) (Brigham, Gapenski, 2000, p. 
44) and indicates a certain barrier in 
taking risk by entrepreneurs. As can 
be clearly seen based on the consider-
ations so far, managing an enterprise 
does not only require high profession-
al knowledge of its goals, but also, or 
perhaps most of all, the psychological 
knowledge of human resources being 
the subject of the management. The 
following has been described in Fig-
ures 3 and 4: multi-level model of the 
manager’s personality, and also risk 
assessment has been performed in 
relation to two separate factors. This 
knowledge constitutes an important 
instrument of the modern manage-
ment (Terelak, 2005, p. 322). This 
leads to the conclusion that persons 
who are involved in accountancy and 
finances should work towards improv-
ing the entrepreneurs’ awareness as 
to its application, or rather expand 

the knowledge of basic and detailed 
factors of economic risk assessment, 
so that entrepreneurs and managers 
could more often refer to the tools of 
tax optimisation and could assess the 
risk associated with it correctly. This 
seems indispensible seeing that rela-
tively few entrepreneurs have used 
one-time depreciation, being part of 
the tax optimisation scope. Moreover, 
Table 1 demonstrates tax preferences 
providing support to enterprises in 
terms of personal income tax, as well 
as corporate income tax in Poland in 
the years 2009-2012.
Although the reports outlined in the 
table are informative in nature, we can 
observe a clear decline in the use of 
this form of aid by the enterprises.
An example of tax advantage using 
one-time depreciation.
XYZ firm, a registered partner-
ship having its seat located in 
Mikołów, purchased a Ford Ranger 
P3 truck on 27.09.2012. The pur-
chase was recorded by a VAT invoice 
00/00/000000/00 for a net amount 
of PLN 117 500,00. The company sub-
mitted the relevant documents to the 
head of the tax office in Mikołów, 
requesting a certificate stating the 
amount of the de minimis aid ob-
tained in connection with the one-
time depreciation of a fixed asset 
and proceeded with the one-time 
depreciation affecting its tax result in 
the following way, as shown in Table 
2 and 3.

Table 1. Tax preferences providing support to enterprises within the scope of personal 
income tax and corporate income tax in Poland in the years 2009-2012 (in PLN million)

One-time depreciation 2009 2010 2011 2012

Tax preferences providing support in 
terms of personal income tax in Poland 258 258 150 150

Tax preferences providing support in 
terms of corporate income tax in Poland 148 148 50 50

Source: Author’s own study based on the reports on tax preferences in Poland in the years 2009-2012. 
Ministry of Finance, www.finanse.mf.gov.pl/abc-podatkow/preferencje-podatkowe-w-polsce .
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Managers’ personality
Component level
The type of intellectuality 
• Creativity
• (originality and flexibility of 

thinking)
• Analytical intelligence
• (efficiency-oriented)
• -Analytical intelligence
• (planning based on feedback 

on the results of actions)
• Imagination
• (ability to imagine things)
• Quality-oriented
• (noticing favourable circum-

stances and acting upon them)

The type of personality
• Need of achievement
• INNER SENSE OF control
• Risk propensity 
• Assertiveness
• Quick task orientation
• A strong type of the nervous system
• (as a feature of one’s disposition)
The type of character
Spontaneity
• Non-conformism 
• Empathy
• Concentration
• Empirical Level
• The features identified in empiric-

al studies

Fig. 3 A Multi-level model of manager’s personality

Source: J.F. Terlak.: Psychologia organizacji i zarządzania, Warszawa 2005; p. .96.



Sonia Agnieszka Kozub-Skalska | Depreciation as a Tax Optimisation Tool

21

Table 2. Tax result in PLN before applying one-time depreciation, taking into 
account depreciation according to the straight-line method at 20% annually.

Revenue Costs Gross income Tax Net income 

4 242 363,69 3 320 937,66 921 426,03 175 071 746 355,03

Source: Author’s own study based on the accounts of XYZ, Registered Partnership

Table 3. Tax result in PLN, taking into account one-time depreciation of fixed asset

Revenue Costs Gross income Tax Net income 

4 242 363,69 3 432 562,67 809 801,02 153 862 655 939,02

Source: Author’s own study based on the accounts of XYZ Registered Partnership

Risk assessment
Anxiety
• catastrophic losses
• large value losses
• Possible losses

• Intense fear of loss
• Involuntary risk-taking 
Novelty
• New risk
• Immediate losses

Fig. 4. Risk assessment

Source: Koonce et al., 2001; Zaleśkiewicz, 1996.

Ocena ryzyka

Niepokój

• Katastrofalne straty
• Straty o dużej wartości
• Prawsopodobne straty
• Silny lęk przed stratą
• Niedobrowolne podej-

mowanie ryzyka

Nowość

• Nowe ryzyko
• Straty natychmiastowe
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The basic objectives of the tax manage-
ment such as: minimization of tax lia-
bilities and the postponement of the 
tax payment deadline at the optimum 
level of tax risk, can be achieved using 
a variety of tax tools, including one-
time depreciation. The tax advantage 
the company received was reducing 
the tax base by PLN 117 500,00, and 
thus paying less by PLN 21 209,00 
on personal income tax, compared 
to the straight-line method of depreci-
ation,. In this way, the company mini-
mized its tax debt. Apart from the tax 
advantage, the company, using this 
form of aid, pursuant to the Account-
ancy Act, entered the fixed asset it pur-
chased into the register of fixed assets, 
thus increasing its fixed assets by a net 
amount of PLN 117 500, 00. The tax-
payer achieved the aforementioned 
objectives at the optimum risk level. 
Tax risk refers to this kind of events 
whose occurrence or non-occurrence 
may have a negative impact on the 
implementation of the goals set within 
the framework of tax policy of the en-
terprise. Those are actions which are 
short-term in nature (on-going) – in 
their essentials involving the ongoing 
making of decisions which have an im-
pact on the level of taxation and tax 
risk in everyday operations of the com-
pany, and whose tax consequences are 
short-termed, as was the case when 
using the one-time depreciation as de 
minimis aid, where tax advantage oc-
curs within a short period of time.
The drawback of this form of optimis-
ation is that there are no advantages 
in using it by an enterprise with low 
income. Of course, such an enterprise 
may use this form of tax optimisation, 
yet, as a consequence, this will lead 
to a loss by which, in accordance with 
Article 9 (3) of the Act on Personal In-
come Tax setting out the level of loss 
from the source of revenues incurred 
in the fiscal year, the income obtained 
from this source may be reduced over 
five successive fiscal years; however, 

the reduction level may not exceed, in 
any of those years, 50% of the amount 
of this loss, thus having a negative 
implication for the assessment of the 
company’s finances.
One therefore needs to recognize that 
it might be risky to apply this form of 
optimisation in the enterprise with low 
income, as e.g., it may not obtain cred-
it worthiness necessary for the enter-
prise to achieve its goals, based on the 
assessment of financial institutions.
The possibilities, indicated above, of 
one-time deduction of the expendi-
ture used to buy asset components 
as costs will be particularly attractive 
for taxpayers who in the period con-
cerned obtained high income – espe-
cially if they are taxed on a scale-basis.

Optimisation through Declining 
Balance Depreciation Method

From the point of view of sustaining 
the company’s financial balance, the 
key is the relationship occurring be-
tween fixed and current assets (Bień, 
1998,p. 178). In other words, the 
structure of fixed assets, consciously 
shaped by the entrepreneur, has a sig-
nificant influence on the right choice 
of the strategy for financing assets 
(Ostaszewski, 2008, p. 396). The ele-
ment of this planning also includes 
the planning of a suitable depreciation 
method. This refers especially to en-
terprises with high profits. This plan-
ning finds its application in the income 
strategy consisting in the minimization 
of taxable income.
In this strategy, the taxpayer aims 
to show taxable income as a possibly 
small amount, mainly by maximizing 
the tax-deductable costs (Ickiewicz, 
2009, p. 163).
In this situation, the choice of the de-
clining balance depreciation method 
as a form of tax optimisation appears 
very fitting, since in a short time we 
can reduce the tax base without hav-
ing to spend any additional funds.



Sonia Agnieszka Kozub-Skalska | Depreciation as a Tax Optimisation Tool

23

The declining balance depreciation 
method consists in depreciations 
on the initial value of machines and 
equipment included in group 3-6 
and 8 of the FAC, and the means of 
transport, save personal vehicles, in 
the first fiscal year of their use, ap-
plying the rates given in the “List of 
Depreciation Rates”, increased by 
a factor not exceeding 2,0, and over 
the subsequent fiscal years, on their 
initial value, reduced by previous 
depreciations, determined in ear-
ly years of their use. From the fis-
cal year in which thus determined 
amount of annual depreciation were 
to be lower than the annual amount 
of the straight-line depreciation, one 
moves on to the straight-line method 
(Article 22 (1) of the Act on Personal 
Income Tax)
Thus, the declining balance depreci-
ation method allows one to receive 
higher depreciation costs in the first 
period of depreciation deductions– 
therefore being, in economic terms, 
an intermediate method between 
one-time depreciation and the normal 
straight-line method. The key in the 
method of declining balance depreci-
ation is that depreciation is charged 
on a declining base (Bartosiewicz, 
Kubacki, 2015, p. 344).
In the first year of use, the basis for 
depreciation is the initial value of the 
fixed asset concerned. Over the subse-
quent years, the basis of depreciations 
gets reduced. In each subsequent fis-
cal year, the basis is the initial value 
reduced by the depreciations already 
dedudcted (Bartosiewicz, Kubacki, 
2015, p. 346). Instead of deducting 
depreciations on the basis which de-
clines annually, the taxpayer has the 
possibility to use depreciation rates 
increased by the factor not exceed-
ing 2,0. In practical terms the annual 
depreciation rates under the method 
of declining balance depreciation are 
twice as high (Bartosiewicz, Kubacki, 
2015, p. 347).

For example, if the initial value of 
a lathe was PLN 7000, in the first year 
of depreciation we use the applicable 
depreciation rate increased by the fac-
tor 2,0, that is, 20% - which results in 
the annual depreciation at the level of 
PLN 1400; in the second year of use 
the annual depreciation is calculated 
on the basis 7000 – 1400 = 5600, thus 
the annual depreciation equals PLN 
1120; in the third year of use, the basis 
for depreciation deduction is: 7000-
1400-1120 = PLN 4480.

Article 22h (4) of the Act on Person-
al Income Tax finds its application 
in depreciation deductions under 
the declining balance depreciation 
method. This means that the annual 
amount of depreciation may be taken 
into account in equal instalments 
on a monthly basis or in equal instal-
ments on a quarterly basis or on a one-
time basis at the end of a fiscal year.
The practice of deducting deprecia-
tions on the basis which constantly 
declines could not lead to making the 
value of depreciations equal to the in-
itial value of the fixed asset – a para-
dox of Zeno of Elea, who, using so-
phisticated intellectual arguments 
advocated the thesis of being as un-
changeable and undivided. He formu-
lated famous paradoxes which were 
to prove that movement (change) did 
not not exist. He advanced the thesis 
against the view that being is many, 
as one cannot divide infinitely an ob-
ject, for we will eventually obtain parts 
devoid of dimensions, and the sum of 
dimensionless parts must equal zero. 
Zeno’s paradoxes have been discussed 
by the greatest philosophers, and 
a scientific solution to them came only 
with the research on the concept of 
continuity by .e.g. G.W Leibnitz and I. 
Newton)
Therefore, the legislator orders tax-
payers to change, at a certain mo-
ment, to the straight-line method from 
the declining balance depreciation 
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method. This is to occur at the begin-
ning of the fiscal year in which thus de-
termined annual amount of depreci-
ation under the declining balance 
depreciation method were to be low-
er than the annual depreciation under 
the straight-line method.
Then the taxpayers begin depreciation 
based on the rules applicable under 
the straight-line method. The basis for 
depreciation deduction is the initial 
value of a fixed asset and the rates set 
out in the List (Bartosiewicz, Kubacki, 
2015, p. 347).

Example
The initial value of a bus is PLN 
200 000; the rate according to the List 
is at 20%. The level of depreciation de-
ductions using both of the deprecia-
tion methods will look as follows:

In the example presented, taxpayers 
should move to the straight-line meth-
od beginning in the third year of use.
An example of the tax advantage ob-
tained using the method of declining 
balance depreciation is presented 
below.
The ABC company with its seat located 
in Katowice purchased, on 26.02.2014, 
a machine for manufacturing injection 
moulds for air supply boxes. The pur-
chase was evidenced by a VAT invoice 
000031/2014/02/F for a net amount 
of PLN 174 000,00. The company, 
on account of the planned develop-
ment and further purchases of ma-
chines, decided to choose the method 

of declining balance depreciation in 
order to optimize the advance income 
tax payment, and to purchase, for the 
funds thus saved, moulds. The choice 
of this form of depreciation had the 
following impact on the tax result: 
The analysis of the choice of the 
depreciation method by the ABC com-
pany leads to the conclusion that in 
the first depreciation year it obtained 
tax-deductable costs higher by PLN 
10 150,00 than it would have ob-
tained if had chosen the depreciation 
on a fixed asset using the straight-line 
method. Furthermore, in the next 
year those costs were higher by PLN 
13 340,00 than under the straight-
line method, and in the subsequent 
year this amount was equal to PLN 
7 192,00, with the sum of the tax ad-
vantage obtained thanks to the meth-
od of declining balance depreciation 
over the straight-line method being 
equal to PLN 32 955,60.
The advantage of this method is when 
it is chosen for depreciation on fixed 
assets which undergo rapid technical 
progress. In their operations, econom-
ic undertakings may use fixed assets 
which are subject to rapid technical 
progress. 
For the purpose of the provisions of 
the Act on Corporate Income Tax and 
the Act on Personal Income Tax, the 
term fixed assets subject to rapid tech-
nical progress should be understood 
as machines, devices and equipment 
(included in group 4-6 and 8 of the 
Fixed Assets Classification) in which 

Table 4. An example of the declining balance depreciation 

First year of use Second year of use Third year of use

Declining balance 
depreciation method:

200 000 × 40% = PLN 80 000 
Straight-line method:

200 000 × 20% = PLN 40 000 

Declining balance 
depreciation method:

120 000 × 40% = PLN 48 000 
Straight-line method:

200 000 × 20% = PLN 40 000 

Declining balance 
depreciation method:

72 000 × 40% = PLN 28 000 
Straight-line method:

200 000 × 20% = PLN 40 000 

Source: A. Bartosiewicz, R. Kubacki.: PIT. Komentarz, published by V. Warszawa, 2015, p. 348.
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microprocessor microcircuits or com-
puter systems are used, having com-
plex functions thanks to the applica-
tion of state-of-the-art techniques, as 
well as other scientific and research 
apparatus, as well as experimental 
and production devices.
The most wide-spread application 
of this method is certainly in enter-
prises showing high profit, where its 

application in early years raises the 
tax-deductable costs considerably 
because there is rapid depreciation 
of the fixed asset in early years of its 
operation, that is, during the time of 
its highest productivity; it reflects the 
actual fixed asset consumption, the 
income tax payment is postponed, the 
financial surplus which is net profit 
plus depreciation is used at an earlier 

Table 5. Depreciation through the method of declining balance depreciation 
of a machine for manufacturing injection moulds for air supply boxes (PLN)

initial value of 
the fixed asset 174 000,00

month in which 
depreciation begins June 2014

basic depreciation rate 10%

increase factor 2

the rate of the 
declining balance 

depreciation method
20%

annual depreciation 
using the straight-

line method
17 400,00

number of depreci-
ation months 98

accumulated depreci-
ation in 2014 20 300,00 Cumulative amount 

of depreciation 
remaining amount 
to be depreciated

accumulated de-
preciation in 2015 30 740,00 51 040,00 122 960,00

accumulated de-
preciation in 2016 24 592,00 75 632,00 98 368,00

accumulated depreci-
ation in 2017 19 673,60 95 305,60 78 694,40

accumulated de-
preciation in 2018 17 400,00 112 705,60 61 294,40

accumulated de-
preciation in 2019 17 400,00 130 105,60 43 894,40

accumulated de-
preciation in 2020 17 400,00 147 505,60 26 494,40

accumulated de-
preciation in 2021 17 400,00 164 905,60 9 094,40

accumulated depreci-
ation in 2022 ( July) 9 094,4 174 000,00 0

Source: Author’s own study based on the accounts of ABC company with its seat located in Katowice
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time. Moreover, we can find its draw-
backs such as increased costs, lower 
profit in the beginning years which 
could prove to be relevant depending 
on the company’s goals. In addition, 
financial surplus used inappropriately 
may surely be seen as posing a threat, 
which can lead, at the beginning of the 
fixed asset use, to a situation where in 
later years the undertaking will lack 
funds when in need of overhauling the 
fixed asset.
Therefore, managers are faced with 
the task of performing a comprehen-
sive analysis and result assessment, 
for they constitute the basis for under-
taking decisions which will shape fu-
ture actions. Thus, it can be said that 
the future of the enterprise and its 
success on the market largely depend 
on the quality those actions (Bednar-
ski, Wilkin, 2008, p. 96).

Optimisation through Individual 
Depreciation Rates

Similar, in its economic nature, to the 
declining balance depreciation meth-
od is the method of individual depreci-
ation rates, which allows acceleration 
of depreciation and cumulation of the 
costs on depreciation. This method 
is linear in nature and consists in es-
tablishing individually depreciation 
rates for used or improved fixed assets 

entered for the first time into the 
register of a given taxpayer, Article 22j 
(1) of the Act on Personal Income Tax 
and Article 16j (1) of the Act on Cor-
porate Income Tax. A particular atten-
tion to the method of individual rates 
should be paid by those entrepreneurs 
who seek depreciation costs on prem-
ises and buildings and investments 
in third party fixed assets, depreci-
ated on a straight-line basis accord-
ing to low rates. Since entrepreneurs 
often decide to take risk of investing in 
third party fixed assets, this case will 
be discussed in this chapter, and also 
because, from the point of view of the 
enterprise and tax risk management, it 
involves the greatest number of risks.
Regardless of the anticipated period of 
use, the investment in the third party 
fixed assets, admitted for use, are sub-
ject to depreciation, Article 16a (2), 
item 1 of the Act on Corporate Income 
Tax and Article 22a (2), item 1 of the 
Act on Personal Income Tax according 
to individual depreciation rates deter-
mined by taxpayer, Article 16j (1) of 
the Act on Corporate Income Tax and 
Article 22j (1) of the Act on Personal 
Income Tax.
In determining those rates, one should 
remember that the depreciation per-
iod for those investments may not be 
shorter than that indicated in Table 6.

Table 6. The list of the minimum depreciation period for 
individual rates for particular groups of fixed assets.

-10 years- for 
investment 

in third party 
buildings 

(premises) or 
structures; this 
means that this 
kind of invest-

ment can be de-
preciated using 
an annual rate 
of 10% or less

-30 months – 
for investment 

in transport 
means, includ-

ing personal 
vehicles

- 24 months 
– for other in-

vestment whose 
initial value does 
not exceed PLN 

25.000 (fixed 
assets included 

in group 3-6 
and 8 of FAC)

-36 months – for 
other invest-
ment whose 

initial value is 
over PLN 25.000 

and does not 
exceed PLN 

50.000 (fixed 
assets included 

in group 3-6 
and 8 of FAC)

-60 months – for 
other invest-
ments (fixed 

assets included 
in group 3-6 
and 8 of FAC)

Source: Author’s own study.
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One should notice here the difference 
between accounting for the deprecia-
tion on investments in third party fixed 
assets and other fixed assets in terms 
of the level of the depreciation rate.
According to the general rule aris-
ing from the tax acts, depreciations 
on fixed assets are according to the 
depreciation rates specified in the 
Depreciation Rate Lists constituting 
annexes of those acts. For investments 
in third party fixed assets, there is the 
possibility of determining individual 
depreciation rates.
The determination of the individual 
depreciation rate is carried out ac-
cording to the following formula:

Depreciations on investments in third 
party fixed assets may be carried out 
on a monthly, quarterly basis or one 
time at the end of a fiscal year.
Depreciation deductions are made be-
ginning with the first month following 
the month in which investments are 
adopted for use, until the end of the 
month in which:
• the sum of depreciations is equal 

to their initial value, or
• they are put into liquidation, or
• they are to be disposed of.
However, in this case (solution II), the 
company is taking risk that if it does 
not extend the term of the agree-
ment, it will not have time enough 

Example

A company, GRAF VON FRANKENSTEIN Sp.z o.o. [a limited liability company] en-
gaged in services activities, rented a building in the centre of the city of Katowice 
for a period of 10 years (with the possibility of extension for an additional per-
iod of 10 years), and it made significant investments in this building, resulting 
in rebuilding the facility in order to adapt it to the needs of a coffee house Cafe 
Kattowitz.
The value (net value) of the investments made amounted to PLN 440 000,00. 
These expenditures the company treated as an investment in third party fixed 
asset, and included them in its costs through depreciation deductions.
The determination of the rate of depreciation according to which the invest-
ment was to be depreciated (depreciation period may not be shorter than 10 
years). Below, there are two solutions presented for determining depreciation 
deductions.

Solution I 
The company set a 10-year period to depreciate the investment in the third party 
building, using a 10%-annual depreciation rate (100% /10 years), thus the level of 
the depreciation deductions was determined as follows:
annual depreciation deduction: PLN 44 000,00 (440 000,00 x 10%).
monthly depreciation deduction: PLN 3 666,67 (44000,00 /12).

Solution II
The company set a longer depreciation period, e.g. 20 years. Then the investment 
will be depreciated using the annual depreciation rate at 5% (100% / 20 years), 
with depreciation looking as follows:
-annual depreciation deduction: PLN 22 000, 00 (440 000 x 5%)
- monthly depreciation deduction: PLN 1 833,33 (PLN 22 000,00 / 12)

100 %
Anticipated depreciation period

Annual depreciation rate = 
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to depreciate the entire investment. 
The individual rate is determined for 
the whole period of depreciation and 
may not be modified afterwards. Of 
this opinion was also the Voivodship 
Administrative Court in Cracow in its 
judgment of 1 December 2010 I SA/Kr 
1359/10.
“The applicant who started to de-
preciate the tractors or semitrailers 
using basic depreciation rates may 
no longer change them to individual 
depreciation rates, in accordance with 
Article 22j of the Act on Personal In-
come Tax, for the choice of the indi-
vidual depreciation rate can only be 
made before entering the fixed asset 
concerned into the register.”
Tax authorities also expressed their 
position on that matter, recognizing 
that in such circumstances it is not 
possible to classify an undepreciated 
component of the investment as a tax-
deductible cost (a letter of Tax Cham-
ber in Wrocław of 28 December 2005, 
PD I 415/110/05; a letter of Tax Office 
in Mikołów of 18 October 2005, PB 
I-415-44-05-BF). The termination of 
agreement may not constitute fixed 
asset liquidation and therefore there 
is no loss incurred on this account. 
Moreover, if entrepreneur, as the result 
of the termination of the agreement, 
dismantles the investments made, 
then there is factual liquidation of the 
investment in the third party fixed 
asset, which allows the undepreciated 
component of the investment to be 
classified as a tax-deductible cost (Tax 
Office No 1 of Masovian Voivodship 
in Warsaw in its letter of 14 July 2005 
1471/DPD/423-47/05/MS/1).
In view of the contradictory decisions 
regarding this matter, further appeal 
was made by Head of Tax Chamber in 
Warsaw, acting under the authority 
of the Minister of Finance, referring 
the case to the Supreme Administra-
tive Court which, composed of seven 
judges, issued a resolution of 25 June 
2012, II FPS 2/12, expressing the view 

that the loss corresponding to the 
undepreciated value of the initial in-
vestment in the third party fixed asset 
which does not fulfil the conditions of 
Article 16 (1) item 6 of the Act on Cor-
porate Income Tax, may be classified 
as a tax-deductible cost if the loss 
incurred was the result of the tax-
payer’s actions taken in order to im-
plement the goal laid down in Article 
15 (1) of this act. In its judgment, the 
Court drew attention to the fact that 
the possibility of classifying the value 
referred to as a tax-deductible cost 
was conditional on whether or not 
the general condition arising from the 
definition of the tax-deductible cost, 
which is the cost incurred for the pur-
pose of generating income or sustain-
ing or securing the source of income, 
has been fulfilled. 
It is also possible that the renting 
agreement will provide for the reim-
bursement of the investment costs 
incurred by the lessee. The contrac-
tual regulation of this matter is par-
ticularly important when there is no 
liquidation possibility of the invest-
ments made. The reimbursement thus 
obtained does not represent for the 
entrepreneur an income from eco-
nomic activity, but only in the portion 
which does not exceed the value of 
the undepreciated component of the 
investment (Tax Chamber in Wrocław 
in its letter of 28 December 2005, PD 
I 415/110/05).
In view of the foregoing, enterprise 
managers should show exceptional 
abilities in predicting certain conse-
quences already at the stage of invest-
ment planning. Of course, this is not 
to say that entrepreneurs should not 
invest in third party fixed assets at all, 
as “the trouble is that if you don’t risk 
anything, you risk even more”, E. Jong. 
However, when risk is involved, one 
should consider all risks arising from 
renting. This is all the more import-
ant that, in general, the management 
personnel of enterprises with better 
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economic results more frequently re-
port making decision intuitively (To-
karski, 2006, p. 279).
Moreover, when calculating depreci-
ation on investment, one should ac-
count for the fact that the sum of 
depreciation deductions also compris-
es those deductions which do not rep-
resent tax-deductible costs. A general 
principle referring to tax-deductible 
costs applies here. In order to classi-
fy depreciation as tax burden costs, 
there must be a relationship between 
making depreciation deductions and 
the revenues obtained or the rev-
enues possibly to be obtained by the 
taxpayer, or sustaining or securing the 
source of revenues. That implies that 
the investment ready for use must be 
used in the business activities run by 
the taxpayer.
Below, I show an example of tax advan-
tage when using the individual meth-
od of depreciation while investing in 
a third party fixed asset.
“WIZARD SPORTS GROUP” Spółka 
z o.o., Spółka Komandytowa [a limited 
liability company and limited partner-
ship] with its seat located in Sosnowiec 
made investments in third party fixed 
asset in 2014, signing a renting agree-
ment which in accordance with & 11 
was concluded for an indefinite period 

of time, with the possibility of termin-
ating the agreement by the parties 
after 3 years, following its signing, ef-
fective at the end of a 3-month-notice. 
The company made this investment 
in order to implement a very innov-
ative project which was the opening 
of a non-public nursery school “Baby 
Planet” in the facility being the object 
of the agreement. On 31 December 
2015 the investment was completed 
and entered into the register of fixed 
assets as an investment in a third 
party asset with the value of PLN 1 381 
696,72. The company, considering the 
return on investment and tax optimis-
ation, chose depreciation using indi-
vidual depreciation at the rate of 10% 
annually.
The choice of this form of deprecia-
tion had the following impact on the 
tax result:
In analysing the choice of the depreci-
ation method by the enterprise „WIZ-
ARD SPORTS GROUP” Spółka z o.o., 
Spółka Komandytowa with its seat lo-
cated in Sosnowiec, we should recog-
nize that, while accounting for all the 
risk aspects and, in particular, for the 
regulations contained in the renting 
agreement pertaining to the possible 
termination of the agreement after 
3 years with a 3-month-notice at the 

Table 7. Depreciation according to individual rate of the 
investment in a third party fixed asset (in PLN)

initial value of the fixed asset 1 381 696,72

month in which depreciation started January 2015

individual depreciation rate 10%

annual depreciation at the indi-
vidual depreciation rate

138 169,67

number of depreciation months 120

Source: Author’s own study based on the register of fixed assets of the enterprise „WIZARD 
SPORTS GROUP” Spółka z o.o., Spółka Komandytowa with its seat located in Sosnowiec.
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end of the month, following the sign-
ing of the agreement, the conclusion 
to be made is that the depreciation 
method was chosen well. The choice 
is justified both in tax terms, where 
in the situation in which the company 
would adopt the standard rate of 
2,5%, the annual depreciation would 
amount to PLN 34 542,42, that is, it 
would be lower by PLN 103 627,25. 
A higher depreciation deduction will 
allow the tax base to be reduced in 
a shorter period of time (10 instead 
of 40 years). At the same time, the 
decision was justified too on ac-
count of the provisions of the renting 
agreement, which, from the point of 
view of the investments made and 
the possibility of obtaining return 
on them, seems disadvantageous 
for the company because, from the 
point of view of risk management, 
it would have been preferable if the 
agreement had been concluded for 
the period of minimum 10 years, with 
the possibility of being extended. In 
this case the risk stems from lack-
ing the possibility to have influence 
on liquidation of the business in the 
rented facility, which implies the risk 
of having no possibility to classify the 
undepreciated component of the in-
vestment in the third party asset as 
tax-deductible costs. The conclusion 
that should be made is that although 
this investment was very innovative 
and pioneering on a national scale, its 
implementation was still influenced 
by the intuition which played a role in 
the decisions made by the managers.
Managers are not eager to admit fol-
lowing their intuition when making 
decisions because – as Maryem Le 
Saget says – “rationalism is a sacred 
cow for contemporary European and 
US. American enterprises”. A sort of 
a silent code of conduct tells us that 
“we are amongst serious people. 
We should be rational, profession-
al and we should speak in numbers” 
(Bolesta-Kukułka, 2003, p. 253).

Optimisation by Separating Elements 
of the Asset Composite Component 

In practice, managers do not often turn 
to tax optimisation tools in a situation 
when the enterprise they manage have 
high profits, but also with a view to lim-
it expenditures, e.g. in order to survive 
at the times of economic slowdown.
As the result of the economic down-
turn in the years 2007-2009, some 
companies which managed to survive 
did so not only by taking remedial 
actions, but also by using the oppor-
tunities offered by the tax optimis-
ation which can be legally obtained 
(Garzyńska, 2013, p. 92).
Analysing the possibility of deprecia-
tion optimisation using elements sep-
arated from the asset composite com-
ponent, special attention should be 
paid to establishing the tangible scope 
of depreciation. A correct separation of 
the asset components allows for using 
higher depreciation rates for those 
components or a more advantageous 
method of depreciation. A correct an-
alysis and technical separation enable 
one to isolate entire installations, ma-
chines and equipment from the fixed 
asset (cf. the position expressed in the 
interpretation by, among others, Min-
ister of Finance of 16 October 2009, 
ITPB3/423-428a/09/AM).
In order to show in practical terms the 
advantages arising from the choice of 
this depreciation method as a tool pro-
viding entrepreneur with tax advan-
tage, we should investigate the choice 
of the depreciation method as made 
by the enterprise XYZ Spółka Jawna 
[a general partnership], with its seat 
located in Bielsko-Biała. The company 
used a retail and service building for 
its own seat, yet mostly the building 
was intended for renting ready to use 
areas for commercial and office pur-
poses with its initial value of PLN 1 
600 000,00, where in the situation the 
enterprise were to adopt the standard 
depreciation at the rate of 2,5%, the 
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annual depreciation would be PLN 
40 000, 00. The table below contains 
the value of depreciation deductions 
subject to higher depreciation rates, 
after having separated the compon-
ents of the composite fixed asset
After having applied the tax optimisa-
tion by separating the components of 

the assets, the initial value of the re-
tail and services building is PLN 1 098 
638,50, with a-2,5% - rate of depreci-
ation, with annual depreciation of PLN 
27 465,96.
Table 9 below presents depreciations 
for the separated components of the 
fixed assets.

Table 8. The separated asset components of the enterprise XYZ (in PLN)

No
Name of the 

separated asset 
component

Number of the 
Fixed Asset 

Classification 

Initial value 
of the 

separated asset 
component

Depreciation 
rate 

1 Telephone 
system

KŚT 626 152 060,55 10%

2 Air condition KŚT 653 98 100,40 10%

3 Alarm system KŚT 624 178 000,55 10%

4 Computer 
system

KŚT 491 73 200,00 30%

Total initial 
value

501 361,5

Source. Author’s own study based on accounting records of the enterprise 
XYZ, a general partnership with its seat located in Bielsko Biała.

Table 9. Depreciations after the separation from the building ( in PLN)

No
Name of the 

separated asset 
component

Initial value 
of the 

separated asset 
component

Depreciation 
rate 

Annual 
depreciation 

amount

1 Telephone 
system

152 060,55 10% 15 206,06

2 Air condition 98 100,40 10% 9 810,04

3 Alarm system 178 000,55 10% 17 800,06

4 Computer 
system

73 200,00 30% 21 960,00

Total amount 
of annual 

depreciation of 
the separated 

fixed assets

64 776,16

Source. Author’s own study based on accounting records of the enterprise 
XYZ, a general partnership with its seat located in Bielsko Biała. 
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The enterprise by choosing this 
depreciation method as a tax optimisa-
tion tool gained tax advantage per year 
which included depreciations higher 
by PLN 52 242,12 (PLN 64 776,16 + PLN 
27 465,96 = PLN 92 242,12 – PLN 40 
000,00 = PLN 52 242,12). That was due 
to separating the installations from the 
building, thus having received the total 
costs of PLN 92 242,12 (instead of PLN 
40 000) annually.
In separating individual asset compon-
ents one should follow the explanatory 
notes to the CFA and, naturally, tech-
nical expertise.
An enterprise deciding on this form of 
optimisation must pay special atten-
tion not only to its pros and cons, but 
also to the risks involved in this form 
of tax advantage. The advantages cer-
tainly include, e.g. maintaining greater 
liquidity at times of economic crisis by 
the entity running business which may 
be used to cover public-law liabilities, 
e.g. preserving jobs. However, as one 
of the drawbacks of this form of opti-
misation, one should indicate the fact 
that the entrepreneur has to remem-
ber that by performing the separation 
of the asset component in the CFA, 
even applying for individual interpret-
ation to a tax authority, the entrepre-
neur is not protected against possible 
negative consequences during tax aud-
it, which is because if the separated 
elements of the asset component are 
classified incorrectly to the relevant 
groups of the CFA, then the tax author-
ity will not recognize, within this scope, 
the issued interpretation as binding. 
This happens because tax authorities 
are not authorized to perform such 
classification. Entrepreneurs should 
do it by themselves, possibly with the 
assistance of a licensed statistical au-
thority, as the interpretation issued 
will be based on the groups indicated 
by the entrepreneur.
This aspect should be seen as posing 
the greatest risk, as this is precisely the 
choice of an appropriate definition and 

CFA group which gives us the authoriz-
ation to decide whether a given fixed 
asset may be separated (what really 
constitutes a fixed asset, what belongs 
to it, what is its component, and what 
elements represent a separate and in-
dependent item of the asset), and if 
so, then according to which depreci-
ation rate it should be depreciated. It 
is in the taxpayer’s interest that the 
tax authority does not question the 
components of the asset which have 
been separated, not only in terms of 
the depreciation rate, but, in the first 
place, in terms of identifying a given 
component as a separate fixed asset. 
Seeing the work of tax authorities in 
practice in this field, this method can 
certainly be classified as highly risky 
and therefore it is well advised to ask 
for opinion of a competent statistical 
authority in order to reduce this risk.
The risks and deficiencies of this meth-
od are more significant yet, from the 
perspective of tax risk management, 
as in the Polish tax regime, even in the 
case law regarding one entity, but at 
different years, yet still based on the 
same facts, two different decisions 
have been issued.
The decision of 25 February 2010 II 
FSK 1628/08 made by the SAC can be 
viewed as exemplifying this kind of 
precedent, providing an element of 
substantial novelty or innovative per-
ception of the issue concerned, and 
which was a milestone for tax case law 
influencing the directions of practi-
ces or ways of interpretation (Nowak, 
2013, p. 47). The court settled the mat-
ter regarding the depreciations of fixed 
assets used by a different entity to the 
disadvantage of the taxpayer, which 
was then followed by another decision 
made on the basis of the same facts 
by Voivodship Administrative Court in 
Warsaw III SA/Wa 354/13 on 8 October 
2013, in which the Court stated that it 
did not share the position of the SAC 
expressed in its decision of 25 Febru-
ary 2010. 
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As a side note, it should be highlighted 
that this is not the first case when the 
voice of reason can be heard from 
a lower court. Interesting notes on this 
case provided B. Brzeziński in his com-
mentary regarding the decision of the 
Voivodship Administrative Court in 
Białystok of 13 August 2013, I SA/Bk 
372/12 (Nowak, 2013, p. 48).
To sum up the discussion on the 
choice of this form of tax optimisation, 
it is burdened by high tax risk and in 
choosing it the entrepreneur should 
apply to statistical and tax authorities 
for appropriate interpretation so as 
not to become a precedent.

Tax Optimisation through  
Reduction of Depreciation Rates  
as Exemplified by 
Accounting for Losses.

Despite the fact that tax optimisation 
is usually associated with cost in-
crease, there are situations in which it 
pays off to reduce this cost. Lowering 
depreciation rates may be used in this 
case. In light of Article 22j (5) of the 
Act on Personal Income Tax, taxpayers 
may reduce the rates contained in the 
list of depreciation rates for individual 
fixed assets. In reducing those rates, 
the taxpayer does not have to explain 
to tax authorities why they did that 
by referring to some special circum-
stances. Nor is there any obligation 
to inform tax authorities on the re-
duction of the rates of depreciation. 
The possibility of lowering the rates is 
not conditional on any circumstances. 
The decision is made by the taxpayer, 
neither having to justify it nor having 
to apply for it.
The reduction of depreciation rates 
is only possible for those fixed assets 
which are depreciated on the straight-
line basis. Thus, the rates may not 
be lowered if the fixed asset is de-
preciated using the declining balance 
depreciation method or the individual 
method.

The change of the depreciation rate is 
carried out according to Article 22i (5) 
of the Act on Personal Income Tax and 
Article 16i (5) of the Act on Corporate 
Income Tax:
1. starting in the month in which 

those assets were entered in the 
register, or

2. from the first month of every next 
fiscal year.

Example
An entrepreneur bought in Febru-
ary 2014 equipment which would 
represent a fixed asset. In February, 
the equipment was entered into the 
register of fixed assets. In this situa-
tion the reduction of the depreciation 
rate must be carried out in February 
2014. Otherwise, the reduction will be 
possible only at the beginning of 2015. 

In practice, the situation gets compli-
cated if depreciation deductions are 
made on a quarterly or annual basis. 
According to the explanatory notes 
of tax authorities, if fixed assets were 
entered into the register in previous 
years, then in the fiscal year con-
cerned the reduction of the depreci-
ation rate may not be carried out 
later than at the moment of making 
the first depreciation deduction in 
the fiscal year concerned, that is, for 
depreciation on a monthly basis – in 
January, on a quarterly basis – at the 
end of the first quarter, at the end of 
the year – for the depreciation made 
once a year at the end of a fiscal year 
(Szlęzak-Matusewicz, 2013, p. 129).
Theoretically there is no lower limit 
of the rate reduced. Basically one can 
carry on the reduction even up to zero. 
In the Act on Personal Income Tax there 
are no provisions providing a detailed 
scope of the reduction of the depreci-
ation rates. It is thus possible to lower 
the rate of one fixed asset of the same 
kind or of all assets. The decision rests 
with the taxpayer (Szlęzak-Matuse-
wicz, 2013, p. 129). While it is true 
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that tax authorities do not dispute the 
possibility of this sort of reduction of 
depreciation rates, they highlight the 
fact that the level of the rate reduced 
should be determined taking into ac-
count the effective economic useful-
ness of a given fixed asset and the 
principles of the tax policy conducted 
(cf. individual interpretation of Head 
of Tax Chamber in Poznań of 25 April 
2013, no. ILPB4/423-30/13-2/ŁM).
The reduction of the depreciation rate 
will have the effect that the depreci-
ation costs will be lower, thus the in-
come to be taxed will be higher. How-
ever, there are situations in which 
a higher level of income will lead 
to tax advantages (Szlęzak-Matuse-
wicz 2013: 129).
One of the situations involves unused 
loss from earlier years. The legisla-
tor restricted accounting for a tax 
loss, both in terms of time and level. 
Pursuant to Article 9 (3) of the Act 
on Personal Income Tax and Article 
7(5) of the Act on Corporate Income 
Tax, revenues derived from the in-
come source may be reduced over 5 
subsequent fiscal years by the level 
of the loss incurred on this source in 
a fiscal year, provided the level of re-
duction in any of those years does not 
exceed 50% of this loss. This means 
that if the taxpayer generates a rela-
tively high level of income, they will 
be able to deduct the loss in 2 years 
(50% in the first year following the 
year the loss was incurred and 50% in 
the second year).

In deciding on the form of tax optimis-
ation through minimizing depreciation 
costs, we can use, as the example, 
the situation which took place in the 
enterprise ABC Sp. z o.o with its seat 
located in Sosnowiec. In 2009-2010, 
the enterprise generated the financial 
result illustrated in the Table.
The company generated loss which 
could be accounted for over five sub-
sequent years, as set out in Article 
7(5) of the Act on Corporate Income 
Tax. The loss mainly resulted from 
the investment in fixed assets ne-
cessary to launch the business. The 
cumulative depreciation using the 
straight-line method was PLN 417 
125,38 annually. Therefore the staff 
responsible for tax risk management 
in the company, seeing that their 
forecasts for revenue increase, and 
thus profit increase, are correct, 
decided to lower the depreciation 
rates so as to show higher profit, be-
ing the tax basis, and then exercise 
the right the company was entitled 
to to accounting for the loss incurred 
in the previous years. Those actions 
allowed the tax base to be reduced 
on the basis of the loss settled which 
was not “wasted”, and at the same 
time to retain the right to include 
depreciations in the tax burden over 
a longer period of time. The enter-
prise ABC Sp. z o.o decided that from 
January 2015 it would return to the 
increased depreciation rates. Table 
11 presents the financial result of 
the company over the next years.

Table 10. Financial result of the enterprise ABC Sp. z o.o. with 
its seat located in Sosnowiec in 2009-2010 (in PLN)

Year Revenue Costs Profit/Loss

2009 1 959 909,31 2 567 731,7 -607 822,39

2010 2 709 893,25 3 180 542,57 -470 649,32

Source. Author’s own study based on accounting records of the company 
ABC Sp. z o.o with its seat located in Sosnowiec.
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Accounting for the loss incurred in 
2009-2010 enabled the company 
to pay the tax showed in Table 12.
In analysing the company’s decision, 
one should express one’s approval in 
this respect, as in reducing depreciation 
rates while accounting for losses, the 
company gained tax advantage in 2011 
in the form of a lower level of income 
tax advanced payment for the amount 
equal to PLN 44 012,00, in 2012 – PLN 
44 712,00, in 2013 – PLN 50 092,00, in 
2014 – PLN 44 712,00, while still retain-
ing the right to include depreciations 
in the tax-deductible costs according 
to higher rates over the next years.
The advantage of the depreciation 
rate reduction is surely the possibility 

of accounting for losses from previous 
years without forfeiting that right, as 
was the case in the above example. 
This kind of solution enabled the en-
terprise to gain two tax advantages; 
the first one derived from account-
ing for the loss, and the second one 
through classifying the depreciations 
on fixed assets as tax-deductible 
costs. The legislator does not, for the 
straight-line depreciation, exclude 
the possibility of raising the level of 
those rates over the next years. As 
a business, and not tax, advantage this 
method of tax optimisation should cer-
tainly be seen in a situation where the 
enterprise does not show high prof-
its while trying to obtain credit. The 

Table 11. . Financial result of the enterprise ABC Sp. z o.o. with 
its seat located in Sosnowiec in 20011-2014 (in PLN)

Year Revenues Costs Profit/Loss Income tax due

2011 6 644 188,02 5 651 618,56 992 569,46 197 139,00

2012 10 235 281,08 8 977 278,66 1 258 002,42 250 059,00

2013 16 688 162,69 15 588 965,37 1 099 197,32 175 016,00

2014 17 783 648,19 16 445 365,00 1 338 283,19 203 337,00

Source. Author’s own study based on accounting records of the company 
ABC Sp. z o.o with its seat located in Sosnowiec.

Table 12. Accounting for the loss for 2009-2010 of the enterprise ABC 
Sp. z o.o. with its seat located in Sosnowiec in 2011-2014 (in PLN) 

Year Profit/Loss Income 
tax due

Accounting for 
the loss from 

previous years 

The amount 
of the loss 

settled

Tax due after 
accounting 
for the loss

2011 1 041 257,75 197 139,00 50 % z 2009 303 911,19 153 127,00

2012 1 356 687,13 257 771,00 II 50 % z 2009 303 911,19 213 059,00

2013 1 301 481,32 247 281,00 50 % z 2010 235 324,66 196 379,00

2014 1 338 283,19 254 274,00 II 50 % z 2010 235 324,66 209 562,00

Source. Author’s own study based on accounting records of the company 
ABC Sp. z o.o with its seat located in Sosnowiec. 
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choice of this method will then enable 
the enterprise to show fixed assets at 
a higher level (the change of the rate 
will lead to a smaller loss of the initial 
value), and, at the same time, present 
higher income to the financial institu-
tion, without losing the possibility of 
including the already higher deprecia-
tions in the tax-deductible costs.
Unfortunately this method has its 
drawbacks, with the biggest one being 
that it does not reflect the actual con-
sumption of the fixed assets.
Amongst the risks involved in this form 
of depreciation one should mention 
that although the legislator did not es-
tablish how many times the rate may 
be changed in the process of depreci-
ation (reduction, increase), thus pro-
viding the taxpayer with discretion in 
this respect, as the taxpayer may, e.g. 
determine a different depreciation 
rate for every fiscal year; still, pursu-
ant to Article 22i (5) of the Act on Per-
sonal Income Tax and Article 16i (5) of 
the Act on Corporate Income Tax, tax-
payers may reduce the rates, included 
in the List of depreciation rates, for 
particular fixed assets, yet the change 
of the rate, unless it occurs at the be-
ginning of depreciating the fixed asset 
concerned, is permitted only from the 
first month of every next fiscal year, 
thus the change of the rate in the 
course of the year carries the risk of 
losing the right to the reduction of the 
depreciation rate.
However, the key is that the reduction 
of depreciation rates allows for elim-
inating additional costs in the form of 
tax payment.

Conclusion 

The tax optimisation of depreciation 
does not necessary need to aim at 
obtaining the highest tax-deductible 
costs possible on account of deprecia-
tion; it should rather lead to the most 
effective, in tax terms, use of those 
depreciations. In order to achieve 

those objectives, taxpayers have at 
their disposal a wide range of possi-
bilities from costs cummulation at 
the beginning of using a fixed asset 
(e.g. through one-time depreciation), 
to just accelerating their identification 
(e.g. using the method of declining 
balance depreciation), to postponing 
the inclusion of costs (e.g. by the re-
duction of depreciation rates). How-
ever, the choice of those tools must 
be preceded by an in-depth analysis 
of the economic implications of the 
adopted solutions and the assess-
ment of risk involved. The methods 
outlined in the paper of the tax opti-
misation using depreciation as a tool 
have been described together with 
advantages and disadvantages of the 
specific methods, which enables one 
to make an appropriate assessment 
of the effects as regards their applica-
tion.Choosing the method of one-time 
depreciation, for example, will particu-
larly be attractive for those taxpayers 
who obtained high income in a given 
period of time. Moreover, the method 
of declining balance depreciation will 
find its widest application in compan-
ies making considerable profits, but 
also using fixed assets which wear out 
quickly. Furthermore, while referring 
to e.g. individual depreciation rates, 
or separated components of an asset, 
one should draw attention to the fact 
that managers face tasks involving 
a comprehensive analysis and results 
assessment providing the basis for de-
cisions shaping future actions, which is 
particularly important in choosing the 
depreciation methods which aim at 
tax optimisation, because what is also 
required is forecasting the company’s 
performance in the long term. Only 
then can we talk about an effective 
use of the tax optimisation methods 
on the example of depreciation. 
The aim of the study has been achieved 
through the indication, based on the 
examples of the enterprises investi-
gated in 2014-201, of the practical 
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methods of tax optimisation on the ex-
ample of depreciation. The study will 
allow the entrepreneurs to assess the 
financial effects of the methods ap-
plied and to assess their deficiencies, 
advantages and risks.
To sum it up, the theoretical argu-
ments presented and facts derived 

from the practice of the contempor-
ary enterprises allow for making the 
conclusion that the subject of tax opti-
misation will continue to draw much 
attention, both in the theoretical and 
empirical dimension.
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Amortyzacja jako narzędzie optymalizacji podatkowej

Abstrakt
Głównym celem osób zarządzających w przedsiębiorstwie polityką podatko-
wą powinna być optymalizacja podatkowa. Powszechnie wiadomo, iż przed-
siębiorcy mogą legalnie płacić niższe podatki wykorzystując możliwości jakie 
dają przepisy podatkowe. Korzystanie z optymalizacji podatkowej pozwala 
obniżyć obciążenia podatkowe, a co za tym idzie prowadzi to do poprawy 
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wyniku finansowego. Kluczowe jest w tym przypadku opracowanie odpo-
wiedniej analizy oraz stworzenie na jej podstawie strategii podatkowej, która 
pozwoli w legalny sposób minimalizować obciążenia na rzecz fiskusa. Ważne 
jest też minimalizowanie ryzyka związanego z zastosowaniem określonych 
rozwiązań- należy weryfikować wykładnie obowiązujących przepisów po-
datkowych przez organy skarbowe, orzecznictwo sądów administracyjnych 
(zarówno WSA jak i NSA) oraz Trybunału Konstytucyjnego. Niniejszy arty-
kuł w sposób praktyczny wskazuje w jaki sposób osoby zarządzające ryzykiem 
podatkowym mogą wykorzystać amortyzacje jako narzędzie optymalizacji po-
datkowej. Amortyzacja bowiem generuje koszty uzyskania przychodu, zwykle 
równe dokonywanym odpisom amortyzacyjnym. Korzyści podatkowe z za-
stosowania amortyzacji stanowią wynik kształtowania poziomu dochodu do 
opodatkowania. Dlatego warunkiem skutecznego zarządzania podatkowymi 
kosztami przedsiębiorstwa jest planowanie amortyzacji podatkowej.

Słowa kluczowe: optymalizacja podatkowa, ryzyko podatkowe, planowanie podat-
kowe, amortyzacja, strategia podatkowa
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Abstract

Aim: The aim of the article is to evaluate the influence of skewness of out-
come distribution on the willingness to take risk in a specific lottery.
Methodology: In the article we describe the results of an experiment con-
ducted among students of a higher education institution. During the experi-
ment we verified the influence of skewness of outcome distribution on the 
decisions to participate in a lottery whose outcome affected positively or 
negatively the amount of points which the student could gather in order to 
be awarded with a credit for a class.
Results: The experiment showed that while the outcome distribution is nega-
tively skewed, people are less risk-loving, and when it is positively skewed 
people tend to take more risk (i.e. take part in a lottery).It is important to 
underline that each of the proposed lotteries was characterized by the same 
expected value. Moreover, the result of the game might have been positive 
or negative.

Introduction

We could venture to say that every de-
cision people make is done so in the 
presence of risk or uncertainty. The 
outcomes of those decisions may have 
more or less significant consequences 
from the economic, health and social 
point of view. Determinants of daily 
decision making may be found in per-
sonal characteristics (a varied level of 
knowledge, varied tendency to take 

risks, etc.), as well as in external condi-
tions referring to the effects of poten-
tial decisions, access to information, 
etc.
Nevertheless, in every case when it 
comes to making a decision, there is 
a decision process unfolding which 
is the foundation for scholarly re-
search. Research on the decision mak-
ing process is ongoing, which indi-
cates that the process has not been 
fully recognized. The diversity of the 
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decision-making determinants and 
their influence on the decisions made, 
for example, on the tendency to take 
risk, causes problems in terms of 
constructing a study which would be 
adequate for isolating a single fac-
tor affecting decision- making. This is 
precisely the reason why researchers 
carry out experimental studies and/or 
surveys which are to identify the fac-
tors influencing the decision making in 
the presence of uncertainty or risk.
The aim of this paper is to evaluate 
the influence of skewness of outcome 
distributions on the tendency to take 
risk by players. On the basis of the 
experimental study with the partici-
pation of students, the hypothesis 
was verified that, “positive skewness 
of gains is accompanied by a greater 
tendency to take risks, whereas the 
negative skewness of gains is associ-
ated by a greater risk aversion”. The 
confirmation of this hypothesis would 
explain why people are more willing 
to play e.g. a lottery when there is the 
so called “jackpot” (apart from the in-
fluence of the factor, being the value 
of the expected winning).

Literature Review

Bernoulli (1738)1 found that the ex-
pected utility of the prize won in 
a game is more important than the 
value of the expected prize from this 
game. According to Bernoulli, the 
same game can have different values 
of utility for different players, which 
was proven empirically by, for ex-
ample, Dohmen (2005), who, on the 
basis of a survey carried out on 22000 
Germans, demonstrated that there 
was a significant link between taking 
risk and the person’s age, gender and 

1 His work Specumen theoriae novae de 
monsura sortis was translated in 1954 and 
published in the journal Econometrica 
under the title Exposition of a New Theory 
on the Measurement of Risk.

education level. Since it is very unlike-
ly that the utility function of wealth 
is linear, being rather logarithmic, 
people are not willing to take risk (al-
though Rabin and Thaler (2001) assert 
that in some cases risk aversion may 
also be explained by a concave utility 
function of wealth). Many years later 
Bernoulli’s hypothesis was named Ex-
pected Utility Theory – EUT and was 
axiomatized by Neumann and Mor-
genstern (1944). Since then, according 
to the theory of decision making in the 
presence of uncertainty, it has been 
assumed that people aim at maximiz-
ing the expected utility, yet not the 
expected value. However, numerous 
scientists do not accept the EUT to be 
the correct theory for explaining the 
decision-making in the presence of 
risk (see, e.g., Markowitz, 1952).
Beside objective factors, such as, for 
example, the probability that a given 
situation or its outcome will occur, the 
decisions made in the presence of risk 
are also influenced by other factors.
Friedman and Savage (1948) argue 
that the curvature of the utility func-
tion depends on the amount of ac-
cumulated wealth, which affects the 
propensity to take risk. Thus, to give an 
example, people with low income (and 
little accumulated wealth) enjoy gam-
bling when there is a low probability of 
winning a high prize. For people with 
average earnings (and average wealth) 
all kinds of gambling are attractive, 
whereas for people with high income 
(much accumulated wealth) gambling 
which offers a high probability and 
a small prize tends to be attractive. 
Studies conducted by P.J.H. Schoe-
maker and H.C. Kunreuther (1979) 
also refer to the influence the level of 
wealth exerts. Within a group of stu-
dents they studied, those individuals 
who behaved in a more risky manner 
were at the same time characterized 
by lower earnings and less wealth 
than the individuals who preferred 
safe choices. Those findings, however, 
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found no confirmation in any other 
group they studied, that is, amongst 
clients of some insurance company. 
Hoffmann, Henry, Nikos and Kalogeras 
show that decisions made by people 
depend on two factors. One of them 
is the level of wealth (at various life 
stages), that is what has already been 
accumulated, with the other factor 
being individual aspirations, which we 
will describe further on in the paper 
(A. O. I. Hoffmann, S. F. Henry, N. Ka-
logeras, 2013).Moreover, Kahneman 
and Tversky (1979) argue that it is not 
the level of wealth that influences the 
attitude towards risky situations, but 
rather the changes in one’s wealth 
seen against a certain point of refer-
ence (this is the assumption of the so 
called Prospect Theory). 
As already mentioned, it is possible 
that aspirations, that is, the minimum 
returns that an individual must/wants 
to achieve, can influence the deci-
sion-making in a given risky situation. 
Among others, this is confirmed by 
Sokołowska’s research (2006). She 
demonstrates that many people while 
changing their level of aspirations, 
change their preferences with respect 
to the lottery they would like to take 
part in, whereas the change of the 
aspiration level does not affect risk 
estimation. Moreover, the studies by 
Hoffmann, Henry and Kalogeras (2013) 
suggest that, with respects to games 
where multiple decisions are made, 
the level of aspiration of individual 
persons provides their main point of 
reference at early stages of the deci-
sion-making process, while their in-
itial possession (the level of wealth 
at the beginning of the experiment) 
becomes the focal point of reference 
at later stages of the decision –making 
process.
The so called “peanuts effect” is yet 
another example of a factor influ-
encing decision-making. It says that 
people have a greater tendency to take 
risk when they deal with smaller bets, 

while their risk aversion increases 
when the bet is higher (although clear 
results could only be obtained for the 
decisions made on gains, see: Mitchell 
and Wilson, 2010; Hogarth and Ein-
horn, 1990).
On the other hand, it appears that 
the higher the possible gain, the more 
attractive the lottery (Forrest et al., 
2002). Yet, in this situation the ex-
pected value changes, which could be 
the factor determining whether or not 
the lottery is attractive. Some scholars 
therefore maintain that this relation-
ship may be linked to the preference 
for games which are characterized by 
a positive skewness of the outcome. 
Åstebro et al. (2014), and Garret and 
Sobel (1999), on the basis of their 
study, conclude that individuals who 
decide to participate in lottery games 
which are subject to much risk are ac-
tually not so much prone to risk, but it 
is rather that their decisions are motiv-
ated by the preference for a positive 
skewness of gains distributions in 
the game (they are called “skew-
ness-lovers”). Patton (2004) points out 
that the greater the negative skew-
ness of the outcome distribution, the 
smaller tendency to take risk amongst 
those making decisions under risk. M. 
Palenik (2014) failed to confirm his hy-
pothesis, while conducting his study, 
which states that “games with posi-
tive skewness are more attractive than 
the ones with negative skewness”. 
Yet, it should be stressed here that 
the games whose attractiveness was 
evaluated differed from one another 
in terms of the expected value, which 
could have affected the results.
The conclusion made on the basis of 
the presented studies concerned with 
the influence of the skewness of the 
outcome distributions may explain 
people’s tendency to gamble, even if 
the expected value is negative. Further 
to that, the value of the top prize (as, 
for example, in Lotto lottery game with 
a asymmetrical outcome distribution) 
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may have an influence on the decision 
whether or not to play to a greater de-
gree than the expected value of gains 
(as is the case for rollover jackpots). 
In the study, the expected values of 
outcomes in the games were the same 
and the games differed in the skew-
ness of the outcome distribution (and 
consequently, in that the prize varied)

The Study

The study was carried out amongst 
376 students in the II and III year of 
the undergraduate studies at Wrocław 
University of Economics and WSB Uni-
versity in Wrocław.
The participants were divided into 
three groups: 112 persons (GROUP 
I), 129 persons (GROUP II) and 135 
persons (GROUP III). In each group 
the study was carried out differently, 
which will be outlined below.

Questionnaire
The questionnaire comprised 12 lot-
tery offers in which one could gain 
or lose, with a given probability, 
a specified number of points which 
were added to or subtracted from 
the points earned during the entire 
semester. The expected value of the 
prize for each lottery was the same 
and equaled 2.5 points. However, the 
lotteries differed in terms of their di-
versity and the strength and direction 
of skewness of the number of points 
won. Each lottery proposal contained 
information on how many points one 
could lose or win and on the prob-
ability of getting the results which 
were defined in the lottery, depending 
on the roll of a dice (it was shown, 
how many dots one must have with 
one roll in order to realize a particu-
lar outcome). The probability was not 
specified in numbers because previ-
ous studies showed that the surveyed 
were little susceptible to the probabil-
ity expressed in numbers (Forlicz et al., 
2014).

What the questionnaire given to the 
surveyed group looked like shows 
fig. 1.
The individual lotteries included in the 
questionnaire should be interpreted 
as follows: in lottery 1, to give an ex-
ample, a person could lose one point 
if she got 1,2 or 3 pips at the roll of 
a dice; the number of the points she 
accumulated would not change if she 
got 4 or 6 pips, while a throw getting 6 
pips would allow her to gain additional 
18 points.
Filling in the questionnaire involved 
marking with an x the „YES” box on the 
left side if the surveyed individual was 
willing to participate in this kind of 
lottery or to mark the box with “NO” 
on the right side if he/she did not want 
to participate. Lottery 7, in which one 
could lose no points, was included 
in the questionnaire so as to check if 
the person giving answers understood 
sufficiently well the decision-mak-
ing problems he/she was facing. The 
questionnaires of persons who did not 
want to play lottery 7 were deemed in-
valid and their results were not includ-
ed in the analysis.
The survey in individual groups un-
folded as follows. In all the groups 
under discussion the same rules of 
receiving credits applied. During the 
semester one could earn maximum 
40 points and in order to get a cred-
it one should accumulate 20 points. 
The study was conducted at the very 
beginning of semester when the stu-
dents had not had any points accumu-
lated. During two weeks, the meetings 
with the surveyed individuals were ar-
ranged in smaller subgroups; however, 
never was there any mixing of partici-
pants from the different groups. The 
study was carried out according to two 
scenarios: 
• Scenario A - hypothetical
GROUPS I and II were informed that 
the researchers would like to know the 
participants’ preferences with respect 
to decision-making under risk and that 
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Fig 1. The questionnaire including the description of individual lotteries.

Source: Authors’ own study.
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was why the survey was conducted. 
It was emphasized that the ques-
tions contained in the questionnaire 
were purely hypothetical, however, 
respondents were asked to provide 
answers according to their beliefs for 
that was important for science. More-
over, the surveyed were promised 
that by taking part in the study they 
would have the opportunity to gain 
later additional points for credits. The 
promise was fulfilled in that the re-
spondents from GROUP I were offered 
the opportunity to play for real points 
by participating in lottery 5, and those 
from GROUP II were given the oppor-
tunity to participate in lottery 8. These 
lotteries were selected as lotteries 
which are characterized by a similar 
strength of skewness, yet with a dif-
ferent direction. Persons who were 
willing to participate in the real lottery 
were asked to enroll themselves in the 
list and not before all of them made 
up their mind and enrolled in the list, 
were they asked to throw a dice. 
• Scenario B – the real one
Persons appointed to GROUP III also 
heard that it was about a scientific 
study, with the difference that their 
decisions were not to be purely hypo-
thetical. The surveyed were informed 
that one of the decisions they were 
going to take while filling in the ques-
tionnaire (the same questionnaire as 
for GROUPS I and II) would become 
a real decision (which lottery that was 
supposed to be was decided by an 
additional drawing).
In order not to influence the results of 
the survey by providing different ex-
planation as to the rules of the experi-
ment, at the beginning the instruc-
tions were read to the participants 
appointed to GROUPS I and II.

Study’ Results

Table 1 presents the results of the 
experiments conducted. The table 
shows the percentage of individuals 

who stated their willingness to partici-
pate in a particular lottery, and the in-
dividual categories correspond to the 
game scenarios. The last column dem-
onstrates the coefficients of the skew-
ness of the outcome distributions for 
the individual lotteries. The skewness 
coefficients are calculated according 
to the following equation:
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where: 
ix – i-th value of the prize in the lottery

m –, expected value of the prize in 
a given lottery

ip – probability of achieving the i-th 
value of the prize in the lottery
s – standard deviation of the lottery 
prize.
The intra-group analysis was carried 
out by comparing the decisions made 
by persons ascribed to GROUP I or II 
and by those to GROUP III. Table 1 
compares the percentage of persons 
who decided to play under hypothet-
ical circumstances and in the situation 
when one of the decisions was to be 
binding (that is to bring a real effect). 
Also, the information on what hypo-
thetical decisions were made by per-
sons from GROUP I and II who stuck 
to their decisions in the real situation 
was added to the table.
Chi-squared test revealed that the 
answer distributions vary when 
comparing the decisions made by 
GROUP I and II (combined) with the 
decisions made by GROUP III (p value 
0.012237). However, there are no 
significant differences in the distri-
butions of answers by persons from 
GROUP I and II who were consistent 
in their choices (scenario A; 5 or 8 
confirmed by the real decision taken 
after filling in the questionnaire) and 
the answers by persons from GROUP 
III (scenario B). The rank correlation 
coefficients between the percentage 
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of persons deciding to play in both 
cases, for whom goodness of fit was 
tested, were high and equaled slight-
ly over 0.95. Despite the fact that 

a portion of the surveyed answered 
“hypothetically”, and some “really”, 
their decisions should be considered 
as compatible.

Table 1 Percentage of persons who decided to participate in a particular lottery by game scenario 

PERCENTAGE OF PERSONS WHO DECIDED TO PLAY

Skewness 
coefficientLottery 

number
Scenario 
A, 5 real

Scenario 
A, 8 real

Scenar-
io A (5 and 

8 com-
bined, real)

Scenar-
io A (5 and 

8 com-
bined real, 
confirmed)

Scenario B

3 18% 14% 16% 15% 9% -1,78

12 18% 17% 18% 19% 14% -1,76

10 56% 58% 57% 53% 37% -1,01

8 46% 43% 44% 50% 32% -0,64

4 30% 21% 25% 25% 16% -0,30

2 72% 76% 74% 72% 56% 0

6 13% 17% 15% 15% 8% 0,32

5 24% 36% 30% 26% 10% 0,71

11 51% 46% 48% 52% 31% 1,63

1 78% 85% 82% 84% 85% 1,77

9 61% 73% 67% 71% 66% 1,79

Number of 
observations 104 121 225 139 131

Source: Authors’ own elaboration based on their own studies

Table 2. Correlation coefficients between the skewness coefficient of the lottery and the 
percentage of persons willing to participate in the lottery, by experimental groups.

GROUP

Correlation coefficients between the skewness 
correlation of the lottery and the percentage of 

persons willing to play a particular lottery

Pearson’s linear correlation coefficient
Spearman’s 

rank correlation 
coefficient

Scenario A (5 and 8 
combined real) 0.5998 0.5363

Scenario A (5 and 8 com-
bined real, confirmed) 0.6207 0.5614

Scenario B 0.6016 0.4545

Source: Authors’ own elaboration based on their own study
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With the view to verify the hypoth-
esis advanced in the introduction, 
stating that positive skewness of the 
outcome is accompanied by a great-
er tendency to take risk, whereas 
negative skewness is accompanied by 
a greater aversion to risk (to elimin-
ate other factors, the expected value 
was the same for all the lotteries and 
was equal to 2.5 points), Pearson’s 
linear correlations coefficients and 
Spearman’s rank correlation coeffi-
cients were calculated between the 
percentage of persons willing to play 
a particular lottery and the skewness 
coefficient (see table 2). Spearman’s 
rank correlation coefficients range 
between 0.4545 and 0.5614. High-
er coefficients were observed using 
Pearson’s linear correlation coeffi-
cient because the nature of the rela-
tionships is closer to the linear one, 
and its value varies between 0.5998 
and 0.6207. The p value for the sig-
nificance test of the correlation co-
efficient for the above Pearson’s 
correlation coefficients ranges from 
0.041 to 0.051, which indicates that 
they can be considered to be sta-
tistically significant. Both Pearson’s 
linear correlation coefficients and 
Spearman’s rank correlation coeffi-
cients are positive, which shows that 
the higher the skewness coefficient 
value, on average, the greater the 
number of people willing to partici-
pate in a given lottery. We may thus 
conclude that positive skewness of 
outcome distributions has a positive 
effect on the decision to participate 
in the lottery made by surveyed per-
sons, which implies that it is accom-
panied by a greater tendency to take 
risk. However, in order to be able 
to confirm this finding, more lotteries 
should be offered to the surveyed so 
as to calculate the correlation coeffi-
cients for a greater number of lotter-
ies and then test again the correlation 
significance.

Conclusion

In this paper, the attempt was made 
to evaluate the influence of skewness 
of outcome distributions on risky de-
cision-making. The factors affecting 
risk taking by individuals have been 
outlined extensively in literature, yet 
they have not been sufficiently in-
vestigated. One of the difficulties is 
to isolate the impact every factor has 
on decision-making. In similar stud-
ies, authors also tended to change 
the value of the expected prize by 
“manipulating” the skewness of out-
come distributions, which may have 
influenced their final results. In the 
experiments conducted by the au-
thors of the present paper, only 
the skewness of outcome distribu-
tion and the size of the prize were 
changed.
The studies confirm to a certain de-
gree that a smaller risk proclivity 
occurs with negative skewness of 
outcome distributions in the game. 
Linear correlation coefficients be-
tween the percentage of individuals 
willing to play a particular lottery and 
skewness coefficient equaled roughly 
0.6 (and they were significant statis-
tically at the level of 0.05).
On the other hand, with one-time 
real choices, more respondents were 
willing to participate in the lottery 
with negative skewness than the 
positive one. However, having ana-
lysed this part of the study, the auth-
ors concluded that some individuals 
made decisions under the influence 
of the group, which may have distort-
ed the results obtained. Another con-
straint, which has already been men-
tioned, is the relatively small number 
of the lotteries proposed due to tem-
poral limits, as the experiments were 
carried out during seminars, which 
ensured the possibility to survey in-
dividuals in the number defined in 
advance.



Maria Forlicz, Tomasz Rólczyński | Dependence of decisions made under risk on the skewness of outcome distribution

13

The findings do not explain the rela-
tionships outlined here in their causal 
sense, nevertheless they show that, 
amongst students under study, there 

is a relationship between tendency 
to take risk and prize skewness, and 
that this relationship in its nature is 
close to the linear one.
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Asymetria w rozkładach wygranej a decyzje podejmowane w warunkach 
ryzyka w świetle badania eksperymentalnego 

Abstrakt
Cel: Celem artykułu jest dokonanie oceny wpływu asymetrii rozkładu wygranej 
na skłonność do podejmowania ryzyka.
Metoda badawcza: W artykule zaprezentowano wyniki przeprowadzonego 
wśród studentów uczelni wyższej eksperymentu. W trakcie eksperymentu 
sprawdzano wpływ asymetrii rozkładu wygranej na decyzje o udziale w grze 
losowej, której wynik wpływał pozytywnie lub negatywnie na liczbę punktów, 
które student mógł zgromadzić w celu zaliczenia przedmiotu.
Wnioski: Przeprowadzone badanie wykazało, że mniejsza skłonność do ryzy-
ka występuje w przypadku lewostronnej asymetrii wygranej, natomiast więk-
sza skłonność do ryzyka występuje w przypadku prawostronnej asymetrii 
wygranej. Zaznaczyć trzeba, że w każdej z proponowanych gier wartość 
oczekiwana wygranej była taka sama. Ponadto wynikiem gry mogła być 
zarówno wygrana, jak i przegrana.

Słowa kluczowe: eksperyment, asymetria rozkładu wygranej, ryzyko


